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Review 
of Essentials 


Basic Properties 


OBJECTIVES for Sections 1-1 through 1-4: 

I. Use set notation. 

2. Solve simple open sentences, given the replacement set. 
3. Graph sets of real numbers on a number line. 

4. Apply the basic properties of real numbers. 


1-1 Sets and Symbols 


Can you read the statement 
See (3.5, 7)? 


You can if you recall from earlier mathematics courses that the symbol 
€ is read “is a member of” or “is an element of” and that {1, 3, 5, 7} is 
read “the set whose members are 1, 3, 5, and 7.” 
Can you read the statement 
He 11,3, 3, 772 

You can if you recall that the symbol C is read “is a subset of.” These 
and other familiar set symbols are reviewed in the table on the following 
page. 


Review 


Meaning 


the set whose members are Denotes a collection or set. 


Symbolism How Read 


& is amember of or Is in the collection or set. 
is an element of 


AC IE A is a subset of B Every member of set A is also a 
member of set B. Of course, for every 
setA, ACA. 

i) the null set or The set which contains no elements. 

the empty set The empty set is considered a subset 
of every set. 

A=8B A is equal to B A and B denote the same set. 


i is not Used in conjunction with ©, =, or C 


to denote negation. 5 ¢ A means 
“S is not an element of A.”’ 


Oral Exercises 


Tell whether the statement is true or false. 


I 74, 6} © {the even integers} 2. (3,5, 7} © {the odd intesersy 
3. 9 € {the odd integers} 4.9 {2, 4, 6} 

Sore 345, 7) 6. {2,456} 2 Gy 

ee 3) Set =e 1305/7) 8. 0 C{3 5,7) 


Written Exercises 


Replace each 2. with one of the symbols ©, C, =, or negations of 
these to make a true statement. There may be more than one correct 
answer. 


1. 42 {the even integers} 2. {6,28} ? {the even integers} 

3, 4 aad 25, 01125) 4. (3,5, 7) 2a ee 

5. 728025 = 6. {3,4} 2 124678) 

7 3422 74° ee 005 

9. 3744227 10. 6 2. {0} 

11. {even prime numbers}? {2} 12. {powers of 3} 2. {multiples of 3} 


13. {multiples of 3} 2. {the odd integers} 
14. {multiples of 2 and 3} 2 {multiples of 6} 


2 | Chapter 1 


C 15. {numbers of the form n? — (n — 1)?, where n is a positive integer} 2. 
{the positive odd integers} 
16. {perfect squares of integers} 2. 
{positive integers with an odd number of whole number factors} 


1-2 Solving Open Sentences 


Meaningful groups of symbols involving €, C, and = are called sen- 
tences. Sentences, such as 


5+4=9 and 36 11,2, 3), 


which can be classified as true or false are called statements. On the 
other hand, a sentence such as 


x35 2 


is neither true nor false unless you know the object referred to by the 
symbol x. In this usage, x is called a variable. A variable is a symbol 
which may represent any one of the members of a specified set, called 
the replacement set or domain of the variable. The members of the 
domain are called the values of the variable. A variable with just one 
value is called a constant. 

Sentences containing variables are called open sentences. The set that 
consists of the values of the variable for which an open sentence is true 
is called the solution set or truth set of the open sentence over the 
domain of the variable. Each member of the solution set is said to 
satisfy and to be a solution or root of the open sentence. To solve an 
open sentence over a given domain means to find its solution set over 
this domain. 


EXAMPLE Solve x — 3 # 2, if x © {3,4,5, 6}. 


SOLUTION Replacing x in the given sentence with each of its values in turn, vou have 


3 —32 True 5 —32 False 
4—32 True 6—3 2 True 


.. (read “‘therefore’”) the solution set is {3, 4,6}. Answer. 


Oral Exercises 


Tell whether the given open sentence is true or false for the given value 
of the variable. 


exe) = 7; 2 2. 23 = ee Se oe ealzy 
&, 9 = Wi Sa gs 5. 7b 52 Fal eo se — Sa) 
7. r€ {prime numbers}; 11 8. 21 © {even Integers}: 3 9 1E 8: 0 
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Written Exercises 


Specify the solution set of the given open sentence over {1, 2, 3, 4, 5}. 
If the set is 6, so state. 


1, sg b5S =O 2,y+3=7 & 22 = 1 Sil 
a 3r= 15 5. 4v —3=5 6. 34529 
7u+u=6 8. 2y49=13 9. 3v = 0 

10. 4 + w = Sw 113i iets 12. 4d + 3d = 5d 
13. « — l@w-4=0 14. 27 + 1 © {odd integers} 

15. p? + 1 © {multiples of 4} 16. 2g — 1 & {prime numbers} 

17. 2y © {prime numbers} 18. z? © {multiples of 9} 

19. |x — 3} =x —3 aw, (=r = =] 


1-3 Sets of Numbers 


The diagram below pictures the graph of the set {—3,4, V3} ona 
number line. 


3 z v3 
a ar 
-3 -2 -1 0 1 2 3 
Figure 1 


On a number line, the point paired with a number is called the graph 
of the number, while the number paired with a point is the coordinate of 
the point. 

The set of all the positive numbers, the negative numbers, and zero is 
called the set ® of real numbers. A basic assumption is that for each real 
number there corresponds a point on the number line, and, conversely, 
for each point on the number line there corresponds a real number. 
Thus, there is a one-to-one correspondence between the members of & 
and the points on a geometric line. Below are shown the graphs of 
several familiar subsets of &. 


1. {the natural numbers} = {the positive integers} = {1, 2, 3,...} 


rn 
—4 -3 -2 -1 0 1 2 3. 4 


2. {the wholemmumbers} = {0, 1, 2, 3,...} 


—t} tt tt a 
ee? -1 Oc 


3. {the integers} = {23.2 — 2, —1, 0) 1,2) ey 
<4 4 4 te 
-4 -3 -2 -1 OQ 1 2 3 4 


4 | Chapter ! 


4, {the even integers} = {..., —4, —2,0,2,4,...} 


4 —@ —2@ =) © 41 2 8 a 
Pete Odd intesers} = {..., —3, —1, 1,3,...} 


—-4 -3 -2 -1 @Q Bo ey tl 


Notice that in the examples above each set is specifed by an incom- 
plete roster, or list. The three dots indicate that the pattern shown in the 
list continues in one or both directions without end. The heavy arrow- 
head on the accompanying diagram indicates that the graph of the set 
similarly continues without end. 


Oral Exercises 

Describe each graph as a subset of A or B listed below. 
A = {—16, —8, —4, —2, —1, il 2, 4, 6, 8, 12} 
B = {—18, —6, ay Ge 0, 2. enon Sele Gi, uh 


EeesNIPCE yp pe SOLUTION {all the odd integers in B} 
Ot 23 4 By 7 


Lo a 2 

=2 | © i 2 —2 0 2 4 6 8 10 12 
» SSS 4, —} +++ +> 

=18 —12 =<@ <= OW 2 a hw v 
5 6. 

Ol 23 4G @ F O 1 284 8 fo 7 


Written Exercises 
Graph each set. Select a suitable unit of measure. 
1. {—3, 2, 0, 4} 2. {-1, —2, 3} 


eee 
4. {—15, —30, 30, 45} $s, (1.5, 2, —2.5} ay 


i, ew ? 0} 


an WwW 


Let B = {—8, —7, —5.5, —1, 0, 2, 4, 54, 7, 9}. Graph the subset of B 
that contains 

7. all the positive integers in B 

8. all the whole numbers in B 

9. all the positive odd integers in B 

10. all the numbers in B that are not integers 
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Let A = {-7, —4, —2,0,3,5} and B = {—-%, —1,0,1,6}. Graph 
each set. 


11. {the integers in A that are also in B} 

12. {the integers in A or in B or in both sets} 
13. {the integers in B but not in A} 

14. {the even integers in A or in B or in both} 
15. {the odd integers in A but not in B} 


16. {negative odd integers in A or in B} 

17. {negative even integers in A that are also in B} 

18. {odd whole numbers in A or in B} 

19. {integers in A but not in B that are not whole numbers} 


20. {even whole numbers in B but not in A} 


1-4 Axioms for the Real Numbers 


There are two basic operations used in working with real numbers, 
addition and multiplication. Each of these operations is called abinary 
operation because it pairs any two real numbers with a third real 
number. The addition operation, +, pairs any two real numbers a and b 
with another real number, a + b, called thesum of the two real num- 
bers. Multiplication assigns to any two real numbers a and JB their 
product denoted by’a x b, a:b, a(b), (a)(b), or simply ab. In the sum 
a + b,aand bare calledaddends; in the product ab, a and BD are called 
factors. 

The properties of these operations in ® all stem from a few basic 
statements, called axioms or postulates, that are assumed to be true. 
These familiar assumptions are listed on this page and the next. 

Notice that parentheses, ( ), are used in some of the axioms to 
indicate an order of operations. For example, (a + b) + crepresents the 
result of first adding a and b, and then adding c to the sum. In some 
cases, such as in the distributive law where (ab) + (ac) occurs, the 
parentheses usually are omitted. Thus, (ab) + (ac) = ab + ac. 


Axioms of Addition and Multiplication in 


Let a, b, and c denote real numbers (a, b, and c © ®). 


1. a + b is a unique real number. Closure Axiom for Addition 
2 (@ 3: 1b) eo Sass = oe Associative Axiom for Addition 
ead Commutative Axiom for Addition 
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| 4. There exists an element 0 € ® Axiom of 0 (Identity Element for 
| such that for each a € @, Addition) 
0+az=a and a+0-=a. 


5. There exists an element —a € ® Axiom of Additive Inverses 
for each a € ®, such that 


a+(—a)=0 and (-—a)+a=0. 


6. ab is a unique real number. Closure Axiom for Multiplication 
Ih (Give = He, Associative Axiom for Multiplication 
8. ab = ba Commutative Axiom for 
Multiplication . 
9. There exists an element 1 € @, Axiom of 1 (Identity Element for 
1 4 0, such that for each a € @, Multiplication) 


eka and lia =a, 
10. There exists an element Ve ® for Axiom of Multiplicative Inverses 
a 


each nonzero a € ®& such that 


eS 1 aad “eee = 1. 
a a 
11. a(b +c) =ab + ac and Distributive Axiom 
(6 + cla = ba+ca 


The word “unique” used in two of the axioms means “‘one and only 


a” 


one,” and has this implication: 


Substitution Principle 


Since a + b and ab are unique, changing the numeral by which a 
number is named in an expression involving sums or products does 
not change the value of the expression. 


For example, since 8 + 2 = 10 and 10 — 3 = 7, you know that 
(2 — 3 =10 3 — 7 
In ®, 0 and 1 are called the identity elements for addition and multi- 


plication, respectively. —a and J are called the additive inverse and the 
a a 


multiplicative inverse (or reciprocal) of a, respectively. Note also that 
you should always read —a as “the additive inverse of a” or “the 
negative of a.” The expression “negative a” should not be used since —a 
may represent cither a negative number, a positive number, or zero. 


: | 
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The way you use the symbol = in sentences is consistent with the 
following assumptions. 


Axioms of Equality 


Let a, b, and c be any elements of &. 


@=a Reflexive Property 
it a =b, then b =a. Symmetric Property 
tiea = ob and b =c thenta—c Transitive Property 


How do you add or multiply three or more real numbers? If a, B, ¢, 
d, .. .are real numbers, we define q + b + cto be (a + b) +c, abcto be 
(ab)c, a+b+c¢+d to be (a+b-+c) +d, and so on. Of course, 
because addition and multiplication are associative and commutative, 
you may add the addends in a sum, or multiply the factors in a product, 
of three or more numbers in any convenient groups of two and in any 
order, and still obtain the same result. For example, 


8+94174+ 11 =(8 + 17) + (9 4+ 11) = 25 4+ 20 = 45. 


Oral Exercises 


Complete the given statement as an illustration of the given axiom for 
addition, multiplication, or equality. 


i, Ax 5S Sz (Commutative Axiom for Multiplication) 

a Pe @) ss (Axiom of Additive Inverses) 

3. (5)(—2) is 2. (Closure Axiom for Multiplication) 

Aig — 4, thene. (Symmetric Property of Equality) 

S, (2 3 BSS = =. (Associative Axiom for Multiplication) 

6 (@-+ 6) + 7 = 2. (Commutative Axiom for Addition) 

(ollie —y and y = 9athenr’_. (Transitive Property of Equality) 
& OZ) = 2. (Axiom of Multiplicative Inverses) 

Q, =O) = 2s (Axiom of Identity Element for Multiplication) 


fOme x)= 3a + 3b (Distributive Axiom) 


Written Exercises 


In Exercises 1-12 state the axiom or property that justifies the given 
statement. Assume that each variable denotes a real number. 


1) 2S = 5 
3. If x © MR, then —2r © &. AG) a6 ee) 
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& @= Wt g=3 1 — IW a Wir Ss, then pe 2ea5 a2 


pce 5) = 2x + 10 8 —2+4+2=-0 
9. If x+3=yand y =4, thenx +3 =4. 10. If w-—2=7, then 7 = w — 2. 
1.44 (-H)ER 12. (—1)(-—1) = 1 


In Exercises 13-16 determine the value of the expression. 


13. 27 +5 + (—7) + (-11) + 19 14. —12 +52 + 17 + (—5) 
15. (3)(5)(—2)(7) 16. (2)(—13)(—21)(5) 
In Exercises 17-25, give the solution set of each sentence over ®. 

B 17. -5+y=0 18. —3x =5 19. —2r = —1 
20) —(—z) = 17 21. —6(—v) = 12 220 ea = 0 
Sw = §8 24. -7+(-r) =0 23, —tk = 16 


C 26. Give an axiom that justifies each step in the following proof. 
1. (a+ ba + b) = ala + b) + D(a + b) 
Ze = (a? + ab) + (ba + b?) 
3 = (a? + ab) + (ab + b’) 
4 = [(a? + ab) + ab] + be? 
5 = {a2 + (ab + ab)] + b? 
6. = [a2?+(l-ab4+1-ab)]) +b? 
a = fa? + (1 + lab] + bY? 
8. = (a? + 2ab) + b? 
Suiaeee bya + b) =a? + 2ad + b? 


-- Sophie Germain 
1776-1831 


Sophie Germain became interested in mathematics as a 
child in Paris. During the French Revolution and the 
Reign of Terror, she studicd mathematics against her fam- 
ily’s objections. She became a co-worker of the mathema- 
ticians Lagrange and Gauss. Later, she won the grand 
prize offered by the Academy of Science for her presenta- 
tion of the mathematical theory of the vibration of elastic 
surfaces. She is also known for her contribution to the 
theory of numbers. Her work led to her recognition as one 
of the founders of the field of mathematical physics. Ger- 
main won the respect of other mathematicians of the 
time. She attended the meetings of the Jnstiture de France, 
but was denied membership in the Academy of Science 
because only men were accepted. 
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Self-Test 1 


VOCABULARY 


1. Use set notation to represent the sentence: “The set consisting 


set (p. 1) 
member or element 
of a set (p. 1) 
subset (p. 1) 
empty set or null set (p. 2) 
statemellt (p. 3) 
variable (p. 3) 
replacement set or 
domain of a variable (p. 3) 
values of a variable (p. 3) 
open sentence (p. 3) 
solution set or 
truth set (p. 3) 
solution or root of an 
open sentence (p. 3) 
number line (p. 4) 


graph of a number (p. 4) 
coordinate of a point (p. 4) 
real numbers (p. 4) 
binary operation (p. 6) 
sum (p. 6) 
product (p. 6) 
addends (p. 6) 
factors (p. 6) 
axiom or postulate (p. 6) 
identity element 

for addition (p. 7) 
identity element 

for multiplication (p. 7) 
additive inverse (p. 7) 
multiplicative inverse 

or reciprocal (p. 7) 


Ob 71, p. 1 


only of 0 is not contained in the set whose members are 3, 5, 


Buoel 7,” 


Specify the solution set over {1, 2, 3, 4, 5}. 


2, 2x + 3=11 
a-3x = 15 =0 


4. Graph {—4, —}, 0, 2} on a number line. 


5. Graph the subset of A = {—%, —5, 0, 1.2, 4, V3} that contains 
all the whole numbers in A. 


State the axiom that justifies each statement. 


Se) 


5 Whi ze EGR, Woten (Cs 7) 6S) = 3} SL Ge = DL 


6 
Taal) = (2)(6< 7) 
8. 
9 


. If x, y © &, then x(y — 2) = xy — 2x. 


10. Solve over R: 4(—x) = 6. 


Obj2 pad 


Obj. 3, p. 1 


Obj. 4, p. 1 


Check your answers with those at the back of the book. 
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Properties of Operations in & 


OBJECTIVES for Sections 1-5 through 1-8: 

1. Understand the meaning and methods of direct proof. 

2. Understand important theorems giving properties of real numbers. 

3. Apply these theorems in simplifying expressions for sums, products, differ- 
ences, and quotients. 


1-5 Theorems and Proof: Addition 


The basic properties of ® stated in Section 1-4 imply other properties of 
&. These implications are stated as theorems. A theorem consists of two 
parts, a hypothesis (or premise) and aconclusion. The hypothesis states 
what is assumed to be true, and the conclusion states something which 
logically follows from the assumptions. To give a direct proof of a 
theorem, you start with its hypothesis and by a logical chain of steps 
arrive at its conclusion. Here is an example of a direct proof. 


ar. || 


Theorem. For all real numbers b and c, 


(b+c)+(-—c) =b. 


PROOF 


First note that the hypothesis is that b and c denote real numbers. 
Reasoning from this assumption, you have: 


Statement Reason 
1. b and c are real numbers. Hypothesis 
2. b +c is a real number. Closure axiom for addition 
3. —c is a real number. Axiom of additive inverses 
4. (b +c) + (—c) is a real number. Closure axiom for addition 
5. (b+c)4+(-—c) =) + [e+ (-o)] Associative axiom for addition 
6.c+(—c) =0 Axiom of additive inverses 
7. (b+c)+(-c) =b+0 Substitution principle 
8 b+0=b Axiom of 0 
9. (b+c)+(—-cd =bd Transitive property of equality 


(or substitution principle) 


Observe that each step in the sequence in the foregoing proof is 
guaranteed either by hypothesis or by an axiom. Frequently, simple 
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steps involving closure, substitution, and other basic properties of 
equality are omitted. For example, the foregoing proof might be re- 
placed by the following: 


Statement Reason 
1. b and c are real numbers. Hypothesis 
2. —c is a real number. Axiom of additive inverses 
Bc) tc) = | fe (=e) Associative axiom of addition 
4. —b+0 Axiom of additive inverses 
5% = 0 Axiom of 0 
6 ( 46 @) + (=) = & Transitive property of equality 


Theorems that have been proved can then be used to help prove other 
theorems. 


Theorem. For all real numbers a, b, and c, 


ifatc=b-+e, thena = Bb. 


PROOF 
Statement Reason 
1. a, b, and c are real numbers and Hypothesis 
atc=bd4e. 
2. (a+c)+(—-c) =(b +c) + (-oc) Substitution principle 
3, = 79) Theorem proved above 
4 (a+c4+(-od=b Transitive property of equality 
5. (a+c)+(-c) =a Theorem proved above with 
a in place of b 
Sag =0 Substitution principle 


From one theorem you can sometimes quickly deduce a closely 
related theorem, called a corollary. Because addition in ® is a commu- 
tative operation, you can easily prove the following corollary of the 
preceding theorem (see Exercise 27, page 16). 


Corollary. For all real numbers a, b, and ¢, 


ic +a=c +b, hema: 


The preceding theorem and its corollary can be restated in the fol- 
lowing combined form. 
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c 


For all real numbers a, b, and c, if 


at+tc=bic or CG =e + lb, 


then a = b. 


Cancellation Property of Addition 


The next theorem is useful in computing sums. Its proof uses the 
ancellation property of addition. 


O 


1 
2 


IAW BW 


ie) 


P 


For all real numbers a and 5b, 


—(a + b) = (—a) + (—B). 


That is, the negative of a sum of real numbers is the sum of the 


negatives of the numbers. 


PROOF 


Property of the Negative of a Sum 


{¢ 
| 
| 
| 


Plan: Show that (a + b) + [(—a) + (—b)] = 0. Then use the axiom of 
additive inverses ((a + b) + [—(a + b)] = 0) and the cancellation law to 


btain the desired result. 


Statement 


. a and Db are real numbers 

mee) + ((—a) + (_D)] 

= [a + (—a)] + [b + (—5)] 
=0+0 

: = (l) 

. (a + b) + [(—a) + (—8)] = 0 

. (a+ b)+[-@+ b)] =0 


... (a+ 6b) + [-(a + 5)] 
= (a + b) + [(—a) + (-9)] 


mee 2) =(—a) + (—d) 


Reason 


Hypothesis f 


Commutati\c and associative 
axioms ot addition 


Axiom of additive inverses 
Axiom of 0 

Transitive property of equality 
Axiom of additive inverses 


Transitive property of equality 


Cancellation property of addition 


The property of the negative of a sum can be used to simplify expres- 
sions for sums of real numbers, given that you can compute the sum of 


ositive real numbers. 


Review of Essennals 


EXAMPLE 1 Simplify (—12) + (—3). 
SOLUTION (—12) + (—3) = —(12 + 3) = -I5. 


EXAMPLE 2 Simplify 12 + (—16). 


SOLUTION 12+(—16) =12+ [—(i2+ 9] 
= 12 + [(—12) + (-4)] 
= [12 + (—12)] + (-—4) 
= 0+ (—4) 
= —4 


Sums of real numbers can be pictured by displacements along the 
number line. Notice that arrows (vectors) in the positive direction are 
used to represent positive numbers and arrows in the negative direction 
are used to represent negative numbers. The sum of two numbers can 
be pictured by attaching the initial end of the arrow representing the 
second addend to the terminal end of the arrow representing the first. 


—— et 
| (oe , | | 
: | 5 -6 | , 
| | | | 
=oe=2 -1 (00 2 Cunenn -7 -6§ =5 -4 23:27 eonee 
5 +(-7) =-2 ~644=—2 


Oral Exercises 


State as a reason for each of the given sentences being true either 
(a) one of the theorems proved in this section or (b) one of the axioms 
for addition. 

1. —(4+ 1) =(—4) + (-1): 
3. (64+ (—3)) +0 =3 
S((— 3) (2) 2 = —8 
plo sp 5) = ee 


» (245) + (—-5) =2 
5 hi ge eb aS 7 ALG nem ae = 7. 
. 1f 4 (=x) Sj 4 eae 


. If a and b are real numbers, so is a + b. 


~d 
ona + NN 


Written Exercises 


In Exercises 1-8 replace the . with a variable or numeral so that a true 
statement results. Assume that each variable denotes a real number. 


EXAMPLE —(34+1t) = -34 2 SOLUTION —(34+ 1) = —3 4+ (-1) 
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ee (2) 2) (2) 
» S45 (=) See 
. If r + (—2) = —2, then r = 2 


_Ify+4= —-1+4+4, then y= 2 
~-@4+)4+(-7)=t4+(74+2) 
.Ifx+4=0, then x =_2 


“J Ul Gl = 
ona + N 


Be) 4-6) = 2 a 3) Dee lam) ate 


Simplify each expression. 


Dea? (— 17) 10,2 = 58 23 

WW. —443 12. 261 + (—85) 

Mee 15.2 + 7.9 We Ssh 67 — 198) 

ieee (— 28) + (—9) + 33 16 = 7 4h 26) 4 (= 54) 

ipeeso - —(14 + 58)] + 72 18. —19 + 35 + [—(—8 + 63)] +2 
ioe (29"-r 15) + [—(4 + 18)] 20. 12 + [—(—1 + 9) + (—10)] 


Find the sum of the numbers listed in each column. 


21. —6 22. —263 23. —79.2 24. 12.8 
— 39 82 63.7 —13.3 

i 165 —6.4 —25.1 

a7 —71 — 20.5 16 


State the axiom or theorem which justifies each step in the following 
proofs. 


B25. Prove: For all real numbers b and c, [b + (—c)] +c = b. 


1. b and ¢ are real numbers. 


2. —c is a real number. 
3. [b +(-c)] +0 = b+ [(-c) + ¢] 
4. =b+0 
5 = 
26. Prove: For all real numbers a, —(—a) = a. (Cancellation property of 
inverses) 


1. a is a real number. 

2. —a and —(—a) are real numbers. 
3. —(—a) = —(-—a) + 0 

4. —(—a) + [(-a) +4] 
[—(-—a) + (—a)] +a 
=O+a 


sgh 


me fi 
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Prove each theorem when each variable denotes a real number. 

Woe +a=c +b, thena =D. 

eo ae (ce) = > + (—c), then @— 

29. If b +a =a, then b = 0. (Uniqueness of additive identity) 

30. If a+ b =0, then b = —a. (Uniqueness of additive inverse) 

ai. —((—a) + (—b)] =a + 6 (ing Use the resultol Exercicer | 

32. Ifa =bandc=d,thena+c=b+d. 

33. Ifa+c=b+d,andc =d, then a = b. 

340 1f x + 2 = 9 then x =7. 35. li x + (—5) = —2 then, =: 
36. Ifx +5 = —4, then x = —9. 

37. If x + b =a, then x =a + (—b) 38. If x =a +(—D)), then x + b =a. 
39. If 2x + b =x, then x = —b. 


1-6 Properties of Products 


Multiplication in ® has properties similar to those of addition in &. 
Compare the three theorems stated below with those for addition on 
pages 12 and 13. (See Exercises 25-28 on page 20 for proofs.) 


Theorem. Forallrealnumbers band all nonzero realnumbers c, 


(oc) Le 
Cc 


Cancellation Property of Multiplication 


| For all real numbers a and b and all nonzero real numbers c, if 
ac = bc or ca = cb, 


then a = b. 


Property of the Reciprocal of a Product 
For all nonzero real numbers a and b, 


1 ool 


aba b 


That is, the reciprocal of a product of nonzero real numbers is the 
product of the reciprocals of the numbers. 
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EXAMPLE _ Simplify (a) 24-4 and (b) 8-3. 
1 
SOLUTION a. 24-1 = (8. -(4) = (3 4) = 
a 3 (8 +3) 3 8 3 


8 8 
6. g-s=8-(s1,)=8-(1-1)-(6-4)-tat-tit 
24 8:3 SS 8 3 5 3. 


Some real numbers, such as the identity element 1, have special proper- 
ties with respect to multiplication. Two other such numbers are 0 
and —1. 


Multiplicative Property of Zero 


For all real numbers a, 


PROOF 
1. a is a real number. Hypothesis 
270-4 0=0 Axiom of 0 
3.a°(0+0) =a-0 Substitution property 
4.a:0+a-0=a:0 Distributive axiom 
Sa 0=a-0+0 Additive identity axiom 
6.a-0+a-0=a-'0+0 Transitive property of equality 
tea) = 0 Cancellation property of addition 
eda = 0 Commutative axiom of 

multiplication 


The next theorem leads to the familiar rules for multiplying additive 
inverses. 


Multiplicative Property of —1 


For all real numbers a, 


a(—1) = —a and (—Da = —-a. 


PROOF 


Plan: Show that (—1)a satisfies . + a = 0; because —q is the unique 
solution of this equation (sec Exercise 30 on page 16), the conclusion 
(—1)a = —a will follow. The steps in the proof are given on the tollow- 


ing page. 
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PROOF 


1. a is a real number. Hypothesis 

era 1a Axiom of 1 

3, (le 4 @ = (=a = low Substitution 

4. =(—14la Distributive axiom 

5 =(O-a Axiom of additive inverses 

6 =") Multiplicative property of 0 

7. (—Da+a=0 Transitive property of equality 


Thus, (—1)a satisfies x + a = 0, and must, therefore, equal —a. Because 
multiplication in ® is commutative, a(—1) = (— Da, sothata(—1) = —a. 
The following examples show how the foregoing theorem and the fact 
that (—1)(—1) = —(—1) = 1 (Exercise 26 on page 15) enable you to 
simplify expressions for products involving negative numbers. 


EXAMPLE 1 15-(—3) = 15-[3-(—J] = (15+ 3)(-D) = (45)(-1) = —45 
EXAMPLE 2 (—8)(—7) = (—1-8)(—1-7) = [(—1)(—D\(8: 7) = 1-56 = 56 


EXAMPLE 3 (—2)(5) + 3(—1) = —1(2)(5) + (—3) = —1(10) + (~3) 


—10 + (—3) = -13 


These examples suggest how to deduce the following corollary of the 
multiplicative property of —1. (See Exercises 32-34 on page 20.) 


i . 


| Properties of Negatives in Products 
For all real numbers a and 5b, 


(—a)b = —ab, A=) = =e, (—a)(—b) = ab. 


Can you explain why the following statements are true? 


A product of several nonzero real numbers of which an even 
number are negative is a positive number. 


A product of several nonzero real numbers of which an odd 
number are negative is a negative number. 


The fact that (—1)(—1) = 1 means that the reciprocal of —1 is —1; 
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that is, —1= +. You can use this fact to show that for every 


nonzero real number a, 


that is, the reciprocal of the negative of a is the negative of the reciprocal 
of a. 


al ie ae 
=e Sali FT Si fF a a 
Thus, 
1 | 
S22 Na 
=n an = = 


Oral Exercises 


State as a reason for each of the following sentences either (a) one of 
the theorems or properties of multiplication given in this section or 
(b) one of the axioms for multiplication. 


e105) = —15 2. (—7)(2)(0) = 0 3. $-3=3 

4. (—8)(9) = —72 5. (4)) = 1 Gs Mit Ske = 2, oer se = ab 
7. (—7)(—3) = 21 SIG 2) = 42 9. (8)(—5) = —40 

Written Exercises 

Simplify each expression. 

Pa) (—6)( —7) 2. (—5)(6)(14) 3. (—21)(6)(— 4) 

4. (-32)(5+)(=") 2) + (> 6-135 4 2) 

7. 454+ (-9) 8. —60{(—4) + 4] 9. (—42)45)(-4) 

10. (—4)(—36)(—+4 Hie (412), =) ap 12, 28( — 3)(6)(0) 

13. (1.4)(—5)(—6)(—2) 14, (—2.8)(—7)(5(3) 15. (-4)()( L).90 
a 4/\—3/\—5 

State whether the value of the given expression is positive, negative, or 

zero. Do not compute. 

16. (—8.3)(6)(5)( — 4.9) 17. (—73)(— 10)(—5)(— 1) 18. (—$)(—23)(1)(—11) 

19. (-- 16)( —199)(0)(25) ZO mS 5) 7a) 21. (—4)(— §)(67)(148) 

22. (—72) (=! me +) (4) 23, (—0.5)(4.2)(—8.7) ay —0.41(—0.7 — 85) 
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Prove each of the following theorems for a, b, c © ®. 


25. be (+) =) (Cc 7 0) 26. If ac = Oc, then"@ = aaa) 
é 
1 1 1 
= = Ds ae LD 0 

Dowlieca — cp, thenm— 0. (60) 28 ae aoe (a,b £0) 
2olica>s — a and @ ~ 0) then y — PE 30. If ab = 1, then b= -. 

(Uniqueness of multiplicative identity) (Uniqueness of multiplicative inverse) 
31. + =a Hd £0) Bw, (=a) = —aly 

a 
33. a(—b) = —ab 34. (—a)(—b) = ab 
35. If a = b, then i = .. (a,b £0) 36. —a(b +) = —(ab) + [-(ao)] 


a7, Ibi seo = a, nan x = wi 


38. Ifx=a-c, then bx =a 20) 
39. If ax +b =c, thenx =1[ce +(-b)]. @ 40) 
a 


AN a(t). hen @ = (4). (a, b,x #0) 
x b a 


1 1 
4h hen x = —. (B), 3 
2 ab, t ome: = (elmer a= (i) 


1 1 
42. If a{—) = h =al—]. : 
a(—) b, then x a(>) (Girne 0) 


1-7 Properties of Differences 


Two other operations are defined in terms of the basic operations of 
addition and multiplication in ®. In this section, we shall consider the 
first of these. The difference between a and b, a — b, is defined as 
follows: 


| Relationship between Addition and Subtraction 


For all real numbers a and b, 
q—) =« i ~ 
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You can interpret this to say “to Subtract } from a, add the additive 
inverse of b to a.” For example, 


~3~(-2)= -3+2=-1, 


and 
§=— Wleses (i) = =e 
Since 
a—-b+b=[a+(-bd)] +b 
=a+[(—b) + 3] 
=a-+Q0, 
= 4, 


you can see that a — bis the number which when added to b produces a. 

Since a — b is the number that you add to b to obtain a, you can 
interpret a — b on the number line as follows (see Figure 2): @ — P tells 
the number of units and the direction of the displacement from the 


graph of b to the graph of a. 


2=2 a-b 
oS —_—_____}_. 
Figure 2 a 6 b a 


Because & is closed under addition, it follows from the definition of a 
difference that ® is also closed under subtraction. If you notice that 
7 —2=5 whereas 2 — 7 = —5, you can see that subtraction is not 
commutative in ®. The fact that (3 — 2) -1=1—12=0 while 
3 — (2 — 1) = 3 — (1) = 2 demonstrates that subtraction is not associa- 
tive in &. 

Knowing the relationship between addition and subtraction, you can 
prove several theorems about subtraction. For example, Exercise 19 on 
page 22 outlines a proof of the fact that multiplication is distributive with 
respect to subtraction. Thus, for each real number y, 


7(y — 5) =7-y —7-5 = Ty — 35. 


Oral Exercises 


State each expression in simplified form, using subtraction wherever 
possible. 
Pee; (—y) + (—z) 2h Hh Ge 1) 3. r(—p + (-4)) 
4. —v(ir + s) S @ 25 (1) = (Se) 6. n(d + [—(e + f)) 
7. Is there an identity element with respect to subtraction? That is, is 
there a real number b such that x — b = x and b — x = x for all real 
numbers x? 


8. Does each real number x have a subtractive inverse? That is, does 
there exist a real number y such that . — » = 0 and y —.+ = 0? 
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Written Exercises 


Simplify each expression. 


6 — (—14) 2 i ag 3. = 125 loge 
4. 271 — 389 5. 497 =.88 6. 12 = (56) 

mee 29414 —(=5) 39-8. 37 = ee 9, 36 = 13) 
10. 10(—26 — 15) Te (C= 7) = Se 8 
mee o— (7 — 2)) — 18 13. 4[=24 + 3) 290 

Te (6— 23 4.7) = 54 = 3) 15. —2(3(-5 + 7) — oll_—=4@l 


Show that the number represented by the given numeral satisfies the 
given equation. 

16. (—k + 4)(k — 9) = 2k — 8; 7 

17. (5 —x)\(x — 3) = @& — 2)(6 — x) — 3; -—2 

18. (zg + 4)(7 — z) = 10z — (2z + 3)(5 — z) — 5; —4 


Justify each step in the proofs of the following theorems. Assume that 
each variable denotes a real number. 


1, a(n = ©) = ao = GE 20.a —(—b) =a+b 
PROOF PROOF 
1. a, b, and c are real numbers. 1. a and Db are real numbers. 
20 be) 2 (=o) 2. —b is a real number. 
3. alb —c) =alb + (-c)] 3. a —(—b) =a + [-(—))] 
4. = @ilp 3b ai =e) 4. —(—b) =b 
5. =ab + (—ac) 5.a—(—b)=a+b 
6. = ab —ac 
i, GP = @) Sab = we 


Prove each theorem. Assume that each variable denotes a real num- 
ber. 


21. (a—b)+b=a 22. —a(b + c) = —ab — ac 

23, —@(() = ©) = ae = ay 24. If @ —c = b — ce inena — 2. 

25. If c—a=c —b, thena =b. 26. Ifa =b, thena —c=b—ce. 
2Z72lia —v), thene — a —c — b, 28. Ifa — b = 0 themrar—e 

29. If x — b =a, then x =a + b. 30. lfix =a + 5b, then: —F aja 

31. (a — b)\(c + d) =ac — bc + ad — bd 32. (a — b\(c — d) = ac — bc — ad + bd 
33. a[b — (c + d)] =ab — ac —ad 34. a[b — (c —d)] =ab —ac + ad 
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1-8 Properties of Quotients 


Still another operation in ® is defined in terms of multiplication. The 


quotient of a and b, a + b or = b £ 0, is defined as follows: 


Relationship between Multiplication and Division 


For all real numbers a and all nonzero real numbers b, 


apart 
b b- 


For example, 


and 
20 + (—}) = 20: (—5) = — 100. 
Since 
(a+ b)-b=(a-t)-b 
=0(5 
= @o Il 
a 


you can see that a + 6 is the number which when multiplied by b 
produces a. 


Notice that division by 0 is not defined. This is because: 
eelia + 0, 7 = c would imply that 0-c =a, but 0:c = Ofor every real 
number c (page 17). 
Pica — (). a =c would not be unique, since 0-c = 0 for every real 
number c. 
Because & is closed under multiplication anda +b =a- i. the set R 
y 
is closed with respect to division, excluding division by zero. Exercises 
19-33 on page 25 state several additional properties of division, among 
which is the fact that division is distributive over addition. 
What is the value of an expression like 12 — 15 + 6°8 + 12 that has 


no grouping symbols to show the order in which operations are to be 
performed? To assign a value to such an expression, vou take the 
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following steps, performing the operations within each grouping symbol, 
if any, beginning with the innermost grouping symbol and working out 
to the entire expression. 


1. Perform multiplications and divisions in order from left to right. 
2. Then perform additions and subtractions in order from left to right. 


EXAMPLE 1 Simplify 12 — 15 + 6-8 + 12. 


SOLUTION 12—154+6°8 + 12= 12 — 15 + 48 = 12 
12-—15+4 
—3+4 

1 


EXAMPLE 2 i[—6 + 2(18 — 5)] 


SOLUTION 4}[{—6 + 2(18 — 5)] =3[—6 + 2(13)] 
= 1(-6 + 26) 


Oral Exercises 
Tell which operation you would perform first. Simplify each expression. 


1.54+3°8 2.8 +=443:5 3. 14-6+3413 
4. 36 + (4-3) +6 5. 15+¢6+4 654+ (1-2 +2 


Written Exercises 


Simplify each expression. 


fees fee (57) ia ig 

e225) (M5) 4. —306 + (—18) 

5. (35+3)+—! 6. 354+5+—) 

7, =e ere 3014-15) 
Gun(iig= 18) = (4 29) On Cae ee 

res 7(8 = 13) = Pa=ay 12. [46 — 3). = 24 eee) 
13. [12(2 — }) —5] + G — 3) Ws (Cd) [gy 2 5) = & 


Show that the number represented by the given numeral satisfies the 
given equation. 


ae — > a 16.2223 22 >5 2a 


15. 5 — 
2 —2 8 2 
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= Id) 2 ) 
17. y(y — 5) ae = —9y; —2 18. (= - 3)(= - 2) = 11 — 2; 4 


Justify each step in the proofs of the following theorems. Assume that 
each variable denotes a real number. 


b 


9, ard 5) eee 
Cc Cc - Cc Co) b b 
PROOF PROOF 
1. a, b, and c are real numbers; 1. a and b are real numbers; 
aie U0: (Jie AO) 
Oo b 1 =a (7) 
2. ———_- = “— 22 = ee 
C Ca) c b : b 
1 1 1 
Se = *— b _— hn 3. —— ( 6 i) 
me i‘ ci Ae b 
a,b SRV” a \ 
4. — — 5 = ——_— 
c i C : b 
«, Gane ee 5 sf oe 
é é 1 G b b 


Prove each of the following theorems. Assume that each variable 
denotes a real number. You may use the result of a previous exercise 


in any proof. ; 


21.4=1 (#0) 22, 32 = ae) 
a a 
PMC b =a (b +0) 24. If ax = b, then x = 2. (a #0) 
25, If x =2, thenar=b. (@¥0) 16 2222 Ge 0) 
a be mirb 
27, ar a0 28. C 2 Guere ip 
ean pa ai aa 
(See Exercises 19 and 23.) 
1 1 b+a a ec _ad + be 0 
29. a = oh (a, b # 0) 30. b Se 5 ea (b,d F# ) 
(See Exercise 26.) (See Exercise 29.) 
a : ae b l 0 
a | (a, b # 0) 32 ake (a,b # 0) 
b 
(See Exercise 31.) 
go 
Bg = ad (b,c,d #0) (See Exercise 32.) 
eae oC 
d 


j 
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Self-Test 2 


VOCABULARY _ theorem (p. 11) corollary (p. 12) 
hypothesis or premise (p. 11) vectors (p. 14) 
conclusion (p. 11) difference (p. 20) 
direct proof (p. 11) quotient (p. 23) 
1. Prove: If A = 2, then a = 0) ee) Obj. 7, p. 17 


2. Complete this statement of the Property of the Negative of aSum: Obj. 2, p. 11 
dO) — ee) 


Simplify each expression. 


ae (ed (se ees Obj eu?! 
A —2[-32—9) SA =(—5) 
5. 3(— 12) + Oa 8 + 6:(—4) 


Check your answers with those at the back of the book. 


Chapter Summary 


1. Some of the familiar set symbols include { } (indicates a set), 
€ (denotes a member of a set), C (indicates a subset), = (denotes the 
same set), and § (the empty set). 


2. A variable is a symbol which may represent any one of the members 
of a set called the replacement set of the variable. A sentence con- 
taining a variable is called an open sentence. You can convert an open 
sentence about numbers to a statement by replacing the variable with 
a numeral for one of the values of the variable. Values of a variable 
that convert a sentence to a true statement are solutions of the 
sentence. 


3. Axioms, or postulates, are statements whose truth is assumed. These 
statements are used to prove theorems. The “if-clause” of atheorem is 
called the hypothesis of the theorem and the “then-clause” is called 
the conclusion of the theorem, By reasoning from the hypothesis to 
the conclusion, you can give a direct proof of a theorem. 


4. The axioms for the set ® of real numbers (pages 6-7) determine the 
properties of the system of real numbers. 


5. Equality among real numbers is reflexive, symmetric, and transitive. 
(See page 8.) 
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Careers ——=—— 
in Data Processing 


Computers do a variety of jobs, from keeping track of a 
business firm's finances to guiding rockets. However, be- 
fore a computer can do any job, it must be programmed, 
or given instructions. This is the task of a computer pro- 
grammer. The initial task in writing a program is to ana- 
lyze the job so that it can be done in a sequence of logical 
steps. At this stage, the programmer must be sure that the 
computer being used is equipped to perform each step, 
and that the steps are arranged in order. 

The programmer then translates the steps into a pro- 
gram, a list of instructions in a language which the com- 
puter is designed to ‘“‘understand.” There are many differ- 
ent programming languages, and the one used for a 
particular program depends upon the job and the com- 
puter to be used. Every programming language has a 
limited number of instructions, each telling the computer 
to perform a specific operation. 

If you enjoy working puzzles and have the ability to 
work within formal logical systems, you might like com- 
puter programming. In this book you will learn about a 
programming language called BASIC and you will have 
the opportunity to write some programs. 


EXAMPLE Follow these directions. 

, Lett se = 0) 

. Find the value of 3x + 2. 

Add | to the value of x. 

= Go to step 2. 

. Repeat steps 2 to 4, stopping after x = 10 in step 2. 


UB Wn 


Exercises 


Follow these directions. 


, Let él = S 
mleetar? I. 


5 qt fy 
. Write — as a decimal. 


mGo to step 3. 


J 
3 
3 
4. Add | to the value of 1. 
5 
6. Repeat steps 3 to 5, stopping after 7 = d — | in step 3. 


Change Step I above to “Let d = 7.” Follow Steps 2-6. 


Programming in design 
(above) and traffic 
control (below). 


SOLUTION 
x Se ct @ 
0 2 
1 5 
2 8 
10 
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Chapter Review 


Indicate the correct answer by writing the appropriate letter. 
In Exercises 1-4, indicate whether the statement is (a) true or (b) false. 


leet {1,2} 2. 8 € {the odd integers} 1-1 
aml.2, 4) C {1, 2, 3,4} 4. {1, 3,5} = {the odd integers } 


Specify the solution set of the given open sentence over {1, 2, 3, 4, 5}. 


1-2 
Sh, Gir 1172 
a. {1} b. {4} c. {4, 3} d. {3} 
G Be aedy—Z 
a. {1} d. {1,2} c. {3, 4, 5} d. (1, 2,374) 3) 
7. Set A = {—3, —2, —1, 0, 1, 2, 3}. Which set is shown by the graph 1-3 
below? 


=§ =2 =] 0 1 a 3s 


a. Ab. {negative integers in A} c. {nonnegative integers in A} 
d. {positive integers in A} 


Choose the axiom that justifies the given statement. 
a. Closure axiom for multiplication 
b. Associative axiom for multiplication 
c. Commutative axiom for multiplication 
d. Axiom of 1 
Sos 4+ 2) =(3 + 8) 42 
a. Closure axiom for addition 
b. Associative axiom for addition 


Commutative axiom for addition 


a 9 


. Axiom of 0 


Simplify each expression. 


10. —3 + 15 + (—17) 1-5 
a. —35 b. —5 ce, J d. —1 

11. —(38 + 13) + 41 
a. 10 b. —10 cols d. —5 
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i) — 3(4 — 8) 
ee 12 b. —36 c. 12 d. 24 
13. 28(—3)(5)0 
a 120 b. 35 c. 0 d= 35 


14. a + (—b) + (-c) 
aa—b4+c bb @=—) SE ® a@tkpoe dita ort 


15. m+n — (—p) 
am+n+p b. m—n+p c. m—n—p d.m+n—p 


Gea ets et 10) 


a. —rs + rt b. rs — rt c. —rs — rt d. rs + rt 
17, —324 + 18 

a. —3 b. —18 c. 18 d. 24 
18. —21 + (—4 — 3) 

a. —3 [bs 7 & 3 d. —7 


Chapter Test 


Replace each _?. with one of the symbols =, €, or C to make a true 
statement. 


m2, 5, 5,7} {integers} 2. 452 {multiples of 5} 
Seoolve 3x + 4 = 19 if x & (1, 2, 3, 4, 5}. 

Beoolve 2x — 7 = 1 if x & {1, 2, 3, 4, 5}. 

5. Graph {—2, 0,4} on a number line. 
State the axiom justifying each statement. 


Gms 9 X 7) =(8 x 9x7 74345 =4x3+4x5 


Simplify each expression. 


Sete (—62) + 21 9. —15 + (—24 + 30) 

10. (—40)(6)(—}) 1 154i) 

i) 7 — (—15) 13. —2[4 — (3 + 2)] 

fae 3 + 7) + (4-5) 15; (25°20 =8)) ee) 


1-6 


1-7 


1-8 


1-1 
1-2 


1-7 
1-8 
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A hurricane viewed on a radarscope. 
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Solving and Applying Equations 


OBJECTIVES for Sectious 2-1 through 2-3: 

1. Simplify expressious for sunis aud differences of polyuontials. 
2. Solve first-degree equatious in oue variable. 

3. Apply linear equatious to solve word probleuts. 


2-1 Sums and Differences of Polynomials 


A monomial in the variable x is an expression of the form 
ax”, 


where a € ®, and n denotes a positive integer. The number denoted by 
a is called the coefficient (or numerical coefficient) of the monomial. 
The symbol 


v n 


represents a power of x, where x is called the base and 1 the exponent. 
In general, the nth power of x denotes the product of # factors, each 
equal to x. For example: 

eC 

x? = x-°x (also read “x-squared” or “the square of x") 

x3=x-°-x-x (also read ‘“x-cubed” or "the cube of x") 

x4 =ax-x-x-x (also read “x-fourth” or “x to the fourth”) 
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In the monomial ax", if a 4 0, you call m the degree of the monomial. 
Thus, for the monomial —x4, the coefficient is —1 and the degree is 4. 
Monomials such as —3, 5, and 0 are called constant monomials, and, 
with the exception of the zero monomial, 0, are assigned degree zero. 
The zero monomial has no degree. 

A monomial such as 


Axa 
which contains more than one variable, is assigned as degree the sum of 
the exponents of the variables. Thus, the degree of 4x7y? is 2 + 3, or 5, 


while its coefficient is 4. 
An expression such as 


5x3 + Ox? + (—2x) + (5), 


which consists of a string of monomials connected by plus (+) signs, is 
called a polynomial. A polynomial of two terms is a binomial; a poly- 
nomial of three terms is a trinomial. The monomials in the expression 
are called the terms of the polynomial and the coefficients of the terms 
are called the coefficients of the polynomial. Thus, the terms of the 
foregoing polynomial are 5x3, 0x?, —2x, and —5,.while the coefficients 
are 5, 0, —2, and —5. Another way to write the polynomial is 


5x3 — 2x —5, 


where the term with 0 coefficient is omitted and the connecting + signs 
are taken as understood. 

Two monomials are said to be like or similar if they are exactly the 
same or if they differ only in numerical coefficients. Thus, 


5x5, —3x> and xs 
are like monomials, while 
So, Sue’, and Suey 


are unlike. A polynomial is said to be in simple form when no two of its 
terms are like terms. For example, 


2x3 — 5x +7 
is in simple form, whereas 
2x3 — 3x —2x +7 


is not. The terms of a simplified polynomial are usually written in order 
of decreasing degree from left to right. 

The degree of a polynomial in simple form is defined to be the degree 
of its nonzero term of highest degree. Thus, the polynomial 
2x3 — 5x + 7 is of degree 3. A polynomial of degree 2 that contains a 
single variable is called a quadratic polynomial. 
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Given any two polynomials such as 
4x? — 3x and. x* 42 2x — 1, 
you call the expression 
Aes  —. |) 
the sum of the polynomials, and the expression 
Aes Ge eee — |) 


their difference. To replace the sum or difference by polynomials in 
simple form, you use the following rules. 


——————S———s mae = = ———s 
Rules for Adding and Subtracting Polynomials 


} 


1. To add polynomials, add the coefficients of similar terms in the | 
polynomials. 

2. To subtract one polynomial from another, subtract the coeffi- 
cient of each term in the one polynomial from the coefficient of 
the similar term in the other polynomial. 


Using these rules, you find 
(4x? — 3x) + (x? + 2x — 1) = (4 + 1x? + (—3 + 2)e + (0 + (- 1) 
=e ely ee (Ih) 
= 547 =x = 1 
and 
eee) = (2 4 2 1) = 4 — 1)? + (—3 — 2) + O — (=) 
ee )t 4 (1) 
= 3 = Sy 
Because it can be proved, by using properties of the real numbers, that 
the equation 


(Cresent ee = 5x2 el 


is a true statement for every numerical replacement of the variable, the 
two members of the equation (the expressions related by the = symbol) 
are called equivalent expressions. Whenever you replace a given poly- 
nomial by an equivalent polynomial in simple form, you say that you 
have simplified the given polynomial. 


Oral Exercises 
State the coefficients and the degree of each polynomial. 

ea? — 34x +7 2, —9R —717 49 +— 17 

3, —xy? + 3xy — 5x 4. 6p?) — Sp?q? — 2p7g + 8 
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Each of the letters A, B, C, D, and E stands for the given algebraic 
expression. State the indicated sum or difference in simplified form. 


AS Suet Bie skeet St jl (Ge eee 5 iDe seh — Tk EB: 4 = 


5. A+B 6 B+C 7,.A+4+D 8 CHE 9 Dae 
10. B+D iil, AL = JB 12, JB = C 13. B—C 14. D—-—B 
Written Exercises 
In Exercises 1-6 add the given polynomials. 
ity — Sy? y 4 8 eer da Spe) dL He 

yi— yr?—y—6 ae — 3x7 —x 45 
oa =f — Se 4. —4244 623-—2z?-7 

Soo = ee = Il z> — 424 +2742 

GS Ape 2p IE tie a 6 7mn? — 8mn2 + 6mn — 1 

Owe + w3 —w-—3 —5m?n? + 3mn? + 9mn — 2 
7-12. In Exercises 1-6 subtract the second polynomial from the first. 
Simplify each expression. 
ise 2e 1 4) (6 S60 14 G6 = 3) ee 
15. (37 + s) — (r —s) — ( + 3s) 16. Gp @) —(p 3g ees, 
i, (27 = 67 = 10) — 227? = 4 18. (—30? = Fv = 2) aoe) 


9. (7? — 4r? — 5) 4+ 6? =7 4 ) SG ee 

20. (r? — 8) — (—r3 + 4r? — 127 = eee) 

21. (5¢* — 8? — 1) — (* 4 P=] 6) ae 

22. (x* 4 4x7 — 8x) + (=x) = 5x? ee a) 
23. (3x? — xy + y?) — (x? — xy + 2y?) 4 Ge? — xy + y?) 

24, (c? — 6cd — 2d?) + (7c? = cd 28d ae ocd — |) 


25. [2q? — (3q + 2)] — [-q? — q + 3)] 26. [3x — (7x — y)] — (4x +. y) - (2x + 9y)] 
27. —5[¢ — 8(3 — t)] + 407 + 9 — 10) eeeetise — 6 = 1) sa ee 


29. What polynomial must be added to 7x4 — 5x3 — 8 to obtain the 
polynomial x + 1? 


30. From what polynomial must 4a3 — a? + 7a be subtracted in order to 
ebtamm 2a? — a + 5? 4 


Sole? — SG? — 3x)] — [x 4 4G? = 2a 

32267 = 3(cd — dd’) — 2[ed —{c? a 

33. [4r? — 50-7 8 3 — 2)] — [v2 + 2(r3 Ste a) 
34. [3¢° — 2(¢* 4 4t2 — 3)] — [224 — (8r2 4 £6 — 5)] 
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2-2 Transforming Equations 


The equations below have the same solution set over ®, namely, {2}. 
Je = AGe 46 3) S Be = & and x=2 


Equations that have the same solution set over a given set are called 
equivalent equations over that set. 

To solve an equation, either you identify the root by inspection or else 
you perform a sequence of transformations on the equation until you 
arrive at an equivalent equation whose solution is evident by inspection. 
The properties of real numbers guarantee that the following transfor- 
mations of a given equation always produce an equivalent equation. 


| 


Transformations Producing an Equivalent Equation 


1. Substituting for either member of the given equation an ex- 
pression equivalent to it. 

. Adding to or subtracting from each member of the given equa- 
tion the same polynomial in any variable(s) appearing in the 
equation. 

. Multiplying or dividing each member bv the same nonzero 
number. 


EXAMPLE Solve 6z — 3(z + 1) =z + 1 over &. 


SOLUTION 1. Copy the equation. 62-32 +l) =e! 
2. Use the distributive axiom to help 62 —3z —3=2+1 
simplify the left member. Sr =—3=c+ 1 
3. Subtract z from each member. 3z —3-rz<=c+I1- 
22: -—3=1 
4. Add 3 to each member. 2 et ld 
22 Su 
5. Divide each member by 2 (or PLA Sis 2 
multiply each member by 4). a) 


Because errors may occur in transforming equations, you should 


always check each solution in the original equation. 


6 — 30 +N =f£+1 
6(2) — 32 +) =2 4 1 
12 — 3(3) 43 
[2 9 3 

3=3 


., the solution set is {2}. Answer. 


“ i 
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Note that, in the foregoing example, the replacement set of the vari- 
able was specified as ®. From here on, in this book, unless otherwise 
stated, all open sentences are to be solved over &. 

The “operational” properties of equality upon which the transforma- 
tions used to solve equations are based are contained in the following 
theorem (see Exercises 40-43 on page 37). 


For all real numbers a, b, and c, if a = b, then: 


atc=b+ectaz=c+b Additive Property 
Gor Dewed — cp Multiplicative Property 
a—c=b—c Subtraction Property 


a 


| z= 2, provided c #0 Division Property 


Oral Exercises 


State the transformation(s) you would use to solve each of the following 
equations. 


EXAMPLE 2y+3=7 


SOLUTION Subtract 3 from both members; divide both members by 2. 


io 7 — lo 254+x= -2 ee 
d 
ade = le es = 6 9-x = —8 
74a —-6=4 8 3—2b=11 9 8—ly= 
State the value of the variable printed in red in terms of the other 
variables. 
Dp 1 
10. ax =b 1l.—=q 12, r+ws —t 13. k —n =s ase 
v CZ 
Written Exercises 
State the transformation used to produce the second equation from the 
first and the third from the second. 
1.5 —8&v=21; —8v = 16; v= —2 2. 4c —3 = —c + 12; 5¢ —3 = 12; 5c = 15 


ee? 2 = ib 49 = 


4 4 
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ee 7) 5 = 12 3 = —7: Bt — 7 = 7 

6. 5p -—8 =6p +5; -8=p4+5; -13 =p 

7. 4m + 11 = 3(m — 2); 4m + 11 = 3m — 6; m + 11 = -—6 
8 —7k —4= —3k + 10; —4k —4= 10; —4k = 14 


Solve each of the following equations. 


' 9, 5x —6 = 34 10. 8 — 3y = 50 Wl, Be = (4b i) = 8 

Pee (@— 7) = 15 13. 5p —3 =27 —p ia = 3) 9) = 17 

15. 2-—2034+2)=19 16 2r = —6 17s 12 

18. 4n +4 = 10 1, Se = He Li SAs——!) MW, Xe Lo) = —He = HS = 

flee oz, — (3x + 1) — x] =5 2264) 7 2 a = 10S — 7) 
Coe 4u , 6u 

2 ae SUE 
7 ~ 8 24. 5 + = 12 

25. 3(7 + u) — 3(2u + 1) = —6 26. 4(2d — 5) — 3(4 —d) =2 


Solve each equation for the variable shown in red. That is, find an 
equivalent equation in which the symbol shown in red is alone in the left 
rember. 


iL, Deke = Be = Se 28. Sry dk dl ee Bir 29. 3bn — 2b = bn 
30. 6f — 4(b + t) = —10b S17 — —pr ek 32. A =1(b + c)h 
33. me 340A = Pll Re) 35. A = orl + ar2 


Solve each equation for the variable shown in red. Use the resulting 

equation to find the value of that variable for the given values of the 

other variables. 

36. xy — 3z = 2yz; y:2; 2:6 37. 310m +n) + 10m — n) = Orn — Ny an:3; ni2 
38. na + 5ab = 4b; a:6; b:-—9 39, m(c — d) — 3un(c + d) = 6d — 3c; ¢:2; d:—7 


Prove each of the following theorems. 


40. For all real numbers a, b, and c, ifa=b, thena+c=b-+c. 
41. For all real numbers a, b, and c, ifa = b, thena —c=b—c. 
42. For all real numbers a, b, and c, if a = b, then ac = be. 
43. For all real numbers a and b and nonzero real numbers c, if a = 6, 
hen = ae 
c 
44. For all real numbers b and c and nonzero real numbers a, if 
© = le 


gee -5 b Se, hen # = : 


Review of bssentials | 37 


2-3 Applying Equations 


Algebraic expressions and sentences can be used as descriptions or 
models for many real-life situations. Such models can be used to help 
solve practical problems. 


EXAMPLE 1 In the Central City Water Reclamation Center, one purifier can process 
twice as much sewage per minute as a second purifier, and a third 
purifier can process 50 more liters per minute than the first purifier. If 

’ the three units working together can purify 1100 L/min, how many liters 
per minute can each purifier process? 


SOLUTION 1. Read the problem carefully and decide what numbers are asked for. 
The problem asks for the number of liters of sewage each of three 
machines can purify per minute. 

2, Choose a variable to represent one of the numbers asked for or 
described in the problem. Let x represent the number of liters per 
minute the second machine can process. Then 2x represents the 
capacity per minute of the first machine, and 2x + 50 represents the 
capacity per minute of the third machne. 


3. Write an open sentence showing the relationship(s) given in the 


problem. 
Capacity of added capacity of added capacity of is total 
machine | to machine 2 to machine 3 | capacity of plant. 
2X _ a Xs + ee ae V0) = 1100 


4. Solve the open sentence. Knowing the solution of the open sentence, 
you can determine the numbers asked for in the problem. 


2x 3X 4 2e = 50 = 1100 


See 4b SO = Ow 
ae = Ose 
x = 210 


.. the only solution of the sentence is 210. This means that the second 
machine can process 210 L/min, the first machine can process 
420 L/min, and the third machine can process 470 L/min. 

5. Check your results with the requirements stated in the problem. 


Capacity of first machine = twice second machine 
2 


420 = 2(210) 
420 = 420 
Capacity of third machine = 50 more than first machine 
470 = 50 + 420 
A700 


38 | Chapter 2 


Total capacity = sum of the capacities of all three machines 
420 + 210 + 470 = 1100 
1100 = 1100 


... the three machines can process 420, 210, and 470 L/min, respec- 
tively. Answer. 


The five steps taken to solve the preceding problem form a useful plan 
in solving any problem. Notice how they are used in the solutions of 
Examples 2 and 3 on pages 39 and 41. 

Formulas from the social and physical sciences also are often useful in 
solving practical problems. 


EXAMPLE 2_ Six hours after the fishing boat Mackerel leaves harbor on a southerly 
course, a helicopter leaves the same harbor to pick up an injured 
crewmember on the boat. The helicopter flies at a rate of 100 km/h 
greater than the rate of the boat. If the boat reverses direction at the 
time the helicopter leaves the harbor and if the helicopter arrives at the 
ship in 1h, find the rate of the boat and the rate of the helicopter. 


SOLUTION 1. The problem asks for the rate of the boat and the rate of the helicop- 
el. 


2. Letr = therate of the boat. Then 100 + r = the rate of the helicopter. 
Using the relationship distance = rate X time, or 


d= ile 


you have the following facts about the situation. 


3. Distance of boat from is distance of helicopter 
harbor from harbor. 


YF Pt 00 


4-5. Completing the solution and checking the results is Jeft tor vou. 


You will find that the rate of the boat is 25km/h end that of the 
helicopter is 125km/h. Answer. 


In solving problems about geometric figures, sketches picturing the 
facts of the problem may help you to sce relationships. You may wish to 
review some familiar facts about geometry shown in the table which 
follows. 
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| | 
Facts from Geometry-Plane Figures 


1. Complementary angles A and B 


mL dopa dis = OY 


B 
A 
Supplementary angles A and B 
mZA +mZB = 180° B A 
2. Square with side of length a a 

Perimeter: P = 4a 

Area: A = a? i 

3. Rectangle with length a and width 5 

Perimeter: P = 2a + 2b 


Area: A = ab 


4. Triangle ABC with sides of length a, b, 
and c, with base 0 and altitude h 


é 
| 
B 
Perimeter: P=a+b+c A Z 
Area: A = $bh 
Sum of angles: mZA +mZB+mdZC = 180° A C 
fo) 


a. Isosceles triangle: 


two congruent sides 
two congruent (base) angles 


b. Equilateral triangle: 


three congruent sides 
three congruent angles (measuring 60° each) 


c. Right triangle with hypotenuse c: 


a*+b?=c? (Pythagorean Theorem) 


B 
. Ee 
iG rs A 
. Circle with radius r or diameter d = 2r 
Circumference (perimeter): C = 2<r or C = ad 
Aleawae—eay’ or A = lad? 
b, 
aan 
b, 


71) 


6. Trapezoid with legs of length a and c, 
bases of length b, and b,, and altitude h 


Perimeter: P=a@ +b, + b,+¢ 
Area: A = 4h(b, + b,) 
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Facts from Geometry-Space Figures 
1. Rectangular prism with length a, width b, and height c 


Surface area: 2(ab + ac + bc) 
Volume: V = abc 


2. Sphere with radius r or diameter d = 2r a 


Surface area: A = 4rr2 or A = xd? 
Volume: V = 4ar3 or V = 4nd} 


3. Right circular cylinder with height h, 
radius of base r, and area of base B 


Lateral area: L = 2arh 
Total surface area: S = 2arh + 2ar? 
Volume: V = ar2h or V = Bh 


EXAMPLE 3. The length of each of the congruent sides of an isosceles triangle is 3 cm 
greater than twice the length of the base. If the perimeter of the triangle 
is 91cm, find the length of each side of the triangle. 


SOLUTION 1. The problem asks for the length of each side of the 
triangle. 

2. Let x = the length of the base. (Note that the symbol 

= is used here to mean “represent.”) Then you can 

express the length of each of the congruent sides by 


xe Se BN. 
3. Perimeter of triangle is 91cm. 
x 2(2x + 3) = 9] 
4. Be ls WB? 36 SY) = Dl 
ge oh dle © = OI 
See SE © =] OM 
Sx — 85 
= 17 


The lengths of the other sides of the triangle then are 
207) == 3 = 37 chi. 


5. Is the perimeter 91 cm? ly 6 YS = 9} 
7 25 7A Ol 
91 = 91 


*. the lengths of the sides of the triangle are 17cm, 37¢m, and 
37cm. Answer. 


j 
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Oral Exercises 


For each of the following problems, use the given information to set up 
an equation that may be solved for the given variable. State the 
equation but do not solve it. 


1. The sum of two consecutive integers is 157. Let equal the smaller 
integer. 

2. The length of a rectangle is 5 more than twice its width, and the 
perimeter of the rectangle is 58. Let 1 equal the width. 


3. One of the tivo acute angles of a right triangle has degree measure 6 
less than 3 times the other. Let x equal the degree measure of the first 
acute angle. 


4. A motorist drives 165km in 3h. The first hour of travel was at a 
constant speed. The last two hours of travel were at a constant speed 
15km/h greater. Let r equal the speed during the first hour. 


Problems 
Solve each of the following problems. 


1. The sum of two integers is 85, and one integer is 27 greater than the 


other. Find the integers. 5 
i¢ J 2+} 


2. Henrietta can use 1120cm? of mounting board to 
mount a photograph vertically that measures 
20cm x 25cm. If she leaves a border of 4cm on the 25 
top and sides, what border can she leave at the bottom 


of the photograph? a 


3. In Exercise 2, if Henrietta leaves a border of 3 cm at the top and 7 cm 
at the bottom, what will be the widths of the side borders if they 


are equal? 
’ ae 


4. Find three consecutive integers whose sum is 162. 


5. Find three consecutive integers such that the sum of the first and 
third is 134. 


6. Find two consecutive even integers such that the sum of the first and 
three times the second is 190. 


7. Find three consecutive odd integers such that the sum of the last two 
is 7 less than three times the first. 

8. One base of a trapezoid is 3 cm longer than the other. If the height is 
14cm and the area is 189 cm?, what are the lengths of the bases? 

9. The vertex angle of an isosceles triangle has degree measure 12 less 
than either of the two (congruent) base angles. Find the degree 
measures of the angles of the triangle. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


NW 


18. 


19. 


20. 


The length of a rectangle is 7 less than four times its width. If the 
perimeter is 116cm, find the dimensions of the rectangle. 


A window in the shape of a rectangle surmounted by 

an isosceles triangle is to have a width of 75cm and a 180 cm 
total height of 180cm. If the total area of the window 

is to be 12,000 cm2, what should be the altitude of the 

triangle? 

Find the degree measures of two complementary angles,Cone of 
which has degree measure 2 less than three times the degree 
measure of the other. 


A car gets 12km/L of gasoline on the highway and 9km/L in the 
city. During a recent week the car went 348 km and used 35 L of gas. 
How much of this gas was used for city driving? 


From downtown a suburban phone call costs 15¢ more than a local 
call. One month Dr. Thorne’s phone bill showed 30 local calls and 42 
suburban calls, and the total bill was $14.22. What is the cost of one 
local call? 


Thirty minutes after Mary Jones leaves her house on her moped, her 
husband discovers that she has left her briefcase at home and sets 
out after her by car. If the moped travels at 24 km/h and the car at 
40 km/h, how long will it take for Mary’s husband to overtake her? 


Two trains start simultaneously at opposite ends of a route 350 km 
long, each heading for the other's starting point. If one train travels 
at 110 km/h and the other at 90 km/h, how long will it be before they 
pass each other? 

In Exercise 16, if the train traveling at 90km/h leaves 20 min 
earlier, how long after the train traveling at 110 km/h leaves will they 
pass each other? 


An empty chemical storage tank is to be filled by three pipes, the first 
two of which transmit 930 L/h of liquid and the third of which 
transmits 560 L/h. If the third pipe starts working 90 min after the 
first two begin and the tank has a capacity of 4000 L, how long will it 
take after the first two pipes begin working to fill the tank? 

The formula for the degree measure M of each interior 

angle of a regular polygon with » sides is 

(n — 2)180 

—o a 

How many sides does a regular polygon have if each of 

its interior angles has degree measure 156? 

Individual tickets to a raffle cost 35¢. A pair of consecutively 
numbered tickets may be bought for 50¢. If 100 tickets were sold and 
$32.20 was collected, how many people purchased pairs of consecu- 
tively numbered tickets? 


Mi = 
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Cc 


21. Herb bought golf balls and paid a number of dollars for all of them 
that was 6 more than the number of balls he bought. Harry bought 2 
mere of the same kind of golf balls than Herb and paid a total in 
dollars that was 7 more than the number of balls he bought. How 
much does one golf ball cost? 


Jape 


DS 


Self-Test 1 


VOCABULARY 


A hardware dealer paid $54 for a shipment of shovels and $135 for a 
larger shipment of another kind of shovel, each of which cost twice 
as much as the first kind. Altogether there were 27 shovels in both 
shipments. How many shovels were there in each shipment? 


What speed must a motorist average on a return trip from a city 
100 km from home in order to have an average speed of 32 km/h for 
the round trip, if the average speed going out was 20 km/h? (Hint: 


Average speed = total distance + total time.) 


monomial (p. 31) 

numerical coefficient of a 
monomial (p. 31) 

power (p. 31) 

base (p. 31) 

exponent (p. 31) 

constant monomial (p. 32) 

binomial (p. 32) 

trinomial (p. 32) 

degree of a monomial (p. 32) 

polynomial (p. 32) 

coefficients of a 
polynomial (p. 32) 

like monomials (p. 32) 

similar monomials (p. 32) 

simple form of a 
polynomial (p. 32) 


degree of a polynomial (p. 32) 
quadratic polynomial (p. 32) 
equivalent expressions (p. 33) 
equivalent equations (p. 35) 
transformations (p. 35) 
model (p. 38) 
complementary angles (p. 40) 
supplementary angles (p. 40) 
isosceles triangle (p. 40) 
equilateral triangle (p. 40) 
right triangle (p. 40) 

circle (p. 40) 

trapezoid (p. 40) 

rectangular prism (p. 41) 
sphere (p. 41) 

cylinder (p. 41) 


Simplify each expression. Assume that each variable denotes a real 
number. 
ae 5) + (7x? =e = 
A(y? — 3) — 3(2y? — 6) 

(n? + 4) — (n? — 3n 4+ 8) — (n — 3n?) 
(xy — 2y? + 3x?) — (—xy — 2y? + x2) 


57 PS iS 
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Obj. 1, p. 31 


Solve over @&. 


10. 


5. 344 — t) —6 = 5t — 7(t — 1) 
6. 
7 
8 


6(3 — 2r) + 22 = —4(r — 2) 


moolve for x: a(b — 3x) = c — 5ax 


. Each of the two congruent sides of an isosceles triangle is 5 less 


than twice the length of the base. If the perimeter of the 
triangle is 25, find its dimensions. 


. If the members of a marching band are arranged in rows of 9 


players, there would be 2 less rows than if each row contained 8 
players. How many players are there in the band? 

During a trip of 400 km, Fred averaged 25 km/h in cities and 
70 km/h on highways. If the trip took a total of 7 hours, how 
much time did Fred spend driving in cities? 


Check your answers with those at the back of the book. 


Order in the Set of Real Numbers 


OBJECTIVES for Sections 2-4 through 2-7: 

1. Solve linear inequalities. 

2. Apply linear inequalities to practical problems. 
3. Give simple indirect proofs. 

4. Solve inequalities involving absolute value. 


2-4 Properties of Order 


The symbol < is read “is less than.” 


order of two real numbers. You say that 


because there is a positive number, 2, such that 3 + 2 = 5. The state- 
ment 3 < 5can be written equivalently as 5 > 3 (read “Sis greater than 


3 < 5 (read ‘3 is less than 5”), 


3”). In general, we have the following definition: 


If a and b are real numbers, then 


a<b (or b> a) 


if and only if there is a positive real number c such that 


atc=b. 


It is used to show the relative 


Obj. 2, p. 31 


Obj. 3, p. 31 
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Note the phrase “‘if and only if,” which condenses two statements into 
one. In this case it means: 
If there is a positive real number c such that a +c =b, then a <b; 

and 

If a < b, then there is a positive real number c such that a +c = b. 
These statements are called converses of each other, as are any two 
“If...,then...” statements each of which can be obtained from the 
other by interchanging hypothesis and conclusion. 


We make the following assumption about order in the set of real 
numbers. ~ 


Comparison Axiom 


If aand bare real numbers, then one and only one of the following 
statements is true: 


The set of positive real numbers is denoted by the symbol ®,. One 
further assumption we make is that the sum of two positive real num- 
bers is a positive real number and the product of two positive real 
numbers is a positive real number. 


j eee 


ian — 2 — 
i Closure Axiom for @, 


If aand b€ @,, then 
a+bER, and ae Coe 


that is, R, is closed under addition and multiplication. 
L 


Using the definition of “less than,” and the closure axiom for ®,, we 
can prove the following three theorems about order in &. 


Transitive Property of Order 


If a, b, and c are real numbers, and if a < band b < c, thena < c. 


PROOF 


1. a,b, and care real numbers, a < b, Hypothesis 
and b<e. 
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2. There are positive real numbers e Definition of < 
and f such that a+ez=b and 


ie dt iE = IC: 
3.a+e+f=c Substitution principle 
4. e + fis positive. Closure axiom for @, 
5. @ Se Definition of < 


Additive Property of Order | 


If a, b, and c are real numbers, and if a < b, then a te ee 1) abe. 


PROOF 


1. a, b, and c are real numbers, and Hypothesis 
Gi), 


2. There is a positive real number d__ Definition of < 

such that a +d = b. 
Pied) ec=b+c Additive property of equality 
do @ 22 (@ 26 @) = 1 Jee Associative axiom of addition 
pmo (c + d)=b+¢c Commutative axiom of addition 
O @+@) + dad ste Associative axiom of addition 
Perec b + C Definition of < 


Multiplicative Property of Order 
Rewaeo, and ce @. 
I. If a < band c is positive, then ac < be. 


| Il. If a < band c is negative, then ac > be. 


The proofs of the two parts of this theorem are left for vou. (Exercises 
29 and 30 on page 49.) Of course, the foregoing theorems are also true 
with < replaced by >, and > by <, throughout. 

Graphically, given two different real numbers, the graph of the lesser 
lies to the /eft of the graph of the greater on a number line with positive 
direction to the right. Thus, if « © ®, the graph of the solution set of 
x < 2 appears as in Figure 1. 


Figure 1 (pe ee 0 1 7s ie se 


Note that the endpoint is depicted by an open cirele which indicates that 
the graph of that point is not in the set. 


Review of Lss@nitrals 47 


The additive and multiplicative properties of order imply that the 
following transformations on inequalities will produce equivalent 
inequalities over ®&, that is, inequalities having the same solution set 
over &. 


Transformations Producing an Equivalent Inequality 


1. Substituting for either member of the inequality an expression 
equivalent to that member. 


2. Adding to or subtracting from each member of the inequality the 
same polynomial in any variable(s) appearing in the inequality. 

3. Multiplying or dividing each member by the same positive 
number. 


“4. Multiplying or dividing each member by the same negative 
number and reversing the direction of the inequality symbol. 


EXAMPLE — Solve 3x + 2 < 5x — 6 over & and graph the solution set. 


SOLUTION 3x +2 < 5x —6 

or te Dae SK Se — GH 2 Transformation 2 

3x < 5x — 8 Transformation 1 

ohe = Sse & See — BS Bie Transformation 2 

—2x < -—8 Transformation 1 

ate ~~ 29 Transformation 4 

—2 —2 
x>4 Transformation 1 


.. the solution set is 


{x: x > 4}. Answer. © fo teste eee ee 


Oral Exercises 


State the solution of each inequality for the variable and state the 
transformation that justifies the step needed to arrive at the solution. 


Il, CF =m HK BZ 2y+4>1 
4, 3d < 21 5. —5>4t 
7. —4p <6 8. 4q > 12 


10. Use the multiplicative property of order to explain why the product 
of two negative numbers is positive. 


11. Use the multiplicative property of order to explain why the product 
of a negative number and a positive number is negative. 
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g% =2< G@ = 7 
G& aor & als 
9 4x< 0 


Written Exercises 


Give the transformation or property of order that justifies each state- 
ment, or indicate that the statement is not true for all real numbers. 


fle i a > b, then a — 3 > b — 3. A, it fr < &, tle Se < Se. 
flee, 3 < 1, then x << —2, Alt 6 =e leandec ere) 
Pa then dS <2.0) 
5. If a< band c < d, then ac < bd. 6. If —3y > 21, then y < —7. 
7. If 7 > 2, then n > —8. 8% Ifz<y+4andy+4< -3, 
flxen 7 < oo 
Pelb =x = 5> 4, then =x < 9, 10. ee = 3 hem 15 


Solve each inequality over ® and graph its solution set. 


Mex —3< 5 12 
13. 3x + 2> —10 MS] Gece =7/ 
iy 3y Vv 
5 2S ee 16 —— = 
3 <a 5 pag a 
See 3) = 62 > 72 8. —2(0 +6) < 1-4 
pee 31) < —71 — 2 0. 8(£-3)>r—17 
Be 5 — (4-4) Lhe 22, 445 — 2 ene sy) 1 
5 Ne 6 8) 3° x) > me 5) 
XS = 3) =AGe = 2 HD = See), AG) = 29) 
23. a eee 6; 24, eee as = 
5 a) 4 = 2 
pam e— 4) — 3] > 7? — 5¢ — 8 26. —2(z + 3) + 2(z — 2) > je Bas) 


C 27. Prove: For all real numbers a, if a > 0, then —a < 0. 

28. Prove: For all real numbers a, if a < 0, then —a > 0. 

29. Prove: For all real numbers a, b, and c, if a > b and c > 0, then 
ae > Dc. 

30. Prove: For all reat numbers a, b, and c, if a > b and c < 0, then 
ac < be. 

31. Prove: For all real numbers a, b, and c, ifa +c >b +c, thena > b. 

32. Is it true that for all real numbers a and b, if a > b, then a? > b?? If 
so, prove it. If not, give a counterexample. 

33. Prove: For all real numbers a, b, c, and d, if a > b, and c > d, then 
ate>b4d. (Hint: Show thata +c >b+candb+c>b+d.) 


34. Prove: For all positive real numbers, a, b,c, and d, ifa > band c > d, 
then ac > bd. (Hint: Show that ac > be and be > bd.) 


Review of Lssenuals | 49 


2-5 Compound Sentences 


Is it true that “3 < 5 or 3 = 5’? The answer is “‘yes” because 3 < 5. Of 
course, 3 = 5is not true, but the compound sentence “3 < 50r3 = 5’ is 
true because one part of it is true. A sentence such as 


Sez 5 or 3=5 


which is formed by joining two sentences with the word or is called a 
disjunction of sentences. For a disjunction to be true, at least one of the 
joined sentences must be true. Disjunctions such as “3 < 5or 3 = 5’ are 
ordinarily written 


Seae5 (alternatively, 5 > 3) 


(read “3 is less than or equal to 5” and “5 is greater than or equal to 3,” 
respectively). 

The graph of the solution set of the open sentence x < 2 over R 
is shown in Figure 2, where the heavy dot at the right endpoint of the 
graph indicates that the point is in the set. 


Figure 2 
— —<f = =<2 =1 @ i 2 8 4&4 F&F 


A compound sentence such as 
De 8 and 3<5 


which is formed by joining two sentences by the word “and” is called a 
conjunction of sentences, and is true if and only if both sentences are 
true. For example, the foregoing conjunction is true, while the con- 
junction 


Ue 3B and 5 3 


is false, because 5 < 3 is false. 
Conjunctions of the form “a < b and b < c” are ordinarily written 


AK b<E 


(read ‘a is less than b and b is less than c’). 


Conjunctions and disjunctions frequently are combined in compound 
sentences. For example, 


VS or <7 


represents “3 is less than or equal to x, and x is less than or equal to 7.” 


Figure 3 mp 
0 1 2 3 4 5 6 7 8 9 10 


This sentence is true provided both disjunctions are true. Its graph over 
® appears in Figure 3, where both endpoints are shown as solid dots to 
denote that the endpoints are in the set. 
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~ 


The transitive, additive, and multiplicative properties of order given on 
pages 46 and 47 also hold with < replaced by < and > by >. Similarly, 
the transformations shown on page 48 will produce equivalent sentences 
when used in sentences containing < or >. 


EXAMPLE Solve 3 — (x + 2) < 4+. over ® and graph its solution set. 


SOLUTION 3-—-W42)<44+x 
3—-x-2<44x 
—x4+1<4+4+%x 
—2r+1<4 
—2x <3 
x>-3 


.. the solution set is {x: x > —#} whose graph is shown. 


=e ll 0 


—_ 
nN 


As illustrated by Figure 3 and the graph in the foregoing example, the 
solution set of a conjunction is the intersection of the solution sets of the 
siinple sentences in the conjunction, while the solution set of a disjunc- 
tion is the union of the solution sets of the simple sentences involved. 
Thus, 


Neo SG SO OER Ci rata ge Sar ae 
and 
ee = x xk SS = 3} U (x: x = = 8). 


When negation symbols are used with the symbols < and >, the 
results are equivalent to compound sentences: 


a ¢ bis equivalent to a > b, 
a # bis equivalent toa < b. 


Similarly, some negated compound sentences are equivalent to simple 
sentences. Thus, 


a ¢ b is equivalent to a > b, 
a } b is equivalent to a - b. 


Oral Exercises 
For each statement state an equivalent conjunction or disjunction. 


Lx<y ios 5) 
oe 2c > 2 5, $e 852 215 


3. 4 


634+5< 


Answer. 


5 


> 
x” 
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Written Exercises 


Solve each sentence over ® and graph its solution set. 


Meo 5G 24532210 
Paty + 5) 2 yee 4. 30 =e 
bax + 2 22 6. 4-—in<n-—2 
TO at 25 8. 5 < 25 ee 
9. —6< 3(c—1)< 9 10. 6< 23 —x)< 18 
11.2<454+3<5 12 —-3< 1-—4r<4 
ian — 9 60e— ew 14. 3(v—2) >4v+9 
Bei. 4[2 — 30m — 1) Same = 16. 2[2 — (3 — p)] < Mp — 3) 
17. 2x +1> —5 and 7 = 1 =< 20 18. 8x > 0 and 5@ — 4) < 15 
, ) 6 
19, 2 -7<-9 or > 5 20. 9 +42 >3o0r -(9 + 42) >3 
ml, MA =p) <5 aie) = 24 =) < 5 22. 32 —r) < land —3(2-—n <1 


C23, =5<342%<lo023G =e 
245 =6 < Ay — 3) < 2or4 3 
25. —7< 2r —3 < —lor -—1< 3r4+2< 14 
260-7 < 2u +1< 9and lu — leer 
27, [3p — 1 < 8 or Ap — 1) = =Car es 
28) 2c —1 > 11 or 5¢ + 1 = 6) ands ie 3) eZ 


Problems 


A 1. Applied to a strip of ground 20 m wide, a large package of lawn seed 
will cover 30m more of the length of the strip than a small package 
and will cover at least 2000 m? of ground. What is the shortest length 
the small package will cover? 


2. The two congruent sides of an isosceles triangle are each 5 cm less 
than twice the base. If the perimeter of the triangle is to be at most 
60cm, what is the maximum length of the base? 


3. Two identical windows are to be cut into a door 210 cm 
tall so that equal widths are left above and below the | 
windows as well as between them. If the windows i 
must be 60 cm wide and must have a combined area of 
at least 8100 cm?2, what is the maximum width of the 
border above, below, and between the windows? yl 


210 cm 
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4. 


11. 


174, 


A farmer has 139m of fencing materials to make a 
rectangular pen subdivided by partitions into 4 smaller 
pens (as shown). If the total length of the pens is to be 
42m, at most, how wide can the rectangle be? 


}+————. 42 m ———+| 


. Lucy Morris jogs the first half of a course 880 m long in 2.5 min. How 


long can she take to run the second half of the course if she wants to 
achieve a minimum speed of 160 m/min over the entire course? 


. A subway train stops for equal amounts of time at 4 stations between 


points A and B, which are 40 km apart. The traveling time between 
these two points is 20 min. At most how long can the train spend at 
each station if it is to average at least 60 km/h for the entire trip 
(including stops)? 

Frank and Edward start at opposite ends of a track 560 m long and 
run toward each other, Frank at 400m/min and Edward at 
300 m/min. Frank always arrives at point A of the track before 
Edward. What is the farthest distance point A could be from Frank’s 
end of the track? 


. If two resistances R, and R, are connected in parallel 


to one voltage source, the currents /, and /,, through 
the resistances, add up to the current at the voltage 
source, and the voltage E is such that: E=1/,R, 
=e lt &, = 20%) (ohms), Ro = 30%, and the cur- 
rent at the voltage source is at least 5 A (amperes), what 
is the minimum current through R,? 


. One of two oil tanks, each originally containing 3000 L of oil, is being 


emptied at the rate of 15 L/min, while the other is being filled at the 
rate of 20 L/min. How many minutes will it take for the contents of 
the second tank to become double that of the first? 


. Henry can run the first 12 km of a 33 km course at an average speed 


of 16 km/h. What speed must he average over the last 21 km in order 
to run the entire course in less than 2.5 h? 


The degree measure M of each intcrior angle of a regular polygon 
(1 — 2)180 

with 1 sides is given by the formula Vl = ae How many 
sides must a polygon have in order for the degree measure of each 
interior angle to be at least 162? 

A piece of wire 20 cm long is cut into 2 pieces, one of which is bent to 
form a square, the other of which is bent to form a circle. It the 
square must have an area of at least 9 cm?, what is the largest area 


that the circle can have? 
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2-6 Additional Properties of Order 


The results of Exercises 27 and 28 on page 49 can be stated in the 
following theorem about the order of opposites and 0. 


se 


Theorem. For all real numbers a, 


We ai > (0), oven) al << (0) 
| if a < 0, then =a 0. 


Another useful inequality can be stated thus: 


Theorem. 


If a is a nonzero real number, then a2 > 0. 


The proof is simple. Ifa > 0, thena-+a > a: 0, from which a? > 0. On 
the other hand, if a < 0, then =a@ 20) and’ (—a)(—a) > (Sa Geen 
a> 0. 

A corollary of the foregoing theorem is that 1 > 0, because for a = 1, 
17> 0 and 1?= 1. Accordingly, by the first theorem in this section, 
—-1<0. 

We can use the fact that 1 > 0 to prove the following property of 
reciprocals. 


Theorem. For all nonzero real numbers a, 
if a > 0, then LS 0; 
a 


if a < 0, then oe 0. 
a 


| 


To prove this theorem, we shall use a method of reasoning called an 
indirect proof. In an indirect proof, you begin by assuming that the 
conclusion of a theorem is false, even though the hypothesis is accepted 
as true. You then show that a sequence of logically correct steps leads 
you to contradict an accepted fact, such as the hypothesis, an axiom, or 
a previously proved theorem. Because the assumption that the conclu- 
sion of the theorem is false leads to a contradiction, you know that the 
conclusion cannot be false, and thus that the theorem must be true. 
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As an example of an indirect proof, let us prove the first part of the 
last theorem stated on page 54. 


PROOF 
Suppose that ais areal number such that a > 0. To show that i" alt): 
we shall show that assuming 7 is not greater than 0 (in symbols, 
+ + 0) leads to a contradiction. 


If t } 0, then by the comparison axiom of inequality there are two 


cases to consider: (1) 4 = 0, and (2) i < 0. 
a 


Case 1: Assume that + =O. 

1. fea =0-a Multiplicative property of equality 
2. +. i 0 Multiplicative property of 0 

pal. = 0 Axiom of multiplicative inverses 


Case 2: Assume that +< 0. 


1; ‘. =O and a> 0 Hypothesis 

2. +. a<O0-a Multiplicative property of order 
B: <. a= 0 Multiplicative property of 0 
41<0 Axiom of multiplicative inverses 


In each case, the last step contains a statement that contradicts the fact 
that 1 > 0, which was deduced on page 54. Therefore, the assumption 


that ee 0 leads to contradictions and must be incorrect. Hence, 


+> 0. 
a 


The proof of the second part of the theorem is left as an exercise lor 


you (Exercises 1-2 on page 56). 
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A 


To Write an Indirect Proof of a Theorem 


1. Assume that the conclusion of the theorem is false. | 
2. Reason from this assumption until you obtain a statement | 
contradicting the hypothesis, an axiom, or a previously proved 

theorem. 
3. Point out that the assumption must be incorrect, so that the 
conclusion of the theorem must be true. 


Oral Exercises 


For each of the following, state the assumption with which you would 
begin an indirect proof. Assume that each variable denotes a real 
number, and no denominator is 0. 


leelica= > On thema 2.0: 2. lfateA7bd +e, mena sv: 
1 l 1 1 
3. Ifa # b, then— #—. 4. If #4, then a # b. 
5) lia > 0 and > > 0, then a - Oo 6. If a< band c > 0, then ac < be. 
7. If a> bandc < 0, then ac < be. 8. If a > b, then > 0. 
a— 


Written Exercises 


Justify each step in the indirect proofs of the following theorems. For 
the step designated ‘‘contradiction” tell what fact is contradicted. 
Assume that each variable denotes a real number. 


Theorem |. lf a < 0, then 4 << (0). 


PROOF 
1. Case 1: Assume that i = 0. 2. Case 2: Assume that 1y 0. 
a a 
1 1 
1—:a=0-a il, = SMa a< 
a a 
= en Me a 2 ee 
a a 
& leo 5 oreo 
a 
4. Contradiction A il < 


5. Contradiction 
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B 


Theorem Il. Ifa > b > 0, then 2 > 1. 


b 
PROOF 
3. Case 1: Assume that 5 = 1. 4. Case 2: Assume that =o il. 
|, Sap =e fe << land a 0 
b b 
a a 
2, =o) = ID es ° 
; 2 5 b<1-b 
1 a 
3 *—jJb=b bao 
(« i) 3 Sb <b 
4 a(t b)=b a (at) <b 
b b 
3 @oill = s.a(t-b) <b 
6. a—b 6 ar:l<b 
7. Contradiction do Gt Ee 1b 
3 Contradiction 


In Exercises 5-16 prove the given theorem using either a direct or an 
indirect proof. Assume that each variable denotes a real number. 


Sb 


If a> il, San a. 
a 


Mie end — = ft then a > 1. 
a 


. If ac > be and c > 0, then a > b. 


8. If ac > be andc < 0, then a < b. 


If 0<a<b, then +> 2. 


Ifa<b <0, then +> 4. 


1 
b 


mitcas 5 > 0 then a* > b?. 
-lfa>0, b> 0, and a? > b?, then a > b. 


| 
b 


Mita 0, b < 0, and a? > b2, thena < Bb. 
mitra 0, b — 0, and a > dD, then a? < b?. 
. If a, b, c, and d are all positive with ab < cd and b >d, thena < c. 


(Hint: First show that ab > ad.) 


. If a, b, c, and d are all negative with ab < cdandb <d,thena > « 


(Hint: First show that ab > ad.) 


iF. Vie 1 
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2-7 Absolute Value and Order 


It is sometimes convenient to work with the nonnegative (0 or positive) 
one of the pair a and —a. We refer to this number as the absolute value 
of a and denote it by |a|. For example, | —3] is the positive one of the pair 
3 and —3, so |—3] = 3. Similarly, |7| = 7, |—8] = 8, and |0| = 0. For- 
mally, we make the definition: 


— 
If ais a real number, then | 
A Qa, if are 
[el =f), it @ < @. 
EXAMPLE 1 Solve |x — 3] = 4 over &. 
SOLUTION By definition, you have the disjunction 
Ge = Sied or =r = 3) = 4 
x—-3=4 or are 
oe or = —l, 


.. the solution set is {—1,7}. Answer. 


Graphically, an expression of the form |a — b| or |b — a| represents the 
distance (nondirected) between the graph of a and the graph of b, as 
shown in Figure 4. In particular, |a| or |—a| represents the distance 
between the origin and the graph of a or —a (Figure 5). 


—— a — ON— ae) 
Figure 4 (SS Ss se 
a b 


— 
je. 9| >} —__- _g| __+| 
Figure 5 
—a(ora) 0 a(or —a) 


EXAMPLE 2. Solve |x — 5| < 3 over ® and graph its solution set. 


SOLUTION _ Byinspection, |x — 5|represents the distance between the graph of 5 and 
the graph of x. The sentence asserts that this distance is 3 or less. Since 
2 and 8 are 3 units from 5, you see at once that |x — 5| < 3is equivalent to 
2 <x <8. Thus, by inspection, the solution set is {x: 2 < x < 8}, whose 
graph is as shown. 
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— x §, x WW 
More formally, 
Ix = 5] s 3 


is equivalent to the compound sentence 


(x —5) <3 and —(x — 5) <3, 
x—-5<3 and x-5> -3, 
eo and Vee: 


Thus the solution set can be represented as 


ee Sain Aes 2) 
or 
fee, Gere 


whose graph is shown on page 58. Answer. 


Note from the foregoing example that sentences of the form 
|x —a| < b are equivalent to conjunctions. On the other hand, sen- 
tences of the form |x — a| > b are equivalent to disjunctions. 


EXAMPLE 3 Solve |z + 3| > 5 over ® and graph its solution set. 


SOLUTION Write |z + 3| > 5 as |z — (—3)| > 5. Then, by inspection, the distance 
between the graph of z and the graph of —3 must be 5 or greater. Since 
—8 and 2 are each 5 units from —3, the solution set must be 


tec = — 5) U {eo 22), 


whose graph is shown below. 
-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 


More formally, 


c+ 3>5 
is equivalent to 
243) 2°53 or —(2 + 3)>5, 
z2+3>5 or 2+3< -5, 
ee ol a= —5 


Thus, again, the solution set is 
{2.2 < SS) ae 
whose graph is shown above. Answer. 
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Oral Exercises 


State the value of each expression. 


si (ep es 227 
Mes — 2| 5. |4|— |9| 6. [Gls =| 
74 = Ai s eel= 12 9. |—2I|5| + 10 
jo, /=6! + 18} 11. |0| ibe se) | 
13. What is the solution set of the sentence |x| = —2? 


14. Express the condition “x > 5o0rx < —5’ asa single inequality using 
absolute value. 


Written Exercises 


Simplify each expression. 


ie 25) 
a9 |2| 


Solve each open sentence over ® and graph its solution set. 


eo =) 
5. |—6| — |6 


3,03) 4 
6/4 = 1 sia 


Te Nel) ee 8. |x| <6 9. |b —2| > 1 
10. |r + 4, =5 Hale sh 2 12) 2 ea 
13. |2n —3| >7 14. |2m 4+ 1] <5 15. 2jx —3| > 4 
—4 
16. 4k + 9\< 3 Wale 2 pe 18. -< fear 
19. —3ja+ 1] < — 15 20. |S2Ze| > 7 21. ¢y +3, <9 
2p —7 5 —3 
22. |3z + 6| > 3 23, |P- |>1 24. “aed 


Tell whether or not each of the following statements is true for a// real 
numbers a, b, and c. If it is not true, give a counterexample. 


25. |a + b| = jal + |b] 26. jab] = |alld| 27. ; =F 
28. |a — b| = |a| — |D| 29. If |a| = |b], 30. |a — b|? = (a — b)? 
then a sb: 
31. alb + c| = |ab + ac| 32. (ase = a+ 33. If |a — b| = 0, 
c (e 


then a = b. 


Solve each sentence over ® and graph its solution set. 
34. 2 < [ela 
37, 1< |x —3, <4 


35, 3 ya 
38. 3 < |2y alee 


36, 2S |e 3 
somes — 2y cone 
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Self-Test 2 


VOCABULARY is less than(p. 45) disjunction (or) (p. 50) 
order (p. 45) conjunction (and) (p. 50) 
is greater than (p. 45) intersection of sets (p. 51) 
converse (p. 46) union of sets (p. 51) 
equivalent inequalities (p. 48) indirect proof (p. 54) 
compound sentence (p. 50) absolute value (p. 58) 


Solve each open sentence over ® and graph its solution set. 


fox +8 >5 25 Obj. 1, p. 45 
3. 3(n + 2) < 2(8 — n) 4..—-2< 3k —5<7 
5. An equilateral triangle is made from a 50cm length of wire. A @bj. 2, p. 45 


square, each of whose sides is at least 8 cm long, is made from 
the remaining wire. What is the maximum length of a side of the 
equilateral triangle? 


6. Use an indirect proof to show that if ac > c and c > 0, then Obj. 3, p. 45 
ao |. 


Solve each open sentence over ® and graph its solution set. 


7 |z—4| <5 8. [2x +9 >5 Obj. 4, p. 45 


Check your answers with those at the back of the book. 


=== The Bernoulli Family SDE. 


Ne a > 
years ES 
hee, 


17th-18th centuries 878 ¥) 
This Swiss family produced more mathematicians than ap Fs uh 


any other family in the history of mathematics. Within ne aN 1% well et! 
four generations at least eight members achieved distinc- AN PSH, 4 
tion in mathematics and physics. Of these, brothers 4 “Sane [a mS 
Jacques I (1654-1705) and Jean I (1667-1748) were the * i pe 2 it re iy 
most famous. . FF | c) : 
Jacques’s main interest was in calculus, probability, and A 5 gy ee ; 
graphs; one curve even bears his name—the “Lemniscate er - eS af A 
of Bernoulli,” described by the polar equation ts S ¢ a” 
r? = a? cos 286. uy “a: Ee 


Jean helped a great deal to spread the calculus through- 
out Europe. He also published works in chemistry, phys- 
ics, and astronomy. His son Daniel (1700-1782) has been 
called “the founder of mathematical physics.” 


a ae ae 
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Circuit repair (above) 
and customer engineer 
at work (below). 


62 | Chapter 2 


Careers = = 
in Electronics 


Electronic components are a vital part of many of the 
machines used today, including computers, radio and tele- 
vision equipment, quality control equipment for industry, 
satellites, and telephone equipment. Electronics engineers 
must often solve equations about circuits. One important 
equation in electronics is Ohm’s Law, 


VET, 


where V, measured in volts, is the difference in potential 
energy between two points when a current J, measured in 
amperes (A), flows through a resistor, or wire, of resistance 
R. The unit used to measure resistance is the ohm (Q). 

If two or more resistors are connected one after the 
other, “~—W\, they are said to be in series. If two or more 


resistors are connected like this + they are said to 


be in parallel. In a series circuit, the total resistance is 
simply the sum of the individual resistances. However, in 
a parallel circuit the sum of the reciprocals of the individ- 
ual resistances is the reciprocal of the total resistance. 


EXAMPLE In the circuit diagram below, resistors R, and 
R, are connected in parallel, and resistor R, is connected 
to the circuit in series. A current of 42 A is flowing through 
the circuit. To find the combined resistance R of R, and 
R,, we know that ; = + oS é = >. Therefore 2 = 2 W7. 

We can now determine the potential difference across 
each resistor by applying Ohm’s Law. Since the potential 
difference across each resistor connected in parallel is the 
same, we have V = 42:2 = 84V for each of the resistors 
R, and R,. For resistor Rk, V = 4255 = 210) 


R,=30 


42A R3=5 02 


switch batteries 


Chapter Summary 


1. One polynomial is added to or subtracted from another by adding or 
subtracting coefficients of like terms. The result of this procedure is 
a simpler polynomial equivalent to the original sum or difference. 


2. Transformations that produce an equivalent equation are: 


1. Substituting for either member of the given equation an expression 
equivalent to it. 


2. Adding to or subtracting from each member of the given equation 
the same polynomial in any variable(s) appearing in the equation. 


3. Multiplying or dividing each member by the same nonzero number. 


3. To solve an applied problem stated in words: 
1. Read it carefully and decide what numbers are asked for. 


2. Choose a variable to represent each number asked for or described 
in the problem. 


3. Write an open sentence showing the relationship given in the 
problem. 


4. Solve the open sentence. 


5. Check the results with the requirements stated in the problem. 


4. The real numbers are ordered. (See the comparison axiom and the 
transitive, additive, and multiplicative properties on pages 46-47.) 


5. Transformations that produce an equivalent inequality are: 


1. Substituting for either member of the inequality an expression 
equivalent to that member. 


2. Adding to or subtracting from each member of the inequality the 
same polynomial in any variable(s) appearing in the inequality. 
3. Multiplying or dividing each member by the same positive number. 


4. Multiplying or dividing each member by the same negative number 
and reversing the direction of the inequality svmbol. 


6. Compound sentences involving the word “‘or” are disjunctions, and are 
true whenever at least one of the simple sentences involved is true. 


7. Compound sentences involving the word “and” are conjunctions, and 
are true whenever both of the simple sentences involved are true. 


8 To write an indirect proof, you start with the assumption that the 
conclusion of a theorem is false and reason from this to a contradic- 
tion of the hypothesis, an axiom, or a previously proved theorem. 


9. The absolute value of a real number a is defined by 


de itl 2) > (0) 
la) = rt 
pet = (Pilea 0: 
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Chapter Review 


Subtract the second polynomial from the first. Simplify the resulting 
expression. 


1. (—3x 4+ 2) — (4 — 5x) 


ao ae Bale =k dad. 8a——2 
25(4q 4b) (a = bp) a + 3b} 
a, Sa = lp b. 4a — 3b @, 2 = & d. 2a + 3b 


Solve the equations over &. 
3: ly 16 2 = Sil 
a. 3 b. 5 ( 7 d. 9 
ayax = (Aepex) = 11 
a. 3 b. 5 ev d. 9 
A rectangle is 4 cm longer than it is wide and has a perimeter of 32 cm. 
In Test Items 5-6, let x represent the width of the rectangle. 


5. Which equation expresses the relation of x to the perimeter cor- 
rectly? 


a. x(x + 4) = 32 b. 2x + 2(x + 4) = 32 c. 2(x — 4) + 2x = 32 


6. What is the length of the rectangle? 


aL (cian b. 8cm ce. 5cm d. 10cm 


Choose the symbol that replaces 2. to make a true statement. 


7. 1f a< bandc> 0, then ac _2_be. 


a > bo < a = d. < 

8. If a < b and c < 0, then ac _2_be. 

fy 3s by —_ d. > 

9. Which one of the following sentences is equivalent to x — 3 < 7? 
a.x—3=7o0rx—3<7 bx = 3=7 and, — 327 
®, 2 = 7 ore ce = 3 <x 7 d.x =7andx—3<7 


10. Which one of the following sentences is equivalent to —4 < x < 8? 
ae eect < 8) | ibe = 4) << amcleaaans & atl x or Se < x 


In Test Items 11-12 state the assumption with which you would begin 
an indirect proof of the given statement. 


11. If a<Oandb<0, thena+b< 0. 
aat+b=0 ba+b>0 ns a oe 0) 
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2-1 


2-2 


aaa 


2-5 


2-6 


12, Sa 


aac = bc binge 2 bc c. ac > be 
13. Evaluate |—8| + |8. 

a. 0 b. —64 c. 64 Gl ile 
14. Which one of the following sentences is equivalent to |x — 2| > 4? 

a.x—2>4o0r -x+2>4 b. x —2>40r -—x —-2>4 

ex —2=40r -x+2>4 d.x-—2>40rx+2< —4 


Chapter Test 
Simplify each expression. 


1. (3x2y? — 2xy + 7) + (xy? + 2xy) — (3x?y? + 4) 
ee 522 — 27 4 7) — (323 — 127 — 2) 


Solve over &. 
5. Find two consecutive even integers such that the sum of twice the 


first and the second equals 116. 


6. One base of a trapezoid is 5 cm longer than the other. If the height of 
the trapezoid is 16 cm and its area is 200 cm?, what are the lengths of 
the bases? 


Solve the inequality over ® and graph its solution set. 


1 , 
7.3—4x < -5 See 1 oe 
3 3 
Guede Oo — 1) < 8 10. -2<1-5<3 
11. Give an indirect proof that if x > 4, then 2x + 3 > 11. 
3—4 -— [2 
12. Evaluate a 


13. Solve the inequality 5 < |2x — 3] over ® and graph its solution set. 


2-1 


2-2 
2-3 
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Apartment buildings in Creteil, a newly built suburb of Paris. 


Linear Functions 
and Relations 


Specifying Functions and Relations 


OBJECTIVES for Sections 3-1 and 3-2: 

1. Determine the range corresponding to the domain of a function whose rule is 
given. 

2. Picture a function or relation by nieans of a mapping diagrani aud also by 
means of a graph. 


3-1 Functions 


When you count to ten by 2’s, you are really pairing the integers 1, 2, 3, 
4, 5 with their doubles: 2, 4, 6, 8, 10. Such a set of ordered pairs, 


{(1, 2), (2, 4), (3, 6), (4, 8), G, 10)}, 


in which each first component is paired with exactly one second compo- 
nent according to a given rule, is called a function. The sct of first 
components is called the domain, and the set of second components the 
range, of the function. Here the domain is {1, 2, 3, 4, 5} and the range is 
{2, 4, 6, 8, 10}. If we let x represent an element of the domain and y of 
the range, the rule for pairing in this case is y = 2v. 

Some letters commonly used to name a function are /, g, 4, F, G, and 
H. Thus, you might designate the ‘“‘counting-by-2's” function as follows: 


eas = 2h), 
read “f is the set of ordered pairs, x, ¥, such that y is two times 0." 
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You might also use arrow notation: 
fi x > 2x, 


read “the function f that assigns to x the value 2x.” Of course, in 
specifying a function you must also identify its domain. 

The symbol f(x), read “f of x,” is often used instead of y to indicate the 
second component of the ordered pair in f whose first component is x. 
Thus you can write for f, above: 


= {(@%, (/@)2 7G) 2 


Then to denote “the value of f when x = 3,” for example, you write f(3). 
ere, (3) —12)< 3, or 6 

Often a function is described simply by giving the rule, or formula, for 
obtaining the second component, f(x). The domain, unless otherwise 
specified, will be assumed to be the set of all real numbers x for which the 
rule produces one, and only one, real value for f(x). 


EXAMPLE 1 [If f(x) = 2x + 1, find (a) f(3) and (b) f(—7). 
SOLUTION a. f(3) =2°3+1=7. 


EXAMPLE 2 State the domain and range of the function f: x > +. 
x 


SOLUTION The domain is the set of all real numbers except 0 because the rule = 
produces a real value for each real value of x except 0. The range is 
the set of positive real numbers, since 2; > 0 for all real values of x 


(except 0). Answer. 


EXAMPLE 3 If f: x — 5x +3 and g: x > x2, find g(f(2)) and f(g(2)). 


SOLUTION First, to find f(x) when x = 2, we have f(2) = 5-2 +43 = 13. Then, 
e(f(2)) = g(13). Since g(x) = x’, 2(13) = 13? = 169. 
Similarly, g(2) = 2? = 4, and f(g(2)) = f(4) = 5-443 = 23. 
.. g(f(2)) = 169 and f(g(2)) = 23. Answer. 


Oral Exercises 


1. Are (3, 6) and (6, 3) the same ordered pair of numbers? Why or why 
not? 


2. Are (2, 3.5) and (2, $) the same ordered pair of numbers? Why or why 
not? 
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State the domain and the range of each function and give a rule for the 
pairing, such as y = 2x. 


3. {(1, —1), (2, —2), (3, —3), (4 -—4)} 4. {(—3, —4), (0, —1), CL, 0), (3, 2)} 
5. {(—3, —1), (0, 2), (3, 5), (4, 6)} 6. {(2,4), (3,4) — 2, a), 4, 4) 
fe (2, ©); (7, 20), (50, 149), (1, 2)} 8. {(—2, —8), (1, 1), G, d) G, 27)} 


State f(—3) for each of the following functions. 


9. fix —x4+1 10. f.x > -—( 4+ 1) MW fox = — 252 


12. f: x > (—2x)? 13. fix> Zi 14. fix— 


State the domain and range of each function f whose rule is given. 


1 


ae 17. (eo = =x 


15. f(x) = |x + 2| 16. f(x) = 


Written Exercises 


If g: x > —3x? — 4x + 7, find each of the following. 


1. g(0) 2 2() 3. g(—2) 4. g(4) 
5. g(—4) ; 6. —g(4) 7. g(c) 8. g(—c) 


For each of the following functions, give a rule for the pairing. 


2), EO, 6), (5, iS), (=i, —3)} 10. {(1, —1), ie 3), (8, 6)} 

i, (6, 2), (12, 4), (2, 2} 12. {(4, —8), (3, —6), (0, 0), (—5, 10)} 
13. {(2, 9), (4, 19), (7, 34), (—3, —16)} 14. {(2, 0), (40, 19), (14, 6), (—8, —5)} 
15. {(—2, 4), G, db), (3, 9), (0, 0)} 16. {(4, —}), (3, —4, 1, —), G, —2)} 
ized, 2), (4, 17), (10, 101), (—5, 26)} 18. {(3, 4), 6, ), (—1, —4),G, -3)} 


If f(x) = 3x and g(x) = x? — 1, find each of the following. 


19. {(g(2)) 20. g(f(2)) 21. g(f(—1) 
22. {(g(4)) 23. 2({(—2) 24, (eg a) 


25. If fis a function such that f(x + 2) = f(x) + f(2) for all x € ®, show 
that (a) /(0) = 0, and hence (b) f(—2) = —/(2). 

26. Give an example of a function (a) that satisfies the hypothesis of 
Exercise 25; (b) that does not satisfy the hypothesis of Exercise 25. 

27. If fis a function such that {(—x) = —/(), for all x © ®, show that 
f(0) = 0. 

28. If f is a function such that f(x) =x? +1 for all xE @, find 
{(2 +h) — fh). 
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3-2 Picturing Functions and Relations 


In mathematics a relation is defined as any set of ordered pairs. The set 
of all the first coordinates is called the domain and the set of all the 
second coordinates the range. 

Every function is a relation, but not every relation is a function. For 
example, compare these relations: 


R= {y= 
PF ={@) 


In the relation R, when x = 4 you obtain two different pairs with the 
same first component, (4, 2) and (4, —2). In fact, each positive value, a, 
of x is paired with two values for y, namely, \/a and — V/a. Hence, the 
relation R is not a function, since it does not pass the test, “with each x, 
only one y.” In F the situation is reversed; each positive value of y is 
paired with two different values of x, for example: (4, 16) and (—4, 16). 
Nevertheless, F is a function because each x-value is associated with 
exactly one y-value. 

The rule for the pairing in a relation can be thought of as “mapping” 
the domain onto the range. 


EXAMPLE 1 Tell whether or not each mapping diagram pictures a function, and give 
your reasons. 


a. 


a 
Pl 


SOLUTION a. The mapping represents a function because each element in the 
domain is mapped onto just one element in the range. Answer. 


b. The mapping does not represent a function because the element 7 in 
the domain is mapped onto two different elements, 4 and 5, in the 
range. Answer. 


Another way to picture a relation depends on the fact 
that a plane rectangular (or Cartesian) coordinate system 
establishes a one-to-one correspondence between the set 
of points in the plane and the set of ordered pairs of real 
numbers. The horizontal x-axis serves to locate values in 
the domain, while the vertical y-axis locates the corre- 
sponding values in the range. 

The four red dots in Figure 1 represent the graph of the 
four ordered pairs in the relation {(—2, 1), (1, —2), (1, 3), 
(2,4)}. This relation is not a function, because there are Figure 1 
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two points in the graph that have the same abscissa, or x-coordinate, 
paired with different ordinates, or y-coordinates: (1, —2) and (1, 3). This 
fact suggests a simple test to determine whether or not a graph repre- 
sents a function: 


= =—_ =>. =a —> 


If you can draw a vertical line that intersects a graph in more than 
one point, then the graph does not represent a function. 


EXAMPLE 2 Draw _ the graph of the function f: x — |x| — 2, with domain 
ese 1 i 2 ah 


SOLUTION First make a table of values for x and y. Then graph these ordered pairs. 


y= |x| -—2 
= 1 
= 2 0 
=| =| 
0 =. 
1 = 
2 ) 
3 1 


Oral Exercises 

In Exercises 1-4 tell whether or not the given relation is a function. 

3, 1), (0, 0), 2, 2)} Beira) (= 240) 1, = 1)9¢36)) 
Eat, 3), (—3, 2), G, 5), (—3, 0)} 4. {(2, 7), (-1, 7), (0. 7), A, 7)} 


5. Can a mapping diagram in which the range has more values than the 
domain picture a function? 

6. Must a mapping diagram in which the domain has more values than 
the range picture a function? 


In Exercises 7-10 state the ordered pairs in the relation pictured by the 
mapping diagram or graph. 


th 8. 9) 


| aes 
Se) PE 
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In Exercises 11-20 tell whether or not the relation pictured by the 
mapping diagram or graph is a function. 


11-14. Use the relations pictured in Exercises 7-10. 


15. 16. 
5 = 
a = 


18. y 19. y 
O ] x x 


Written Exercises 


In Exercises 1-4 write the set of ordered pairs in the relation pictured 
by the mapping diagram and tell whether or not the relation is a 


function. 
pss 


In Exercises 5-10 draw a mapping diagram for the given relation and 
determine whether or not the relation is a function. 


5. 430) 4, 2), ,.3)} 6. {(—2, 1), Ci, 1), (—2, 2)} 
7. {G@e2)7(2, — 1), 2)} 8. {(—3, 5), (4, 5), 1, 4), @, 4} 
9. {(1, —1), (2, —1), 3, —D, 4 -—)D} 10: {(2, 3G 124) 2. 5)} 


11-16. Graph the relations in Exercises 5-10. If the relation is not a 
function, draw a vertical line that intersects the graph in more 
than one point. 


Graph each relation over the domain {—2, —1, 0,1, 2, 3} and tell 
whether or not the relation is a function. 


17. {Oy ye 18. {(x, 9): y = —x + 1} 
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t Wee {(x, y): |y| =x + 2} 20. {lp = 2c — 


B 21. {Ce yey = x? 4} 22. {(x, y) 2 x? — x + 1) 
pce (x, ): = =| 3) . ys — 6 
eae): ID |x| + 3} 24 {s.»9 | y| i a 


Graph each relation when the domain is the subset of the integers 
{—3, —2, —1, 0, 1, 2, 3} for which there are real values for y in the set 
{-—3, —2, —1, 90, 1, 2, 3}. 


C 45. (x, y): |y| < 2 |x]} 26. {(x, y): |x —y| < 3} 
a, | | 
» 10%, 9): [yl < aor 28. {(x, y): [x] + |] < 3} 

Bom y): x7 + v2 < 9} 30. {(@, y): x4 — y? > 1} 

Self-Test 1 

VOCABULARY function (p. 67) coordinate system (p. 70) 
domain (p. 67) abscissa (p. 71) 
range (p. 67) ordinate (p. 71) 


relation (p. 70) 


For f: x > —2x and g: x > x? + 1, find: 
i (3) 2. g(—2) 3. g(f(3)) 4. f(g(3)) Obj. 7, p. 67 


Met 1, 0).(1, 2.40 Se 1,0), 
5. Picture r by means of a mapping diagram. Obj. 2, p. 67 
6. Picture r by means of a graph. 


Check your answers with those at the back of the book. 
\ 


————_ ee —— Fiilda Geiringer 


1894-1973 


Hilda Geiringer was born and educated in Vienna. She 
taught at Berlin University, and after moving to the United 
States in 1939 she taught at Bryn Mawr College and at 
Wheaton College in Massachusetts. She published many 
articles dealing with probability and statistics, and also 
studied fluids and the plasticity of solids. She later did 
research at Harvard University, where she compiled and 
edited the works of her husband, Richard von Mises, after 


his death. 
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Graphs of Linear Equations and 
Inequalities 


OBJECTIVES for Sections 3-3 and 3-4: 
1. Graph a linear equation. 
2. Use the graph of the associated linear equation to graph a linear inequality. 


3-3 The Graph of a Linear Equation 


A solution of the open sentence 
3x =) = 6 


is any ordered pair (x, ) of real numbers that satisfies the 
equation. The solution set of the equation consists of all its 
solutions, that is, all ordered pairs in the relation 


L={@, ye 34 yy =] 6.4 era 
By transforming 3x + y = 6 into the equivalent equa- 
tion 
y=6—- 3x 
and assigning values to x, you can then easily obtain solu- 


tions (members of L), such as the following, which are 
graphed in red in Figure 2: 


(—1, 9), (0, 6), (2, 0), (3, —3) Figure 2 


While it is not possible to graph the infinite set of pairs in L, the 
straight line on which all four of these points appear to lie suggests a 
pattern for the graph of the solution set of the equation 3x + y = 6. The 
graph is a line that consists of all the points, and only,those points, that 
represent the members of L. We call this line the graph of L. In general: 


The graph of an equation of the form Ax + By =C, where A, B, 
C € Gand A and Bare not both zero, is a straight line. Conversely, 
every straight line in the plane is the graph of a linear equation in 
two variables, that is, an equation of the form Ax + By = C, where 
A and B are not both zero. 


When graphing a linear equation, you need graph only two solutions 
in order to determine its unique line. It is safer, however, to plot a third 
point just as a check. 
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EXAMPLE 1 Graph 5x — 3y = 9. 


SOLUTION _ First transform the equation into an equivalent one that 
expresses y in terms of x. 


Spe = 3y =9 (G7) 
—3v =9 — 5x 
Sa 


It is usually simpler to graph the equation 
if you assign values to x that will make the 
solution (x, ) a pair of integers. Thus the 
values 0, 3, and 6 yield the solutions (0, — 3), 
(3, 2), and (6,7). Graph the points and 
the line through them. Answer. 


In the relation 
{(x, y): Ax + By =C}, 


if neither A nor B is zero, then each value of x is paired with exactly one 
value of y and hence the relation is a function. If A = 0, it is still a 
function, as you can see from the following example. 


EXAMPLE 2 Graph Ax + By =C when A =0, B=2, C= —4. Explain why the 
graph represents a function. 


SOLUTION The equation to be graphed is 0-x + 2v = —4, or 
\P 7s. 


The solution set consists of all ordered 
pairs (x, y) where x is any real number and 
y is always —2; for example, (0, —2), 
(1, —2), (2, —2). Graph the line through 
these points. Since no vertical line inter- 
sects the horizontal-line graph represent- 
ing y = —2 in more than one point, this 
graph represents a function. Answer. 


If B = OandA ¥ 0, then the graph of the solution set will be a vertical 
line. Such a relation, of the form {(x,¥): Ax + 0+, =C}, Is not a 
function. 


EXAMPLE 3 Graph x = 3. 


SOLUTION The solution set consists of all ordered 
pairs G, y) such tharsa = 3 and y is anv real 
number; for example, (3, —1), (3,0) and 
(3,1). Graph the points and the line 
through them. Answer. 


Oral Exercises 
Tell whether or not the given equation is that of a straight line. 
1. y=tx 20 = 3 3. y= |x —2| 4. —x + 15y = —3 
5) Se 6.0 = x? =y2 = 1 Cea fe LZ 
x , 
State which point(s) with the given coordinates lie on the graph of the 


given equation. 


9. y + 3x = 2; (—2, 8), (2, 0), (—1, 7), (0, 1.5) 
10. x — 2y = —3; (1, —2), (—1, 1), (1,2), 6,4) 
11. 2x —y + 3 = 7; (—1, 2), (0, 4), (2, 0), (2, —10) 
12. 2y + 3x = 5; (6, —2), (10, —5), (4, —3), (5, —2) 


For each equation give the coordinates (x, 0) and (0, y) of the points, if 
any, where the graph intersects each axis. 
13.x—y=5 14. 4x + 3y = 12 15. 25 = 5) = 15 16. y= —2 


State a value for ? that makes the ordered pair a solution of the given 
equation. 


Wee ,6), Se 2y=8 18. (=5)22) 6x > = — 2 
19. (0,2); —3x + 4y = 18 20, (9.=2)) = —6 
Die, 2)? x = 4 22.025, ay) 25 Se yas 


23. Give a necessary and sufficient condition on the coefficients A 
and/or B in the general linear equation Ax + By = C that will ensure 
that the equation defines a function. 


Written Exercises 
In Exercises 1-16 graph the equation. 


1-8. Use the equations in Oral Exercises 9-16 above. 


94x +4y=4 i 02-05) == 1 
lL. 4x ++ 6=0 1203 == 6) = 9G) 4-2) 0 
od 
13.y =a) 14. y = |x| —2 15. y= — 2 16. y = |x| +x 


In Exercises 17-20 determine k in each equation so that the given 
ordered pair will be a solution. 


li, Se = ky = 7% (3, Ds) 18. 7y = k(x + 2); (—4, 4) 
19. x —1y + 3k = 0; (5, 2) pie (ee hy = ise (|, 2) 
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In Exercises 21-24 graph the pair of equations in the same coordinate 
plane and give the coordinates of the point where the graphs seem to 
intersect. Then check whether or not these coordinates satisfy both 
equations. 

flex +y=1,—x+y=1 22 Ki 3y — Ogee ny 
23. 4x —y = 6,4x —y=-1 2a. 2x —y=—-—5;x4+3y=1 


3-4 The Graph of a Linear Inequality 


The half-line PT shown in red in Figure 3 is the graph of 
the relation 

Re (Gav) yn) 
when the value of x is 2. You can see that every point on 


oo 
PT has 2 as its abscissa, and a real number greater than 2 
for its ordinate. Note that the point P lies on the dashed 


line J, the graph of y = x, but not on PT. 
The pink-shaded region in Figure 4 consists of the total- 


ity of half-lines in the plane, such as PT of Figure 3, with 
‘fnitial” points on the graph of y = x and extending verti- 
cally upward from it. This region, called an open half- 
plane (“open” means the boundary is not included) is the 
graph of the given linear relation {(x, y): y > x}. It is also 
the graph of the linear inequality 


> de 


Thus every point located above y = x, and no other point 
in the plane, has coordinates that satisfy the inequality 
yo x. Figure 4 

By similar reasoning you can see that the gray-shaded, 
open half-plane below / in Figure 4 is the graph of y < x. 

In Figure 5 the shaded, closed half-plane (“closed” 
means the boundary line is included) is the graph of the 
inequality 


y>x. 


The graph consists of all those points, but no others, with 
coordinates that satisfy either y > x or y = x. The fact that 
the boundary line, y =~, is shown solid rather than 
dashed indicates that the half-plane is closed rather than 
open. Figure 5 
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EXAMPLE 1 Graph the relation {(x, y): 2x — y < 4}. 


SOLUTION 1. Transforming to express vy in terms of x, we have: 


2x —-v<4 
—v<4—-2% 
y>2ax—4 


2. Draw the graph of y=2x—4 as a 
dashed line. Three solutions are 
(0, —4), (2, 0), and (1, —2). 

3. The graph is shown by the shaded open 
half-plane above the dashed line. Answer. 


In general, the graph of a linear inequality in two variables, such as 
Ax + By < C, is either an open or closed half-plane (open for the signs 
< and >, and closed for the signs < and >). Its boundary is the graph 
of the associated linear equation, Ax + By =C. 


EXAMPLE 2 Graph the relation {(x, y): 2x << —5}. 


SOLUTION The boundary line is the graph of 2x = —5, or x = —24. The shaded, 
open half-plane is the graph of {(x,): 2x << —5}. Answer. 


EXAMPLE 3 Graph the relation {(x, y): y > 3}. 


SOLUTION The boundary line is the graph of y = 3. The shaded, closed half-plane is 
the graph of {(x, y): vy > 3}. Answer. 
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Oral Exercises 


In Exercises 1-9 tell whether the graph of the given inequality is an 
open or closed half-plane, and state the equation of the boundary line 
in the form y = ax + bor x =c. 


EXAMPLE —x + 3y <15 
SOLUTION The graph is a closed half-plane; y = 4x 4 5. 


Ly <3 2y> —x 3B x—-y<5 
4. -—2x + by < 4 Sy 2 6. 2x > —9 
7. 2x —3y <b 8. 2y —x <6 9. 2y + 10x —-3 >0 


In Exercises 11-15 tell whether or not the point with the given coordi- 
nates is in the graph of the given inequality. 


10. y — x > 0; (2, 3) 11. 3x + 7 <5; (2, -1) 12. 2y > 4x — 1; CI, —3) 
ig 2t — 3y < 5; (1, I) 14. x > —4; (2, —10) 15. 8< —y; (—3,9) 


16. If the inequalities y > 2x + 1 and y < 2x + 1 are graphed on the 
same set of axes, describe the set of points that are common to the 
graphs. 


17. Describe the set of points common to the graphs of x > Oand y > 0. 


Written Exercises 


Graph each inequality as a shaded region on a coordinate plane. 


ey > xX 2 —x < 3y 3Bx+y< 6 

4.x —2’y>4 5. 2y + 4x > 3 6. —3v <6 
7yt2< 3x 8 5 — 2y > 13 — 2 9, —5x + 10v > 15 
10. —1l4x < 7y ll. x +6 < 3y 12, l2v —4v —3 35 


In Exercises 13-18 graph both inequalities on the same plane, and 
shade the region containing all the points with coordinates that satisfy 
both inequalities. 


Ieee = 2 and x > —3 14. x > —land yoy 
15. y< 3andy>x+1 16. v >x—2andy > —2v - 2 
ieee y + Sand y< —x 18. voc —v +4 and 2v< x —4 


19. Graph these inequalities on the same plane: x > 2; v< paet 2; 
y > —x + 5. Shade the region containing all the points with coordi- 
nates that satisfy all three inequalities. 
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Self-Test 2 


VOCABULARY solution of an open sentence linear inequality in two 
(p. 74) variables (p. 77) 
solution set of an open open half-plane (p. 77) 
sentence (p. 74) closed half-plane (p. 77) 


linear equation in two 
variables (p. 74) 


Graph each linear equation in the coordinate plane. 
ex y= 3 2: ys 3230 2y S14 Obj. 17 p72 


Graph each linear inequality in the coordinate plane. 


4. —3x +y < —-6 5. x + 26 > 8 6. By < —24 Obj. 2,108 74 


Check your answers with those at the back of the book. 


Lines and Their Equations 


OBJECTIVES for Sections 3-5 and 3-6: 

1. Find the slope of the line through two given points. 

2. Find an equation of the line through two given points. 

3. Find an equation of a line when its slope and the coordinates of one of its 
points are given. 

4. Find an equation of a line when its slope and y-intercept are given. 


3-5 The Slope of a Line 


Figure 6 shows a hill that is rising steadily at a rate of 50m rise= 
of vertical “rise” for each 100m of horizontal “run.” The SO m 
steepness, or grade, of such an incline is defined to be the 
ratio of rise to run, in this case, 7a or 50%. 

This hill can be represented mathematically by the line 
y = 4x, shown in Figure 7. By observing the coordinates of 
P and Q, you can readily confirm that this line rises at a 
rate of 1 vertical unit for each 2 horizontal units. Hence its 
steepness, or slope, is 


run = 100m 
Figure 6 


rise 1 
run 2. 


In general, as in Figure 8, you can use subscript notation 
to name any two points P(x,. y,) (read “x sub one, y sub Figure 7 
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one”) and Q(x,, y,) on a nonvertical line and form this 
ratio: 


ae 7 
rise ordinate of Q — ordinate of P en | 


= Ss ge eee 
run abscissa of Q — abscissa of Px, — x, 


—— a Figure 8 


The proof of the theorem stated below shows that this 
ratio does not depend upon the particular points chosen to be P and Q; 
therefcre, it may be taken as the definition of slope. Thus in Figure 7, 
using the points P and Q, or O and P, you have 
ee al Sl 16 


oe Ol or th = = 


EXAMPLE 1 Find the slope of each line and graph both lines on the same plane. 


a y=ix—3 b. —3x + 6y =2 
SOLUTION Find two pairs of coordinates for each line, and then use the slope 
~ formula. 
a. (0, —3) and (2, —2) satisfy y = 4x — 3. 
ee ee 
a ae ae 


b. Using (0, 4) and (2, 4) you get 
40 
tae 
Ce 200eo. 
The graph is shown at the right. 


Notice that if you transform Equation b in Example 1 to the form 
y = 4x + 1and then compare the equations of the lines in Figure 7 and 
Example 1, 


you see that the coefficient of x is equal to the slope in each case. This 
illustrates the following theorem, proved on page 82. 


Theorem. For all A, B, and C € ® and B # 0, the slope m of 
| the line Ax aby = Gals -<. 


= —_ 


: ! 
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PROOF 


Since B # 0, the equation Ax + By = Cis equivalent to y = -44 + <. 
Let P(x,,¥,) and Q(x,,y,) be any two points on the graph of the equa- 
tion. Since the coordinates of both P and Q must satisfy this equation, 


we can write the following: 


A (é 
i <= 1 
*2 5 oe (1) 
A G 
J) = ee 2) 


Subtracting (2) from (1), we obtain 


i; -£6, a (3) 


Notice from (3) that x, —x, #0, since otherwise we would have 
X,—x, =0,y¥, —y, =0,and P and Q would be the same point. There- 
fore, dividing (3) by x, — x,, we get 

ee A 


=e 


xX,—X, B 


EXAMPLE 2 Find the slope m of 2x + 3y =5 and graph the line. 
SOLUTION From the theorem above, 


Two pairs of coordinates that satisfy the 
given equation are (1, 1) and (4, —1). The 
graph is shown at the right. 


The line graphed in Example 2 has a negative slope. In 
general, a line with negative slope falls, while one with 
positive slope rises, from left to right on the coordinate 
plane. 

The slope of a horizontal line, such as y = 1 in Fig- 
ure 9, is 0, because the numerator in the slope formula, 

om i . : 

Ee = = oe is 0 for any two points on the line. 

On a vertical line, such as x = 2 in Figure 9, every point 
has the same x-coordinate. Hence the denominator 
x, —x, in the formula for m would always be 0 and, ac- Figure 9 


cordingly, slope is not defined for a vertical line. 
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A 


Oral Exercises 

Find the slope of the line determined by the two given points. 

1. (0, 0) and (2, 4) 2. (2, 4) and (5, 10) 3. (1, 1) and (—3, 3) 
4. (—1, —3) and (1, 3) 5. (4, 3) and (3, —2) 6. (5, 3) and (—49, 3) 


7. From the answers to Exercises | and 2, what can you conclude about 
the points (0, 0), (2, 4), and (5, 10)? 


8. What can you say about the line in Exercise 6? 


In Exercises 9-17 give the slope, if any, for the line and tell whether the 
line rises or falls from left to right. If the line is vertical or horizontal, so 
State. 


9 y= 3x —4 10. 2y = 18 it — 337 5x 
We-x+3=7 13. 2v + 9x =4 14. x = 4y — 6 
15. 4x -5 —y=0 16. eye 5 


In Exercises 18-20 state values for A and/or B that will determine a line 
with the given slope. 


18. —2y =Ax—1; m=} Nea = By = 370 = 20. Ax + By = 6; m = 0 
In Exercises 21-24 let 1, and 1, have slopes m, and m,, respectively. 
Tell whether m, > m,, m, = M,, or m, < m, in each case. 


21. 24. yte 


Written Exercises 


Graph the line through the given points and determine its approximate 
slope by inspecting the graph. Check your results using the slope 
formula. 


1. (2, 5) and (3, 7) 2:(—2, 12, ap 3. (—3, 3) and (2, 3) 
mc, 5) and (3, —1) 5. (—2, —2) emda, — 3) 6. (4, 1) and (f. 3) 
fae) 5) and (3, —2) 8. (1, —4) and (3, 4) oat ©, —sayencl (a) 
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a 


Find the slope — 4 and graph the line by using the two points where it 


intersects the axes. Check that these points satisfy the slope formula. 
10. 2x — 3y = 6 Md. f— 45 Sy 12. 2y = 5x — 10 
yer = 2) +6 14 yt eo =O 15.54 3y =3 


For the line through the given point P and with given slope m, use m 
and the coordinates of P to determine the coordinates of a second 
point Q on the line. Then draw the line through P and Q. 


EXAMPLE P(2, 1); m =2 


SOLUTION _ Since the slope is 4, you can let the ordinate 
of Q be 2 more than the ordinate of P, and 
the abscissa be 3 more than the abscissa of 
P as shown in the diagram at the right, 
giving Q(2 + 3,1 + 2) or Q(5, 3). Answer 


16. P(1, 3); m =4 17. P(—1, 4); m = —4 18. PG, —3); m =2 


Determine the value of b that makes the given pairs of coordinates 
satisfy the given value for the slope m. 


19. (2, —1) and (3, b); m =3 20.0(D) rand (==044) 37 
21. (b, —2) and (4b, —3); m =4 22 (2 i) and (4, —1); m =2 
38. (b, —b) and (1, 5): m = —3 24. (s, 5) and ( 2 ee 


Use the following theorem to answer Exercises 25-26. Theorem: When 
neither of two lines is vertical, they are perpendicular if and only if the 
product of their slopes is —1. 


25. What is the slope of a line perpendicular to the line with equation 
x + 2y = 8? 7 


26. Determine the value of A so that the graph of Ax + 3y = 8 is per- 
pendicular to the line with equation 12x + 2y = 10. 


3-6 Finding an Equation of a Line 


Since two points determine a unique line, you can use the slope formula, 


Daal 


m= 9 
Ag — 2S 
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to determine an equation of a line through two given points, P and QO, 
with coordinates (x,,y,) and (x,, y,) if x, 4 oon 


EXAMPLE 1 Find an equation of the line containing P(3, —2) and Q(4, 1). 


SOLUTION The general equation of a nonvertical line, Ax + By = C, can be written 
equivalently in the form 


ee 
eee 


Since -4 =m, we can simplify this to 
yo=mx +b, 


where D is the constant term, + First, we can calculate m from the 


slope formula, 


Then we can substitute the coordinates of either P or Q in the equation 
y= imix -= b to find b. In this ease, subsututing (3, —2) in y = 3% = Bb 
yields 
— i eel b, 
—l1 =). 


Now we can use our known values for 2 and ) to write an equation of 
the desired line: y = 3x — 11. 
Check: Do (3, —2) and (4, 1) both satisfy y = 3x — 11? 

—2=9-l11, and 1=12—-11. 


*, an equation of the line is’ y = 3x — 11. Answer. 


From Example 1 you can see that a line { is uniquely determined by its 
slope mand the coordinates of just one point P(x,, y,) on L. That is, any 
point Q other than Plies on £ if and only if the coordinates of Q together 
with those of P satisfy the slope formula for the given value of mm. 


———SSee 


Theorem. Given aline { with slope #1 and a point P(x, y,) on 6. 
Then for P and any other point QQ, y): 


Weevil 


Sin 


1. If QO is on {, then : 
xy 


A, Ibe “meas = mn, then Q is on I. 
x—-— x, 
——<—$_=$= 


, ; ; oS 
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If the equation for slope im in the theorem is rewritten as 
yoy, = mv — x), 


we have the point-slope form of an equation of a line. 

If the given point P(x,, ¥,) of the line £ lies on the y-axis 
as in Figure 10, so that P is the point where { intersects the 
y-axis, then x, = 0 and the ordinate 3;70f 7 1s called the 
y-intercept of {. (In Figure 10 the y-intercept of £{ is 2.) 
Using the point-slope form of {, we have 


y—y, =m(x — 0) 
y= 


Figure 10 


Thus an equation of a line with slope m and y-intercept b is 
y= Ne ee, 


This equation is called the slope-intercept form of an equation of a line. 
The abscissa of the point in which a line { intersects the x-axis is called 
the x-intercept of the line. The x-intercept of the line in Figure 10 is —2. 


EXAMPLE 2. Find an equation of the line with y-intercept 3 and x-intercept 1. 
SOLUTION To find 2: we use the axis-intersection points (0, 3) and (1, 0): 


Then, using the slope-intercept form, we have 


y= —3x +3. Answer. 


~ 


Oral Exercises 


1. What is the relationship between the lines defined by the equations 
b= or 44 and yy — 1) =] 3G) 

2. Can every line be defined by an equation of the form Ax + By = C? 
By an equation of the form y = mx + b? 


State an equation of the line with the given slope m and y-intercept b. 


a8 = 370 = —5 oe) = — 1 5. m = 0; b = —6 
O mi =e n= 72m=-tb=3 8 m=0:;b=0 


State an equation of the line passing through the given point and 
having the given slope. 


9. (2,5); m1 = 3 I, (1, Ae me = 2 nie GC 3);im = 6 
12. (0, —%); #7 =4 13. (3, —1); m = —3 14. (—2, —); m =4 
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ah 


State the slope and y-intercept of the given line. 


15. —2x +y = —3 16. 2y = 10x + 1 17. 5¥ —a =4 
18. —3y = 4x 19. 4x + 3y = 7 20. x —4v = 18 


Written Exercises 
Write an equation of the line having siope m and y-intercept b. 


f= 5, D = —7 2 = 3; b= 0 So = =f b= 10 
pee 0; b = 6 5.m=0; b= -3 692 = 2.1, b= 0 


Write an equation in the form y = mx + b of the line passing through 
the point P with the given slope m. 


7, JPO2, O08 We = Ss S = 3 Ye me eS = 5 @. JOR =2P tin =e 
lowe (— 6,7); m = 3 11. P(3,0); m = —3 12. P(—5, —1); m = —3 
13. P(8, 9); m =0 14. P(0,0); m = —4 6; Ji, ep ae = SB 


Write an equation in the form y = mx + bof the line containing the two 
given points. 


16. (2, 3): (0, 5) 17. (5, —2); (0, 0) 18. (4, 1); (8, —1) 
ame 6, — 1); (—2, —1) 20. (—1, ); (-%, -)) Ziems )s Cl, 22) 
P24, 3): (1, 2) 23. (3, 2); ¢, —) 24. (—2, 7); (1,0) 


Determine an equation in the form y = mx + bof the line satisfying the 
given conditions. 


25. Through the point (1,2) and having the same slope as the line 
through (4, — 1) and (3, 6). 

26. Through the point (—2, 3) and having the same slope as the line 
through (—1, —4) and (1, 2). 

27. Through the point (4, 3) and having the same slope as the graph of 
y= —4x — 3. : 

28. Through the point (15, —2) and having the same slope as the graph of 
—x + 3y =2. 

29, Through the point (3, 0) and having the same slope as the graph of 
Bia Dy = 5. 

30. Through the point (5, 1) and having the same slope as the graph of 
Sie =e Be 

31. With y-intercept —4 and having the same slope as the line through 
(1, —3) and (6, —2). 

32. With y-intercept 0 and having the same slope as the line through 
~~, —5) and (0, 2). 
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33. With y-intercept 3 and having the same slope as the graph of 
34. With y-intercept —1 and having the same slope as the graph of 
10x — 10y = 1. 
35. With slope 4 and x-intercept 3. 
36. With slope —5 and x-intercept 2. 
37. With x-intercept 4 and y-intercept —3. 
38. With x-intercept —7 and y-intercept —2. 
39. Determine a so that the graph of 3x + ay = 9 has the same slope as 
the line through (7, —2) and (5, —1). 
40. Determine k so that the graph of —2x + ky = 1has the same slope as 
the graph of 3x — 8y = 7. 
41. Find k so that the line through the points (4, k) and (—1, 3) has the 
same y-intercept as the graph of x + 3y = 6. 
42. Show that the line having x-intercept a (a 4 0) and y-intercept b 
(b 4 0) has an equation of the form 
a + : =1 (called the intercept form). 
a 
43. Show that the line passing through the points (x,, y,) and (x,, y,) has 
an equation of the form 
== Es (x — x,) (called the two-point form). 
| 
Self-Test 3 
VOCABULARY tise (p. 80) point-slope form (p. 86) 
run (p. 80) slope-intercept form (p. 86) 
slope (p. 81) x-intercept (p. 86) 


y-intercept (p. 86) 


Find the slope of the line through the points P( —2, 7) and Q(6, 9). 


Find an equation of the line through the points P(3, 0) and 
Or 5): 


3. Find an equation of the line through the points (1, 4) and (3, —6). 


2. 


Find an equation of the line having slope —3 and passing 
through the point (—5, 2). 


Find an equation of the line having slope 2 and y-intercept —3. 


Check your answers with those at the back of the book. 


Obj. 1, p. 80 
Obj. 2, p. 80 


Obj. 3, p. 80 


Obj. 4, p. 80 
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Applications of Linear Relations 


OBJECTIVE for Sectiou 3-7: 
1. Solve problems involving direct variatiou. 


3-7 Direct Variation 


A function fin which the rule for pairing is given by a linear equation of 
the form 


yomx+b (m,b © ®) 
is called a linear function: 
[:x— mx +b 


Generally, the domain of a linear function is taken to be ®, and its graph 
is a nonvertical line. 


EXAMPLE 1 a. Find arule for specifying a linear function G if G(5) = 1 and m = 4. 
b. Does (2, 4) belong to G? 


SOLUTION a. Since m = ; and (5, 1) is a pair in G, we can substitute these in 
G(x) = mx + b: 


1=7:°5+5, or b=1-4=}. 
Hence the rule is G: x > 4x + 1. Answer. 
b. The pair (2, 4) belongs to G because 7 = 4° 2 + 73. Answer. 


If m = 0, then y = b for all x € @. In that case / is called a constant 
function, and its graph is the horizontal line through (0, 5). 

If b =O and m £ 0, we have y = mx. Then the function /is called a 
direct variation, and we say that y varies directly as x, or y is directly 
proportional to x, and that m is the constant of variation or the constant 
of proportionality. When the domain of a direct variation / is ®, the 
ordered pair (0, 0) is always in /, and hence the graph of fis a line passing 
through the origin and having slope m (sn # 0). 


Figure 11 shows the graph of the direct variation speci- 
fied by 
sae Ge Gt). 


For any two points (x,,3',) and (x,, y,) on the graph of this 
function, we have 


eens and 35, 2k 


Figure 11 
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If x,,x, 4 0, vou can transform these equations to 


pal z= 2 and <== 2. 
a a 
1 v 
Therefore ae Se 
Ere chs 
In general: 
If a linear function fis a direct variation, then for any two ordered 
pairs (x,, y,) and (,, y,) in /, witha a0) 
J ae 
| X, X 
ee _ : ' e 


Such an equality of ratios, sometimes written as 
Ve, = oe 


is called a proportion. The terms y, and x, are called the extremes, and 
x, and y, the means, of the proportion. Since 


Yd 
“ee 
can be transformed to the equivalent equation 
JX = Ae 


you can see that: 


In any proportion the product of the means equals the product of 


i| the extremes. 
| 
| 


EXAMPLE 2 If a100g package of herbal tea costs 50¢, is a 250 g package costing $1.29 
a better value? 


SOLUTION _ Find what 250 g would cost at the rate given for 100 g, and then compare 
that figure with $1.29. 


100 _ 250 
0.50 x 
100125 


x = 1.25 ors srior 2502 


Since $1.29 > $1.25, the 250 g package is not a better value! Answer 
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Oral Exercises 


State whether or not the given function is linear, and if so, whether or 
not it is a direct variation. 


1. f:x— —3x 2. frx—>4x —5 

3 fix a an fe x —) Axe 

5. {ox oe Ca — =} 6 (CO Pye 
myles 2s a: 

1. {0 (2): f(x) = 142" & fir, ny: he = 4] 


State an equation of the form y = kx and then state a proportion for the 
direct variation described in words. 


EXAMPLE The circumference of a circle C varies directly as its diameter d. 


€ G 


d, d, (1 = in 


9. The diagonal d of a square is directly proportional to the length s of 
a side. 


10. The volume V of a pyramid with a given base varies directly as its 
height h. 


11. The current / in a given electric circuit varies directly with the 
applied voltage EF. 


12. The rate of radioactive decay r of the isotope carbon-14 varies 
directly with the amount m. 


13. The cost C of a tiled linoleum floor is directly proportional to the 
number of tiles n, each of which costs 40¢. 


For each set of ordered pairs examine the ratio x and tell whether or 


not the pairs are in direct variation. 


14. {(1, —1), (—2, 2), (0, 0)} 15. {(1, 3), (2, 6), (—3, —1)} 
Hom (>, 11), G, 7), (10, 21) 17. {(4, —6), (2, —3), (—8, 12)} 


Written Exercises 
Determine a rule for pairing in a linear function f if: 


1. f(0) = —1 and /(2) =5 2, (0) = 0 and f(-3) = -8 
3. 7(3) = 4-and i — 0 4. {(-2) = 1 and {(-—6) = l 
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Determine a rule for pairing in a linear function f if: 


3) 
Te 


{(6) = —9 and f(—10) = 15 6. f(4) = —1 and f() =7 


\ 


Determine whether or not the given pairs are in a direct variation. If so, 
give the slope of the graph of the variation. 


9. 
11. 
13. 


15. 


{(2, —4), (—1, 2), (3, —6)} 10. {(1, 4), (2, 4), (—1, —})} 
{(0, 0), (3, 0), (—2, 0)} 12: {Cl 5); (2,5),/Ga3)) 
{(2, 5), (6, 15), (1, 3)} 14. {(4, 6), (5, 8), (6, 10)} 


(1, 3), (6, G1, 13)} oy 7 16. («a 3a), (4.4), Ga oa)} 


~ ON 


ai) 


Solve each proportion for a. <—¢ 


7h: 


21 


25) 
26. 
To 


28. 


29. 


30. 


For the proportion 


a3 = Soe 18. 7:4 =a:8 IG, @ed = 7We3 20. 9:a = 15:10 
Ges = lea 20 fe 4e— 5a 23. 4:a = 3:5 24. a:6 = 7:15 


If y varies directly as x, and y is 8 when x is 5, find x when y is 20. 
If y varies directly as x, and y is 27 when x is 24, find y when x is 72. 


If the cost of installing a window varies directly with the area of the 
window, and it costs $3.00 to install a window of area 4m?, how 
much would it cost to install a window of area 3 m?? 


ie 3 and Cis 15 when x is 8, find C when x is —4. 


io & + 2, and y is —4 when x is 9, find x when y is 5. 
If y = k(3x — 1), and y is 10 when x is 3, what is y when x is 7? 


ai = a (X1: Vis Xos Vo & 0), PrOVE eaci of theter 
2 


1 


lowing properties. 


31. 


33. 


34. 


35. 


ae 32, 
2 Sy a 


= y : 
Mies Xo, then aes = Ra (Hint: Let y, = mx,.) 
If the function gis a direct variation, prove that g(r + s) = g(r) + g(s) 
for all 7,5 S Gu 


If gis a linear function defined by g(x) = mx + b, and g(r +s) = 
g(r) + g(s) for some r, s © &, prove that b must be 0. 
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Problems 


1. If a baseball player has 30 hits in 150 times at bat, how many hits 
should the player get in 1000 at-bats? 


2. If 4m of fabric costs $11, how much would 5m cost? 


3. If hydrogen and oxygen combine at a rate of | part of 
hydrogen to 16 parts of oxygen by mass to form hydro- HO | 


gen peroxide (H,O,), how many grams of eachelement =H H 
are there in 306g of H,O,? 


4. A municipal ordinance in a certain town decrees that there must be 1 
teacher for every 18 students in the town’s public schools. This year 
the student population was 2880, but a 12.5% drop is expected next 
year. How many teachers will the town need next year? 


5. In a lab test, torsion pendulum A rotates back and forth 12 times in 
52s; pendulum B rotates 12 times in 60s. How many times will 
pendulum B rotate in the time it takes pendulum A to rotate 15 
times? 

6. An object of mass 25 kg stretches a spring 9.5 cm. If the distance the 
spring is stretched is directly proportional to the mass of an attached 
object, what is the mass of an object that will stretch the spring 
5.7 cm? = 

7. Emily Wharton receives $1340 in dividends from 250 shares in a 
mutual fund. How many shares of the same mutual fund does 
Arthur Fletcher own if he receives $2412 in dividends? 


8. The average number of red cells in a cubic millimeter (mm?) of a 
woman’s blood is 4,500,000. In order to perform a test on asample of 
Mary Brown’s blood, a laboratory technician dilutes | part of blood 
with 299 parts of salt solution. How many red blood cells would the 
technician expect to find in 2.5mm? of the diluted soluton? 


In Problems 9 and 10, assume that if light and sound are sent at the 
same instant from the same source, then the distance of an observer 
from the source is directly proportional to the time elapsing from the 
moment the observer sees the light to the moment he or she hears the 


sound. 


9, During a thunderstorm, Alice heard the sound of thunder associated 
with a bolt of lightning 3.5 s after she saw the lightning flash. Henry 
heard the thunder 4.25 after he saw the lightning flash. If Alice was 
1190 m from the lightning bolt, how far from it was Henry? 


10. Tracking station A is 850 m from a rocket launching pad. It detects 
the first sound of the rocket engines 3s before tracking station B, 
which is 1870m from the pad. How long did it take the sound to 
reach station B? 
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Self-Test 4 


VOCABULARY linear function (p. 89) constant function (p. 89) 
direct variation (p. 89) proportion (p. 90) 
constant of proportionality extremes (p. 90) 
(p. 89) means (p. 90) 
1. If v varies directly as x, and v = 7 whem x = 4) find yiavhen Obj. 1, p. 89 
se = IG. 


2. If the gas consumption of a car varies directly as the distance 
traveled, and the car uses 5 L of gas to go 225 km, how much gas 
would it use to go 315 km? 


Check your answers with those at the back of the book. 


Chapter Summary 


1. A function is a set of ordered pairs in which each first 
component is paired with exactly one second compo- 
nent. A relation, however, is any set of ordered pairs. 


rise=-1 


2. A function or relation may be graphed on a coordinate 
plane. For example, the black points in Figure 12 are 
the graph of the relation r = {(—1, —1),(—2, —2), 
(—1, —3)}. 

3. A solution of an open sentence in two variables is any 
ordered pair for which the sentence is true. The solu- Figure 12 
tion set of the sentence is the set of all its solutions. 


4. A linear equation in two variables is an equation of the form 
Ax + By =C, where A, B,C © ® andA and B are not both zero. The 
graph of a linear equation is a straight line. For example, the red line 
in Figure 12 is the graph of the equation x + 2y = 2. 

5. The graph of a linear inequality is an open or closed half-plane. The 
boundary of the half-plane is the graph of the associated linear 
equation. For example, the half-plane shaded red in Figure 12 is the 
graph of x + 2y < 2. P 

6. The slope of a nonvertical line is the ratio of rise to run. For example, 
the line in Figure 12 has slope —4. A horizontal line has zero slope, 
while a vertical line has no slope. 


7. A linear function is a function in which the rule for pairing is given by 
a linear equation of the form y = mx + b, with m, b © @. If b = 0, 
then the linear function is a direct variation. 


8. An equality of ratios is called a proportion; the product of the means 
equals the product of the extremes. 
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Chapter Review 


iL. 


What is the rule for the pairing in the function 
nee), (1, 1), 2,4), 3, D}? 


ay = 2x ey, SP ages = as 
a i x+1 
lt f(x) = 2x and g(x) = x? + 1, find f(g(2)). 
armlece b. 8 ca lO d. 20 
Ny } ,AN 7 
Jf A 


Is the statement (a) true or (b) false? 


3. The relation {(—2, 1), (—1, 3), (0, 5), (1, 7)} is a function. 
4. The relation {(—2, 2), (—1, 3), (0, 8), (—1, 4)} is not a function. 
es) (he relation z = |x| + 1, x € &, is a function. 
6. Which point does not lie on the line with equation 2x — 3v = 1? 
aan5, 3) b. (21) c. (6, 4) d. (—1, —1) 
7. For which value of k is (1, 3) a solution to 2x — ky = —4? 
a. | b. —1 ey 2 d. —2 
8. Which point is not in the graph of the inequality vy + x > 2? 
a2, L) b. (—1, 5) cat; 1) d. (4, 0) 
9. Which point is not in the graph of the inequality 3x — y > 1? 
a (2, 1) b. (1, 2) c. (—1, —1) d. (0, —2) 
10. What is the slope of a line through (1, 2) and (3, 3)? 
a. 2 b. 4 cml d.3 


11. 


12; 


13. 


15. 


For what value of z does the line with slope —4 pass through the 
points (6, —3) and (3, z)? 

a. | b. —1 Gv d. 4 
Choose the equation for the line that passes through (4, 8) and has 
slope —4. 

a. y= —4x + 10 b. y = —4x + 8 evo —-iv+d4 
Give an equation in slope-intercept form for the line passing through 
(0, 1) and (3, —1). 

a. y = 3x — 10 byv= —ix +1 eG v= 2b! 


. Solve a:8 = 9:4 for a. 


d. 12 


92) 


ae b. 6 e jl 
If y varies directly as x, and y is 9w hen vis 5, find + when v is 45. 
Bl, Gb5) b. 81 @, 25) d. 54 


3-2 


3-4 


3-6 


3-7 


* | - 
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Chapter Test 


lf f(x) = a ; find each of the following. 


1. f(1) 22) 3. f(0) 4. f(a) 


Draw a mapping diagram for each of the relations and determine 
whether or not it is a function. 


5, 3), 2,4), G73), (45 2)} 
Gar eZ anes) 24) (G5), 
7. Draw the graph of the relation in Test Item 5. 


Graph the equation. 
8 2x 4 2y =6 9 2x -—y=4 
10. y=4 11. —x 4+ 2y = —2 


Graph each inequality as a shaded region on a coordinate plane. 


12.5% > 2y 13.x +37 <8 


Find the slope of the line through the given points. 
14. (1, 3) and (2, 5) 15. (2, 6) and (4, 5) 


Find the slope of the line with the given equation. 


16. 3x 4 2y = 12 17. 2x —4y =9 


18. Write an equation of the line with slope —3 and y-intercept —1. 


Write an equation of the line passing through the point P and having 
slope m. 


19. P(3, —2); m =3 20. P(—1,3); m = —2 


21. Write an equation for the line passing through (2,5) and (4, —1). 

22. Solve the proportion a:7 = 5:30 for a. 

23. Solve the proportion 5:b = 17:51. 

24. The volume of water in a cylindrical tank is directly proportional to 
the height of the water measured on the tank wall. If 10,000 m? of 


water fills the tank to the 25 m mark, how much water is in the tank 
when it is filled to the 35 m mark? 


25. If hydrogen and oxygen combine at a rate of 1 part of hydrogen to 8 
parts of oxygen by mass to form water (H,O), how many grams of 
each element are there in 432 g of water? 
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3-1 


3-2 


3-4 


3-5 


3-7 


programming in BASIC 


These optional sections are for use by students who have access to a 
computer that will accept the language BASIC. Pages 97-105 contain a 
four-part review of the fundamentals of BASIC using material from Chapter 
3. Additional work with BASIC will appear at intervals throughout the text. 


Part | 


You can use a computer to find values of functions and relations. 
First, you must translate the algebraic expressions into the BASIC lan- 
guage by using: 


+ for addition * for multiplication 
— for subtraction / for division 
1 for exponentiation 


The usual order of operations is: 


first, T 
then *, / in order from left to right 
then +, — in order from left to right 


You may use parentheses whenever necessary to indicate a different 
order of operations. Thus: 


2x? — 3x —5 would be written as 2*XT2—3*X—5 


but 
tas ; would be written as (A+B)/(A—B) 
dis 

The expression A+B/A—B would mean: a+ °. —obD 


To find the value of 2x2 — 3x — 5 for asingle value of the variable x, you 
may use this program: 


lCweEl X= —2 
20 PRINT 2*Xt2—34*X—5 
30 END 


Notice that every line ina program must be numbered, and every program 
must end with an END statement. Tne LET statement in line 10 assigns 
the value on the right-hand side of the equals sign to the variable named on 
the left. 
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If you communicate with your computer by means of a terminal, type in 
the program on page 97, pressing the RETURN key after each line, and 
then type the command RUN (a command has no line number) followed by 
RETURN. 

The PRINT statement in line 20 Causes the Computer to compute the 
value and then print it: 


2 


But to use the computer effectively, you want it to find several values in 
succession. To do this, you use a loop. Here is an example where the 
comain is {—2, — 1, 0} 1,2}. 


10 LET X=—2 
20 PRINT 2*Xf2—3*X—5 


Q 80) Wey Kae 

© | 40 IFX>2 THENEGO 
nO GOOG. 2e 
60 END 


This program can be represented by the following flow chart (notice the 
shapes of the boxes): 


(Input box) 


See (Processing box) 


(Output box) 


(Processing box) 


(Decision box) 
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The statement LET X = X + 1 inline 30 means that the computer takes the 
current value of X, adds 1 to it, and assigns this new value to X. 

This program uses the following kinds of statement in addition to the LET, 
PRINT, and END statements: 


IF... THEN... statement: Thisisa ‘‘conditional transfer’ statement. If 
the condition is true, then the execution is transferred to the line specified. 
Otherwise, the computer goes on to the next line in the program. 

GOTO statement: This is an ‘‘unconditional transfer.’’ The execu- 
tion is always transferred to the line specified. 


If you run this program, you will see that only the values of the function 
are printed. You can make the computer print out the ordered pairs of the 
function 


yo exe ox 5 


in neatly labeled columns. The headings are made by using quotation 
marks and commas in a PRINT statement. Thus, add: 


5 PRINT xX ---->","2Xt2—3X—5" 
and change: 
20 PRINT X,2*Xt2—3*X—5 


To get a listing of the program as it now stands, type the command LIST. 
You will see that the computer has inserted line 5 and changed line 20. In 
BASIC every line is given a number so that such changes can be made 
easily. Now run this revised program. In general: 


Quotation marks in PRINT statements: The computer will copy and 
print out all the symbols and spaces that are typed within quotation marks. 
(If you need quotation marks within these, you must use the single ones, ’.) 

Commas in PRINT statements: The commas in lines 5 and 20 cause 
the computer to move the second item in the line over 15 spaces from the 
left margin. (In general, commas may be used to arrange print-outs in 5 
columns across the page.) 


Notice that whenever a numerical value 's printed, space is left for a sign, 
but only the negative sign is printed. 

BASIC has several built-in functions available, one of which is the abso- 
lute value function. |x| is written as ABS(X) in BASIC. To print out some 
ordered pairs of the function 


change: 
5 PRINT Xx ---- 5" “ABS(X)” 


20 PRINT X, ABS(X) 


Then run the program and observe the results 
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Exercises 


In these exercises use the domain {—3, —2, —1,0, 1, 2,3}. Write 
programs to find the values of these functions for the given domain. 


1. xx? 4x 2.x > x? -1 3. x > |x| — 1 4.x —>3 + 2|x| 


Part Il 


When you want to erase the entire program that you have been using, type 
the command SCR (for scratch) and press RETURN. This clears your 
working space for a new program. 

To find ordered pairs to use in plotting a graph of an equation, you can 
transform the equation into an equivalent one that expresses y in terms of x 
and then use a computer program similar to that given on page 98. There 
is, however, a special shortcut for writing the kind of loop used in that 
program. Compare the following program with the earlier one: 


So) PRINT x were >, 2XF2—3X—5" 


a ple FOR X=—2 lO 
. | 20 PRINT X, 2*Xt2—3*X—5 
Bo Sse WET A 

40 END 


The FOR statement (line 10) and the NEXT statement (line 30) begin 
and end the loop, and the same variable must be used in both, in this case, 
the variable X. 


When one loop is used inside another loop, they are called nested foops. 
We shall use nested loops in the next program. We shall give an interesting 
method of testing selected pairs of values of x and y within a given region to 
determine which pairs, if any, are solutions of a given open sentence. Run 
the following program, which finds some solutions of 


5 PRINT “SOME SOLUTIONS OF X+Y=4" 
10 FOR Y=4 TO —4 STEP —1 

20 FOR X=—4 TO 4 

30 IF X+Y=4 THEN 60 


3 3 40 PRINT ‘* "'s “(Leave 8 spaces.) 
= S 50 GOTO 70 -———s 
60 PRINT "'(sX;",3¥3") “;  Cleavera singe space) 
70 NEXT X 
60" WNEXi Y 
90 END 
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This program uses several more features of the BASIC language: 


STEP —1: This produces a countdown, in this program from 4 to 
—4. In a FOR statement, if no STEP value is given, the STEP value is 
assumed to be 1. The STEP value may be any BASIC expression. 

Semicolons in PRINT statements: These cause the items to be 
printed close together, although space is always allowed for the sign of a 
numerical value. 


Placing a comma or a semicolon at the end of a PRINT statement holds the 
terminal carriage on the same line. 


This program tests all pairs of integral values of x and y where 


x € {-4, —3, -—2, —1, 0, 1, 2, 3, 4} 
and 
y © {=—4, —3, =2, =—1, 0, 1, 2, 3, 4} 


The loops work like this: 


Y = 4, while X = —4, —3, —2, —1,0,1,2,3,4 
WY = 3, while X = —4, —3, —2, =1,071,2):3,4 


and so on. The number of values of x has been chosen so that the ordered 
pairs can be printed in 9 columns across the page. The number of values of 
y may be increased or decreased as desired, provided 


Say 


(The spacing of this particular program allows for only single-digit integers.) 
Each column in the print-out occupies 8 spaces, and 9 columns of 8 spaces 
fill the 72 spaces that are available in the terminal print-out. Notice that if 
(X,Y) is not a solution, the computer ‘“‘prints’’ 8 spaces in the column. 

In order to make it easy to transfer these values to a graph, we have 
started Y at the top with a positive value and X at the left with a negative 
value. 


Make the following changes and run tne program again: 


5 PRINT ‘SOME SOLUTIONS OF X+Y<4 
30 IF X+Y<4 THEN 60 


Change the inequality to X+Y  =4 and run the program again. 
The inequality symbols available in BASIC are: 


< is less than < = is less than or equal to 
> is greater than > = is greater than or equal to 
< > Is not equal to 


Linear Functions and Relations | 101 


Exercises 


1. Marion wanted a program that would give three integral ordered pairs 
that are solutions of 


Ax + By = C, 


A, B, C intergers, with x having the value 0 and two positive values. 
Work through the program shown below by hand and see if it does what 
is wanted. What value must B not have? 


1 LET A=5 

2 js; PS =6 

Ser Gace 

5 PRINT 'X","Y" 

10 FOR X=0 TO 2*ABS(B) STEP ABS(B) 
20 PRINT X, C/B—(A/B)*X 

30 NEXT X 

40 END 


2. Write a program that will give the squares of the integers 0,1, ..., 10. 


3. Write a program that will give the products of a given number and the 
integers 0, 1,..., 10. 


Part Ill 


If you want to evaluate a formula while working at a computer terminal, it is 
useful to INPUT the given values. Try this program: 


10 PRINT “WHAT IS THE RADIUS OF THE CIRCLE”; 
20 INPUT BR 

30 PRINT “THE AREA 18";3.14159*R*R;".” 

40 END 


The INPUT statement (line 20) causes the computer to print a question 
mark and then wait for you to type in a number (an integer or a decimal). 
(The semicolon at the end of line 10 makes the computer print the question 
mark on the same line.) You type in the number and press RETURN. The 
computer then continues the program. 

You can keep running the program, inputting a different value each time. 

If you know ahead of time what values you want to use, you Can put ina 
READ statement and a DATA statement as in the following program: 


10 READ R 


20 PRINT “THE AREA OF A CIRCLE WITH RADIUS’ ;R; 
30 PRINT IS 93.14159*RR 


40 PRINT (This “prints” a blank line here.) 
50 GOre mie 

60 DATA 2,4,6,8,10,6.75 

70 END 
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Run this program. The computer will ‘‘read’’ the first value in the DATA 
statement (line 60), do lines 20 and 30, skip a line (line 40 produces a line 
feed), READ the second value, and so on, until it has used all the values in 
line 60. It will then print that it is OUT OF DATA and stop. 

We shall now write a program to find the slope of a line by using the 
formula on page 81. So far we have used only single letters as variables. 
The BASIC language, however, also allows us to use a single letter followed 
by a single digit: 


AOU GI Gh, 29/9 eee | eae 


Therefore we may translate the expression for the slope of a line 


Ya = Mi 


Xo — x, 
into BASIC as: 


(221702 =) 


BASIC allows you to INPUT several values at a time. Since the computer 
will print only one question mark, it is useful to precede the INPUT statement 
with a PRINT statement reminding you of what values to type in. You must 
type them in exactly the order you have indicated in your program, sepa- 
rated by commas. Study and run this program: 


(OMe RINT: INPOM EXT (1X2, %o" 

AU Ieee Inne, 12 

SOME Sie" THEN 60 

40) PRINT “SLOPE = {¥2—Y1)/(X2—X1) 


50° STOP 
60 PRINT ‘NO SLOPE” 
70 END 


There can be only one END statement in a program, and so a STOP 
statement is used in line 50. 


Exercises 


1. Drawa flow chart for the program for finding the slope of a line when two 
points on it are given. 


2. Write a program that will find the x-intercept and the y-intercept of a line 
with equation of the form Ax + By = C when you input values of A, B, 


and C. 
3. Transform the two-point form given in Exercise 43, page 88, to the form: 
Ax B= SC 


Then write a program that will print an equation of a line through two 
points when you input their coordinates. 
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Part IV 


Another built-in function that BASIC has is the greatest integer function, 
which is written INT(X). This gives the greatest integer less than or equal to 
X. Try this program to see how it works. 


10 PRINT “X",“INTOO" 

20 FOR X=1 TO™g ster 25 
30 PRINT X,INT(X) 

40 NEXT X 

50 END 


We have seen how commas and semicolons work in PRINT statements. 
By using TAB(X) in a print statement, you can print any symbol in a 
specified space. Try this program: 


10 FOR X=05i@es 
20 PRINT TAB(X);"*" 
30 NEXT X 

40 END 


For example, TAB(5);‘'*’’ prints * in the 6th space, counting from the left 
margin. Change line 20 to 


20 PRINT TAB(X); X 


and run the program. Since these are numerical values, space is allowed 
for a sign. 
If the values of X are not integral, TAB works like INT. Try this program: 


10 FOR X=1 TOR SReiieRZ> 
20 PRINT TAB(X);"*" 

30 NEXT X 

40 END 


TAB can be used in plotting graphs. On the facing page is a program 
that will print out rough sketches of portions of graphs of some equations of 
the form: 


Ax + By=C,A4¢0,B £0. 


In order to make a nearly square grid, itis necessary to use two horizontal 
spaces to represent the unit that one line feed represents. 

lf the absolute value of the x-intercept is greater than 8, the program 
prints the value of the x-intercept and TOO WIDE and stops. 

There is no built-in stop in the program if the y-intercept is very large. The 
program prints out its value, however, as well as the slope, and if these 
values seem unsuitable for a computer sketch, the operator can stop the 
program by pressing and releasing the BREAK key. 

Study and run the following program for x + y = 4; that is, input 1,1,4. 
Compare this graph with the print-out of ordered pairs obtained on 
page 100. 
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10 PRINT “WHAT VALUES DO YOU WANT FOR A(<>0), B(<>0), C’" 
15 INPUT A,B,C 

20 PRINT 

OaeleT X1=C/A 

etme) Y1=C/B 

BamrRINT AX +°:B;"Y =":C,“SLOPE =":—A/B,"Y—INTERCEPT ="°Y1 
40 PRINT 

45 LET E=INT(ABS(X1)) +5 

50 IF E>13 THEN 170 

55 LET D=INT(ABS(Y1))+5 

60 LET M=2*E 

65 LET N=2*M 

70 PRINT TAB(M);"“Y” 

fom; en Y=D TO —D STEP —1 

80 LETX=(C—B*Y)/A 

85 LET X2=2*X+M 

90 IF X2>M THEN 145 

95 IF X2=M THEN 130 

100 IF X2<0 THEN 160 

105 IF Y=0 THEN 120 

110 PRINT TAB(X2);''*”:TAB(M)."!sTAB(N 4.3):"CoX2 Ys)" 
ilemeGOTO 160 

eee = =F  TAB(X2);""*"sTABIN—6);" 4 — Xs 
(PRINT TAB(N +3),°(°X5",°:Y;")" 

125 GOTO 160 

130 IF Y=0 THEN 120 

185 PRINT TAB(X2);"*""-TAB(N 4.3):°(05X3 55") 

140 GOTO 160 

145 IF X2>N THEN 160 

150 IF Y=0 THEN 120 

155 PRINT TAB(M);"!:TAB(X2);""*"; TAB(N +3); 5X) oY)" 
160 NEXT Y 

165 STOP 

170 PRINT “X—INTERCEPT = ‘':X1;" TOO WIDE” 

175 END 


Exercises 


1. Run the program above using as input 1,1,—4, —1,1,4; 1,—-1,4 Then 
foeer— 1,4, 2,1,9; 1,1,9. 
2. Runeach of these programs by hand, and describe what each one does 


10 LET A=.6666 10° LEI A=9876 
20 PRINT INT(100*A+.5)/100 20 PRINT INT(A’ 100 +.5)*100 
30) END 30 END 


3. Write a program that will print a multiplication table from 1 x 1 to 
10 x 10. Use TAB to space the columns across the page. 
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This solar sail to be propelled by the sun’s rays is under consideration 
for a future Halley’s Comet Mission. 


systems of Linear 
Fquations or 
Inequalities 


Systems of Equations in Two Variables 


OBJECTIVES for Sections 4-1 through 4-4: 

1, Identify the solution set of a system of linear equations in two variables from 
the graplis of the equations. 

2. Solve a system of two linear equations in two variables by the linear- 


combination method. 
3. Use determinants to solve a system of two linear equations iu two variables. 
4. Solve problems by translating stated relationships into a system of equations. 


4-1 Graphing a System of Equations in the Plane 


Figures 1, 2, and 3 on page 108 show the three possible configurations 
when two linear equations are graphed on the same plane. The lines 
representing a given pair of equations must do just one of the following: 


A. Intersect in exactly one point (Figure 1). 
B. Coincide, and thus have every point in common (Figure 2). 
C. Parallel one another, and thus have #o point in common (Figure 3). 


The system of linear equations graphed in Figure | can be regarded as 
a conjunction of the two open sentences 


ys and Veh oe = 5 Gy em 
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Figure 1 Figure 2 Figure 3 


The solution set of a system of linear equations in two variables 
consists of all the ordered pairs of real numbers that satisfy every 
equation of the system. Thus the intersection point P in Figure 1 is the 
graph of the single solution of the system: 


: ax —y =3 
x+3y=5 


The coordinates of P appear to be (2, 1). To verify that these coordinates 
actually satisfy both equations of the system, we have: 
2°>2=12=3 ae S—2 
2+3-1=5 5=5 
Therefore, the solution set of the system is (Cai: 
In Figure 2 the graph of the solution set of the system 


Eee 8 
6x —3) = 


consists of the infinite set of points comprising the single line that 
represents either one of the equations. Thus, the solution set is 
(Gy): 2k —y =3y 

In Figure 3 the two parallel lines representing the system 


x —y=3 
6x — 3y =2 


have no points in common. Hence, the solution set of the system is the 
empty set 6. We describe such a system as inconsistent. 

When a system of equations has at least one solution, we describe the 
system as consistent. 


EXAMPLE 1 Graph the following system of linear equations, and then determine 
whether or not it is consistent. 


2y Sy 4 
yy =a 
x—3y = -3 
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SOLUTION 


Find the x- and y-intercept for each linc. Then draw the three lines 
through their pairs of intercepts (diagram at right), and check to see if 


their apparent common point (3, 2) satisfies all three equations. 


232 = 4 j— 2-0 
4=4 L=1 
x — 3y = —3 
3—3-°2= —3 
= 


Hence, (3, 2) is a solution of the system of 
equations, and it is therefore consistent. 
Answer. 


Observe from Figures 1, 2, and 3 that the number of solutions for a 
system of two linear equations is related to the slopes of their graphs. 
The following theorem summarizes these relationships (see Exercises 
35-39, page 115). 


Theorem. 
A system of two linear equations in two variables has: 


1. exactly one solution if the two graphs have different slopes, or if 
just one of them has no slope; 


2. an infinite set of solutions if both graphs have the same slope and 
the same y-intercept, or both have no slope and the same 
x-intercept; 

3. no solution if both graphs have the same slope but different 

y-intercepts, or else no slope and different x-intercepts. 


EXAMPLE 2. Tell how many solutions cach system has. 


a. 4x —3y =2 bs 20 v3 c 
tx — dy 


$e] 


SOLUTION 
—4. Hence the system has no solution. 


2y = -—6 


\ x—3y=6 a a 


. Both graphs have the same slope, 4, but different v-intercepts: — jand 


b. The two graphs have slopes —2 and 4. Hence the system has exactly 


one solution. 


c. Both graphs have slope 1 = 0 and y-intercept —3. Therefore the 


system has an infinite number of solutions. 
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Oral Exercises 


In Exercises 1-6 the diagram shows the graphs of the equations in the 
given system. State what appears to be the solution set of the system. 


jx + 2v= 2.2x—v= 3, x + 4y 


II 
On —_— 


4. 4x — 10v = 20 5. 3x + 4v = —5 6 x= 2 
—2* + 5vy = —5 | w= —1 
2x+y7=0 Ro IN SD 
y v 
O 
x OQ x 


7-10. For the linear systems in Exercises 1-4, find (a) the slope of each 
graph and (b) each y-intercept, and tell which case of the theorem 
on page 109 applies to the system. 


Written Exercises 


In Exercises 1-12, graph the given system of equations and determine 
the apparent solution set of the system. Verify that each system 
satisfies one of the cases of the theorem on page 109 by finding the 
slopes and (if necessary) the y-intercepts of the graphs. 


il, Sy = 2. 2x — 5y = 10 3. ¥ 236 
3v = 2x — 6 aN = 2 fF =e 
4. y—3x = -2 5. 2% + WS 7 6x+ y=4 
3x -— y= -2 xX+2v = -—2 x+3y=6 
7. sya 4s 8 x+4y =2 of x — Sy =7 
—6 = & — 6y x—2y = —4 28 tw 
10. yo —3x+4 11. x+3y = —-9 12. 2v + 3x = —8 
y= —3x -—3 -—3v-— x= Sy 2c = | 
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ln Exercises 13-21, graph the given system of equations and deter- 
mine the apparent solution set of the system. If the system has exactly 
one apparent solution, verify that the coordinates satisfy all three 
equations. 


iaox+ y= 14.3x- y=6 15. 3y —2% = 3 
x- y= y— 3x =2 x+ v= —4 
a 2) = ee ee x+3v= —6 

16. 2y— x= —4 17. vy + 3x = 6 18 —2x — 5y = 10 
x — 2y = = 306 2x + 5y = 10 
x+2y-—0 po ke Se? x4+3v=—-5 

19 x+y= 20. Ye Ze 21. —4=2v4x 
oy = 3 x y= 3 y= —4x 45 
3x +y = te +y=2 yox-4d 


22. Choose rand sso that rs 4 0. Graph the following three equations to 
determine their apparent solution set. Verify that the apparent 
solution set is actually the solution set. 


x+2v=5 ( 
x-y=-l 
r(x + 2y) + s(x —y) = r(5) + s(—1) 
23. Prove that any solution to the first two equations in Exercise 22 is a 
solution to the third. 


4-2 Solving a System of Equations 


Your aim in solving a system of two linear equations in two variables is 
the same as that in solving a linear equation in one variable. That is, vou 
want to transform the system into an equivalent one, in this case of the 
form 


3g == (ei 
Ae 
which gives the solution explicitly. 
Consider the system: 
Peet (1) 
x 25 = 6 (2) 


Using the properties of equality, you can multiply both members of 
Equation (/) by the same nonzero number, say, 2, and likewise multiply 
Equation (2) by 3 and thereby obtain the equivalent system: 

4x + 6v = 8 2a) 1G) 

3x — 6v = 18 3.8 (2s (2°) 
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Equations (/) and (/’) on page 111 are equivalent, and so are (2) and (2’). 
The sum of Equations (/’) and (2’), 


7x = 26, ((1’) + (2’)) 


obtained by adding the left members and right members of both equa- 
tions, is called a linear combination of the two equations (/) and (2). 
Note that one of the variables was eliminated in forming Equation 
((1’) + (2’)), enabling us to solve directly for the other one. 

In general, when you multiply both members of an equation by the 
same nonzero constant, and add the resulting expressions to the corre- 
sponding members of another equation, you obtain a linear combina- 
tion of the two equations. 


Transformations Producing an Equivalent System of 
Linear Equations 


. Replace any equation of the system with an equivalent equation. 

. Replace any equation of the system with a linear combination of | 
that equation and another one of the given equations. 

. Substitute for one variable in any equation either (a) its actual 


value, or (b) an equivalent expression for that variable obtained 
from another equation in the system. 


EXAMPLE Solve the system: x 376507) 
2e ae) 


SOLUTION 1 Linear-combination method 


1. By inspection you can see that the 


variable y can be eliminated from the eee sy = 6 9) 

system as follows: Replace Equation 6x soy = Io) 
(2) with 3 x Equation (2). (Trans- 

formation 1). Replace (2’) with the easy — Cun 

linear combination Core (2). io eee) 


(Transformation 2). 


2. Replace (2”) with an equation of the 


form x = a. (Transformation 1). We se oe) 
have now reduced the original sys- v= 5.2) 
tem to: 
x+3y=6 ; 
XS 3 
3. Now we can solve for y by substitut- : 3437 =6. (71') 
ing the value 3 for x in Equation (/). v= So (2%) 


(Transformation 3). 
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rm 


4, Replace Equation (/’) with an equa- bY 
tion of the form y = b. The system x 
has now been transformed to an 
equivalent one that states the solu- 
tion explicitly. 


5. Check by substituting x = 3 and y = 1 in both Equations (/) and (2). 
ee 3y=6 (7) 2 —y ad (2) 
3 + 3(1) = 6 AS) = i = § 


.. the solution set is {(3,1)}. Answer. 


tl 
w 


Note: You could equally well have eliminated x instead of y in Step 1 
by multiplying Equation (/) by —2 and adding the resulting equation to 
Equation (2). Also, in Step 3 you could have solved for y by substituting 
3 for x in Equation (2) instead of in Equation (/). 


SOLUTION 2. Substitution method 


1. Replace Equation (/) with an ex- i Oot ) 
pression for x in terms of y. (Trans- Ze \ = 5042) 
formation 1). 

2. Substitute in Equation (2) the ex- 26 — 3) —y =5 (2') 
pression for x in Equation (/’), and =iy— — 1 he) 
solve for y. (Transformation 3). 1! (20% 

3. Solve for x in Equation (/’) by sub- 
stituting the value for y in Equation reco opeees ol) == Site) 
(2’"). (Transformation 3). 

4. The original system has been trans- <a 
formed to the equivalent one that x=3 
gives the solution directly. 


5. Check the answer as in Step 5 of 
Solution 1. 


Figure 4 shows that the original system was finally 
transformed into a system of equations whose graphs are 
a pair of lines parallel to the two axes and having the same 
point of intersection (that is, the same solution) as the 
graphs of the original system. In general, the graph of an 
equation formed from a given pair of equations by using 
one or more of the transformations listed on page 112 is a 
line through the point of intersection of the graphs of the 
given pair if these lines intersect. (If the graphs of the 
given pair of equations are parallel lines, the graph of the 
new equation is parallel to them; if they are coincident, the Figure 4 
new line is also coincident with them.) 
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Oral Exercises 


State a value by which you would multiply both members of one of the 
equations in each system in order to eliminate the variable printed 
in red. 


ile a ee 2. 3x 4+ 4y =9 Sx — 2y=3 
x+3y= -—8 6x — 5y = —8 8x + 44 = 3 

B. x — 39 S>5 5. 2x —7y = 4 6, ty — 9y = 
2x + 9y = —10 x- ew 4x +5y = —-7 


State how to form a linear combination of the two equations to elimi- 
nate the variable printed in red. 


EXAMPLE 3x — 2v=8 
5x + 3y=9 


SOLUTION Multiply the first equation by 3, the second by 2, and add them. (Other 
linear combinations are also possible.) 


7. 4x —9y = -7 8. 3x —5y = 1 on 4x — Syr= 13 
Bx + 53 = 1 4% —3yv=5 6x — Ty = 32 

10. 4x —ly = —3 Ts 2x = 3y = —11 12. 124 2) = 0 
3x + 3y =9 3x — 4y = 0 l6x — 3y = 17 


State how to transform one of the equations in each system so that one 
of the variables is expressed in terms of the other. Then state how you 
would use the transformed equation to solve the system by the substi- 
tution method. 


13. 4x + 5y = —9 14. 6x — 2y = —11 6b. & + 5y = 12 
x—4y = 3 2x y = 8 3x —4y =17 

16. 2x — y= —2 17s 24 5) 16 18. —x +5y =4 
8x + 7y =3 2 a0) Oe cp 1h) a= Gan 


Written Exercises 


1-12. Solve the systems of equations in Oral Exercises 1-12 by the linear 
combination method. Check your solutions. 


13-18. Solve the systems of equations in Oral Exercises 13-18 by the 
substitution method. Check your solutions. 


In Exercises 19-28 solve each system by either the linear combination 

method or the substitution method, whichever seems simpler. 

19. x—-— y= -7 20. 8x + 39 = 5 21... 6eee sy = 2 
Sx —4y = 1 5x + 4y = 18 10x — 7y = 11 
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2, y=4e43 
3y — 5x = 19 


pom — |) = 5(y — 4) + 2 
ee sy — 9 


27. 4x + 3) —1(y — 2) =3 
In Exercises 29-32, solve first for 


and y. 


Zonk sy 


II 
es) 
Il 
~] 


24. —2x + 4y 
lx — 2y 


Ne 
ES 
I 
tokw 
Ne 
| 
| 
mn 


—8 


26. 2x + 2) — 7(y — 1) = 16 
Ax — 1) =9 + 5(y — 2) 

28. 4(x+1)—hy =3 
Sale + 3) Hy = I) = =3 


and a then determine values of x 


33. 


34. 


35. 


36. 


37. 


38. 


Se) 


Determine A and B so that the graph of Ax + By = 5will contain the 
points (3, 1) and (2, —1). 
Determine A and Cso that the graph of Ax ~— 2y = C will contain the 
points (3, 5) and (—1, —3). 

Prove that for all real numbers m,, m,, b,, and b, such that mm, #4 1, 
the following systems of equations are equivalent. 

b, id b, 

m,— mM, 


» 
y=m,x4+b, 


and 
y=mx+b, 


mb, — mb, 


m,—m, 


Prove that for all real numbers m, b,, and b,, the solution set of cach 
of the systems 


is an infinite set or the empty set according as b, = b, or b, # b: 
Prove that for all real numbers m, b,, and b,, the solution set of the 
system 

y=mx +b, 

x= b, 
is {(b,, mb, + b,)}. 
Use the results of Exercises 35-37 to prove the theorem stated on 
page 109. 
Use the results of Exercises 35-37 to prove that two lines are parallel 
if and only if each line has no slope and different x-intercepts or both 
lines have the same slope and different y-intercepts. 
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4-3 Determinants 


You can find general formulas for the solution of a system of two linear 
equations in two variables by solving the general system 


ax + Dy =e (7) 
ax + boy ee (2) 
where @,, b,, C,, @z, b,, and c, © ®. Multiplying Equation (/) by b, and 
Equation (2) by —b,, you get: 
av.x + bby e705 ee =| ae 
—a,b,x — b,b,y = —c,b,. 
: : 


tr 
Adding these equations gives 


(a,b, — a,b))x =€\o co, 
Similarly, multiplying Equation (/) by —a, and Equation (2) by a,, and 
adding, you get 

(a,b, — a,b\)y = a,c, — a,c}. 
Therefore, if a,b, — a,b, # 0, you have 


_ €,0, — eb, a,C, — a,c, 


and y = ——.. (8) 


a,b, — a,b, Q,0, — G50, 


You can check that the values for x and y given by the formulas (3) do 
in fact satisfy Equations (/) and (2). 


EXAMPLE 1 Use the formulas (3) to solve the system: x —2y=5 


3x +4y = —-5 
SOLUTION You have a4, = 1, 0) = 2 — and a, = 3,0) = 446, = > 
Substituting in the formulas (3), you get: 
ea = 2) wee 
4 4 Se 
—_ 20= 10 Sa — —) => 
~ 446 109 4+6 10 


Checking that (1, —2) is a solution is left to you. 
.. the solution set is {(1, —2)}. Answer. 


There is a convenient way to denote the numerators and the denomi- 
nator in the equations (3) for x and y. 


For any a,, b,, a, b, € @, the determinant D = |“! D1) has the 


a, 


value a,b, — a,b. 
192 29) 
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Notice that the square array of numerals, set off with vertical bars (not 
absolute-value signs!), is just another numeral for “a,b, — a,b,.” The 
numerals a, b,, a,, b, in the array are called the entries (or elements) of 
the determinant. 

Here is a convenient way to remember how to evaluate the deter- 


minant: 
Ce I 
ee: = a,b, —a,b, 
2 2+ 


You simply take the difference of products as indicated. 
From Equations (3) and the definition of D, you can see that, for 
D+#0, 


D, d D, (4) 
x= an —— 
D 7p 
b b 
ee = |"! We | || 2nd = Pale 
a, b, C, by A, Cy 


Notice that the entries a,, b,, a,, b, of D are just the coefficients of x 
and y in Equations (/) and (2); D is called the determinant of coeffi- 
cients. To obtain the entries for D,, you replace the x-coefficients a,, a, 
in P with the constants c,, ¢,. Similarly, to obtain the entries for D,, you 
replace the y-coefficients b,, b, in D with the constants cj, c>. 

The solution of a linear system in determinant form (4) is called 
Cramer's Rule. If D = 0, then either the system is inconsistent or the 
system has an infinite solution set. 


>A 


EXAMPLE 2. Use Cramer's Rule to solve the system: 2x +y=6 


Sn: = 4y = 9 
SOLUTION By inspection, you have 
z 1 
= = —-8-—3=-ll 
p=[; _4 
Then 
6 4 
D, 9 —4 —24-—9 —33 
Y= SS = ee _ = FH, 
D -l11 -l11 —I1 
and 
2 6 


You can check that (3, 0) is a solution. 


. the solution set is {(3, 0)}. Answer. 
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Oral Exercises 


State the value of the given determinant. 


i: iF 5 2 [ =| 3 ; 3 
4 2 5 7 6 | 

4. la x 5 \ae m 6 | 
by —8 n 6 10 

| Z ‘ 8. (ice ee 9. |a —3 ine 
—A 14 ne nd 1 2 

10. On the basis of Exercises 6-9 above, what can you say about the 
value of any determinant of the form qa 6 ? 
ka_ kb 
State the determinants D, D,, and D, for the given system of equations. 

1 3 ay = 2 P12) fee o13. x —4y = —3 
2x + 4v = 1 —4x + 2y = -2 2% — 3) 10 
14. &4+3y=5 MSs. —x 42 — 3 jie. 54 —3y=11 
—5x -—2y =9 4x + 3y = -17 —2x—4y= 

Written Exercises 
Evaluate the given determinant. 

‘eae male “al ale 6 Ee 

—2 3 0 a —2 >| Sek 
Solve each equation for k. 

Sik 7 6. | — k 7. Vk 
bs Hs le Jn 
Pas) 7 -8 © sk 

8-13. Use Cramer’s Rule to solve the equations in Oral Exercises 11-16. 

Use Cramer’s Rule to solve the given system. If it is inconsistent or has 
an infinite solution set, so state. 

14. 3x — 2y = 1 15. 2x +3y =1 16. 2x —3y =11 
5x —-3y =4 5x + 4y = -—8 3x + 5y =7 

17. 2x =38y 96 18. —2x + 4y = —4 19. —4x — 5y = -2 
—x+4y=3 3x — 5y = 4 8x + 10y = 4 

20. 5x —3y = 4 21. 94 = Aye 22020 2 = 5 
9x — 6y = 8 ty —ly =2 ty — dy = -2 
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C 23. Use the diagram below to show that the area of parallelogram 


ABCD = - Z . (Hint: Find the area of the rectangle and subtract 
the areas of the four triangles.) y 


Cla+c,b+d) 


24. Prove that if the graphs of the system of equations 
axtby=cy 
a,x + byy = Cc, 


Oe lake 


are parallel (or coincident), then =a) 


Gy 7 
25. Prove that for the system of equations given in Exercise 24 above, if 


ee t| — 0, then the graphs of the system are parallel or coinci- 


a, O02 
dent. 


26. Prove that if the system of equations 


a ou, y= 0 

a,x = Day = 0 Gch nie a = 0) 
has a solution other than (0, 0), then a, b, = 0. (Hint: Assume 
x # Ofirst. Then start by dividing the first equation by b,, the second 


by b,.) 


4-4 Using Two Variables to Solve Problems 


The following examples illustrate how vou can use systems of equations 
to solve practical problems. 


EXAMPLE 1 Jack has $10.00 to spend for entertainment. He found that he can spend 
all the money for two record albums and a ticket to the basketball game, 
or he can buy one album and wwvo tickets to the game for himself and a 
friend and have $2.75 left for refreshments. What is the price of a 
basketball ticket, and how much does an album cost? 


SOLUTION 1. The problem asks for the price of a basketball ticket and for the price 
of an album. 


(Solutuon contuiued on page 12) 
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2. Let the price of a ticket be x cents and the price of an album be y 


cents. 
3. The price of added the price of $10.00 
one ticket to two albums is (1000 cents). 
—— — ——— ee i a 
BS ai 2y = 1000 
The price of added the price of $10.00 less 
two tickets to one album is $2.75 ($7.25). 
a a y L 725 
4. Solve the system: x + 2y = 1000 
Zee = 125 


Showing that the solution of this system is (150, 425) and checking this _ 
result in the words of the problem (Step 5) is left to you. 


..a basketball ticket costs $1.50 and an album costs $4.25. Answer. 


To solve motion problems about airplanes, as in Example 2, you must 
know the meanings of the following phrases: 


Tail wind: awind blowing in the same direction as the one in which the 
airplane is heading. 
Head wind: a wind blowing in the direction opposite to the one in 
which the airplane is heading. 
Wind speed: the speed of the wind. 
Air speed: the speed of the airplane in still air. 
Ground speed: the speed of the airplane relative to the ground. 


With a tail wind, an airplane’s ground speed is the sum of its air speed 
and the wind speed. With a head wind, the ground speed is the differ- 
ence between the air speed and the wind speed. 


EXAMPLE 2. Witha given head wind, a certain airplane can travel 4800 km in 6h. But 
flying in the opposite direction with the same wind blowing, the plane 
can fly that distance in 1h less. Find the plane’s air speed and the wind 
speed. 

SOLUTION 1. The problem asks for the speed of the plane in still air and for the 

speed of the wind. 
2. Let x = the air speed of the plane in kilometers per hour (km/h); 
y = the wind speed in kilometers per hour. 
The facts of the problem are listed below in the chart. (Recall the 
use of the relationship d = rt on page 39.) 


Ground speed (km/h) Time (h) | Distance (km) 
r ie ni =e 
With a head wind ae 
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3. Distance with a head wind is 4800km. 


6(x — y) = 4800 
Distance with a tail wind 7 4800 km. 
ee ee 
5(x + y) = 4800 
4, Solve the system: 
6(x — vy) = 4800 ie x —y = 800 
5(x + y) = 4800 x+y = 960 


Completing Step 4 and checking your results (Step 5) are left to you. 
You should find that the plane’s air speed is 880 km/h and that the 


wind speed is 80km/h. Answer, 


Oral Exercises 


In Exercises 1-6 let d represent the number of dimes and g represent 
the number of quarters collected from a parking meter. In each case, 
translate the sentence into an equation in d and q. 


1. 


There are a total of 31 coins in the meter. (The meter accepts only 
dimes and quarters.) 


. The value of the coins is $5.80. 


. If there were 3 fewer dimes and 2 more quarters the value of the 


coins would be $6.00. 


. If there were half as many quarters and three times as many dimes, 


there would be a total of 48 coins in the meter. 


. If there were 5 fewer dimes and twice as many quarters, the value of 


the coins would be $9.80. 


. If there were four fewer dimes, there would be twice as many 


quarters as dimes. 


In Exercises 7-12, consider an airplane with an air speed of 400 km/h. 


11. 


12. 


. What is the plane’s ground speed on a windless day? 

. What is the plane's ground specd if there is a head wind of 30 km/h? 
. What is the plane’s ground speed if there is a tail wind of 40 km/h? 
. How long would it take the plane to make a 1000kmi flight on a 


windless day? 

How long would it take the plane to make a 1110 km Tlight against a 
head wind of 30 km/h? 

How long would it take the plane to make a 1320 km flight witha tail 
wind of 40 km/h? 


System of Linear Lquations or Inequalities | 121 


In Exercises 13-17, let x represent the rate of a boat in still water and y 
represent the rate of the current, both in kilometers per hour. Translate 
each sentence into an equation in x and y. 


3: 
14. 
15. 
16. 
17. 


The rate of the boat traveling upstream is 4km/h. 
The rate of the boat traveling downstream is 10 km/h. 
The boat can travel 18km upstream in 4h. 

The boat can travel 19km downstream in 2h. 


Suppose you know only that the boat can complete a round trip of 
10km upstream and 10 km downstream in 6h. Could you find the 
rates of the boat and the current? If so, give the equation(s) you 
would use. If not, explain why not. 


Problems 


1. 


10. 


Use the relationships stated in Oral Exercises | and 2 to find the 
number of dimes and the number of quarters in the meter. 


Use the relationships stated in Oral Exercises 13 and 14 to find the 
rate of the boat in still water and the rate of the current. 


. Use the relationships stated in Oral Exercises 15 and 16 to find the 


rate of the boat in still water and the rate of the current. 


The difference of two numbers is 7, and the greater number is 3 
greater than twice the smaller. Find the numbers. 


. Three times the sum of two numbers is 7 more than the greater 


number. One-half the difference of the numbers is 3. What are the 
two numbers? 


The perimeter of a rectangle is 80cm. Three times the length of the 
rectangle is equal to seven times its width. What are the dimensions 
of the rectangle? 


The degree measure of one of two complementary angles is 30 less 
than twice that of the other. What are the degree measures of the 
angles? 


. The degree measure of one of two supplementary angles is 6 more 


than one-half that of the other. What are the degree measures of the 
angles? 


. A circular piece of metal is to be cut into 3 pieces of one size and 5 


pieces of a larger size so that the central angle of each of the larger 
pieces has a degree measure 6 less than twice the degree measure of 
the central angle of each smaller piece. What is the degree measure 
of the central angle of the larger pieces? 


At the Centerville Chess and Bridge Club one evening, 23 tables were 
needed to accommodate 62 bridge and chess players, one game per 
table. How many tables were used for chess and how many for 
bridge (a four-person game)? 
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11. With an 80 km/h head wind, a plane can fly a certain distance in 4h. 
Flying in the opposite direction with the same wind blowing, it can 
fly that distance in 1h less. What is the plane's air speed? 

12. Traveling downstream, a boat can go 18km in 2h. Going upstream, 
it makes only two-thirds this distance in twice the time. What is the 
rate of the boat in still water, and what is the rate of the current? 

13. Tickets to a concert cost $4.50 for the general public and $3.75 for 

v students. If 400 people attended the concert and $1680 was col- 
lected in ticket sales, how many student tickets were sold? D 


. = 


14. In the figure at the right m(AB) = = m(AD) and 
m(BC) = = m(DC); m(AC) is 14 times as long as m(AB). A Cc 
If the perimeter of queda ABCD is 17 and the 
perimeter of \ABC is 16, find the lengths AB and BC. 


15. If Herman’s test grade and quiz grade are equally weighted, his 
average would be 85. If the test counts 3 times as much as the quiz, 
his average would be 83. What grade did he receive on the test? 


16. The degree measure of each of the base angles of an isosceles 
triangle is 6 less than the degree measure of the vertex angle. Find 
the degree measures of the angles of the triangle. 


In Exercises 17-20 find values of A and 8 so that the graph of the 
given equation will contain the given points. 

17. Ax + By = 4; (8, 4), (13, 7) 

fey Ax’ + B; (—2, 5), (3, 15) 

19. y =x? + Ax + B; (1,4), (—2, 10) 

20. y = Ax? — 3x + B; (—1, 10), (2, 7) 


21. The height # (in meters) above the ground of an object propelled 
upward with an initial velocity vy (in meters per second) from an 
initial height 4, (in meters) is given by the equation, 

h = —10t? + vot + No, 


where ¢t represents the time in seconds. 
What are the initial velocity v, and height /1, for an object that is 30m 
from the ground after 1s and that hits the ground after 3s? 

22. The equation y = bx + ax? describes the trajectory of a baseball 
thrown from a point considered to be the origin of a coordinate 
system. If the ball goes through the point (20, 8) and lands at the 
point (100, 0), find the value of a and b. 
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C 23. Two railroad workers were working together in a 1.2 km mountain 
tunnel when a signal light flashed indicating the approach of a train, 
which was traveling at 60 km/h. Walking east, one worker reached 
the east end of the tunnel in 6 min, as the train entered the tunnel. 
The other worker reached the west end of the tunnel in 6 min and 
was passed by the train 0.24km beyond the west end of the tunnel. 
At what rate did each worker walk? 


24. After leaving the boathouse, a rower rowing upstream passes a log 
2km upstream from the boathouse. The rower rows upstream for 
one more hour and then rows back to the boathouse, arriving at the 
same time as the log. How fast was the current flowing? 


25. A coin bank contains 27 coins, all nickels, dimes, or quarters. The 
combined value of the nickels and dimes is 90¢; the combined value 
of the dimes and quarters is $4.00. How many coins of each denom- 
ination are there in the bank? 


ON THE CALCULATOR - 


These exercises are designed to help you familiarize yourself with your 
calculator. Your calculator may feature different buttons or a different 
order of operations. In this book we use »-) to indicate “store in mem- 
ory” as well as “add to memory.” 


EXAMPLE 1 Evaluate (2x + 1)5 when x = 6. 
SOLUTION 20935 HR (S)o)5S)371233 Answer. 


13257 


EXAMPLE 2. Evaluate — 0.008(4819). 


SOLUTION (3275752715 Sw aaea xs se Syy 


Exercises 


4 
Evaluate (3 _ 3) for the given values of x. 


1.x = 10 R, Se ss ilk 2, 56 = 7 A, se = wil 
5. Evaluate 0.00049 (28,153) + 0.05 
155 
& Jovi === — Cayo 00 
valuate 70,845 ( 18) 


7. In one year there were 728,014 take-offs and landings at a certain 
airport. What was the average number of take-offs and landings per 
day? 


124 | Chapter 4 


Self-Test 1 


VOCABULARY - system of linear equations 

(p. 107) 

solution set of a system of 
equations (p. 108) 

consistent equations (p. 108) 

inconsistent equations (p. 108) 

linear combination of 
equations (p. 112) 

entry (element) of a 
determinant (p. 117) 

determinant of coefficients 
(p. 117) 

Cramer's Rule (p. 117) 


1. Graph the system of equations (Obj, 1. p09 


x- y=4 
5x + 3y = 12 


and give the apparent solution set. 


2. Find the slope and the y-intercept of each graph (if necessary) to 
determine how many solutions each system has. 


eee y= 3 b. 2x — 10y = 8 c.  20eh By 6 
x —2y = -3 —xX + 5y = -—4 So Ss 
3. Solve by the linear combination method. Coe p. 107 
2x — 5y = —18 
3x + 4yv = 19 
4. Solve by the substitution method. 
7x + 3y =6 
2x — v= 11 
5. Use determinants to solve the system. Obj 3 p 107 
5x — 4y = 8 
6x — 5y = 10 
6. The regular fare for a certain route on Flyaway Airlines is $45, Obj 4 p 107 


but children pay 3 of the regular fare. On a flight with 150 
passengers, $6150 was collected in ticket sales. How many adults 
and how many children were on the flight? 


Check your answers with those at the back of the book. 


Se ee es E = 
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Systems of Inequalities 
in Two Variables 


OBJECTIVES for Sections 4-5 and 4-6: 
1. Graplt the solution set of a system of linear inequalities in two variables. 
2. Solve linear-programming problems in two variables. 


4-5 Graphing a System of Linear Inequalities 


How would you describe the graph of the solution set of the following 
system of linear inequalities? 


x+y<2 
y 2 ee 


In Figure 5, gray shading is used to show (part of) the open 
half-plane that consists of the points lying below the 
line with equation x + y =9. This is the graph of the 
inequality 


x+y<9 


(recall Section 3-4). Red shading in Figure 5 shows the 
closed half-plane that is the graph of 


Figure 5 


yi 2x. 


The region in Figure 5 where the two colors overlap is the intersection 
of the two half-planes; it consists of the points whose coordinates satisfy 
both inequalities in the given system. Thus, this region is the graph of 
the solution set of the given system. Note that the region includes the 
part of its boundary indicated by a solid half-line (the half-line from P 
through Q), but does not include the part shown by a dashed half-line 
(the half-line from P through R). P itself is not in the region. 

In general: 


To show the graph of the solution set of a system of inequalities, 
you take these steps: 
1. Graph each inequality in the system. 


2. Show by heavier shading the region that consists of those points 
that belong to all of the graphs drawn in Step 1. 


EXAMPLE _ Graph the solution set of the system: 0<x <7 
: x+2y>4 


tn ' -y ivy -~ L 
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SOLUTION The given system is equivalent to the following system of three inequali- 
ties, whose graphs are shown in the diagram at the right as indicated: 
0 <x (red shading) 
x <7 (gray shading) 
x + 2y > 4 (diagonal hatching) 
The region common to all graphs is the 
graph of the system; it is the region between 
the rays QP and RT and above the segment 
QR, including all boundary points. Answer. 


Oral Exercises 


The lines whose equations are y = 2x, y = x + 3, and y = 1 separate 
the plane into seven regions numbered as shown at the right. In 
Exercises 1-9, name the region or regions that form the graph of the 
solution set of the given system, and identify the part(s), if any, of the 
boundary that belongs to the graph. 


ee 2X 2y>x4+3 3 2 
ca | ee 2x gl 
aay > | 5 y<x+3 6 y>x4+3 
ee 2X Ves yoe 
yox+3 peek va 

fay xX +3 8B yox+3 Ce | 
Dee 2x y= yc 2 
= | Ree) 


Written Exercises 


in a coordinate plane graph the solution set of each system. 


A Wine > 1 Pe ea 5B, Bea 

sy vy <0 v> —x 
4y<24x 5 yee 6 Vv < —2v 

We 2 — XxX we Ke Pee. 
foe x +3 8 wv—av>5 9 v+3v>6 

Gee 2x + 4 2v+ yv>5 ye og 
ome x <6 iW. xv — 2 < 10 12, —3v + 4v-¢ 12 

fe 3x > 4 2x + von0 yipe3 
ieee x < 2 (592 aoa 15. »¥ — ley r+ 1 
ieee x + yy < 3 7 —-Il<xv<v (Se Jee: + 1 Ae 
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IS, wy 2 © PA, se SW 2 y <4 
ROS y <0 y>oawxk+6 
eo A 2 yess Ne 
22.32% > 0 23. x20 24. y>-l 
eo ve x<2 
Bo ap SS) ek ay 
xy = 10 Paes 2 
25024 2. —2<x< 0 27 <6 
WEBS yox+6 y > 2x 
x+y<6 x+y> —6 y>o—x-—3 
28. Es ae) 29. lyf <2 30. -l<x+y<2 
Kea oy Ix + 3) <1 Cee eS 5 
31. Eel xe 2 32. |x + y| > 4 33. |x| + |y| < 4 
eee yl! | yes 


4-6 Linear Programming 


The following situation illustrates a type of problem in economics that 
involves a system of inequalities in its solution: 

An assembler of dune buggies carries two models: the Sand Grabber 
and the Dune Dee. The company has equipment to assemble as many as 
60 Sand Grabbers and as many as 45 Dune Dees per month. It takes 
150h of labor to assemble a Sand Grabber and 200h of labor to ~— 
assemble a Dune Dee, and the company has up to 12,000h of labor 
available for dune-buggy assembly each month. If the profit gained on 
each Sand Grabber is $120 and on each Dune Dee is $180, find the 
number of each model the firm should assemble to gain the maximum 
(greatest) profit each month. 

To solve this problem, let x represent the number of Sand Grabbers 
and y the number of Dune Dees that are assembled each month. Then 


120x = the monthly profit on Sand Grabbers, 
180y = the monthly profit on Dune Dees, and 
120x + 180y = the monthly profit on the two models together. 
The values of x and y must satisfy the following system of inequalities, 
called constraints: 
es 5 (The firm must assemble a nonnegative number of 
y > 0) each model.) 
x < 60 (At most 60 Sand Grabbers can be assembled each 
month.) 
y < 45 (At most 45 Dune Dees can be assembled each 
month.) 
150x + 200y < 12000 (Up to 12,000 h of labor are available for assem- 
bly each month.) 
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(20. 45) 


Figure 6 


The shaded portion of Figure 6 is the solution set of the foregoing 
system of constraints. Notice that the graph of this solution set is the 
intersection of a finite number of closed half-planes (actually, five closed 
half-planes). The graph is called the feasibility region, and the points of 
the graph where the lines that form the boundary intersect are called 
corner points of the feasibility region. We can then find the maximum 
value of 120x + 180y over the feasibility region by using the following 
theorem that we accept without proof. 


Theorem. If a and b are any real numbers, and if the linear 
expression ax + by has a maximum (greatest) value over a feasi- 
bility region which is the intersection of a finite number of closed 
half-planes and which has corner points, then the maximum occurs 
for the coordinates of some corner point. 

Similarly, if ax + by has a minimum (least) value over the region, 
then the minimum occurs for the coordinates of some corner point. 


Therefore, to maximize or minimize 120v + 180y (find its greatest or 
least value), we evaluate it at the five corner points, whose coordinates 
are found by solving simultaneously the equations of the boundary lines 
determining those points: 


Corner Point 120x + 180y 


-0 + 180-020 

-60 + 180-90 = 7200 
-60 + 180-15 = 9900 
-20 + 180-45 = 10500 
-O + 180-45 = 8100 
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Thus, over the feasibility region, the maximum value of 120x + 180y is 
10,500 and this occurs at the point (20, 45). The minimum value of 
120x + 180v is 0 and occurs at the origin, that is, when no dune buggies 
are produced. Therefore, to maximize the monthly profit, the firm 
should assemble 20 Sand Grabbers and 45 Dune Dees, and thus obtain a 
profit of $10,500 each month. 

The process illustrated in this example is called linear programming 
because it furnishes a means of finding maximum and minimum values 
of a linear expression over a feasibility region determined by linear 
inequalities. 


Oral Exercises 


State the value of the given expression for the coordi- 
nates of the given point. Refer to the graphs shown at 
right. 


lx+y;A 24+); B 3 x+y; C 
4.x —y; D 5. tee 6x —y; F 
i xX —2yG 8. x — 2y; H 9. 2x—y; B 


State the requested value for the coordinates of the 
points in the given closed region. 


10. minimum of (x + y); R 11. maximum of (x + y); R 

12. minimum of (x — y); R 13. maximum of (x + y); S | <= 

14. minimum of (2x — y); So 15. maximum of (2x — y); S O} (1.0) H(3, 0) 
a & \' 


Written Exercises 


In Exercises 1-6: 

. Graph the solution set of the system of inequalities. 

. Find the coordinates of the corner points of the graph. 

c. Find the value of the linear expression printed in red at each of the 
corner points. 

d. State the maximum and minimum values (if any) of the given linear 
expression under the given constraints. 


ome) 


ore = 8 2 l<y gare 1 3 1< ya 
O<) 5 =e 2x +9 al vo 
AoE 2y 2. oye op Ilo 

5x + 2y 

4 x) 5. Ov a ! peer aueae)| 
oe al O< ys 2 
y <4x — 8 2a+y< 14 eee Dyes 
4x — 3y 3x — 2y Sx +H 
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eyo’ a 


-f 
Exercises 7-10 refer to the following situation. A manufacturer of ee © 


furniture Can produce at most 20 tables and at most 30 chairs per day. aa 
Each table requires 3 h of labor, each chair 2 h of labor. The maximum 
total hours of labor that the manufacturer can assign is 96. 


7. Letting x represent the number of tables produced daily and y 
represent the number of chairs produced daily, give three inequali- 
ties that express the conditions aN 


8. Graph the system of inequalities in Ex&rcise 7. wo? 
: ; ; : : * 
9. Give the coordinates of the corner points of the graph in Exercise 8. 
10. Find the number of chairs and tables the company should produce 

for maximum profit, if the profit on each table is $30, and the profit 


on each chair is $40. Z0x+4UO, = p 


Exercises 11-14 refer to the following situation: Each can of Happy 
Hound dog food must contain at least 15 units of protein and at least 14 
units of fiber, all to be derived from two ingredients, A and 8. The table 
below gives the number of units of each nutrient per gram of ingredient. 


Ingredient A Ingredient e | 


Protein 


11. Graph the inequalities tha,éxpress the conditions above. 

12. How many grams of each ingrédient should the company put in each 
can to minimize the cost if each gram of ingredient A costs 6¢ and 
each gram of ingredient B costs 5¢? 


13. Answer question 12 if each gram of ingredient A costs 4c. 
14. Answer question 12 if each gram of ingredient A costs 10¢. 


In Exercises 15, and 16, assume that a, b, and c are greater than 0. 


15. Find the maximum of ax + by over the rectangular region with 
vertices (0, 0) (0, c), (1, ¢), and (ft, 0). 

16. Find the minimum of ax + by over the rectangular region with 
vertices (—1,c), (—1, —c), (c, —c), and (e, ¢). 

17. Graph the solution set R of the system ol inequalities x 2 0, » > 0, 
x + 2y < 8, 3x + 2v < 12, and on the same coordinate plane graph 


the line with equation + + y =p lorp = —2, 0, 3,5, and 8. Explain 
why the minimum value of v + v over R is Oand the maximum is 5. 
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x 
“tit 
The close cooperation 
of many people is re- 
quired to produce an 
advertisement that is 
attractive and that 
presents the essential 
features of the product 
accurately. 
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Careers 
in Business 


Linear programming is used in a great variety of industrial 
and business operations. Its techniques are not only ap- 
plied to production, but to purchasing and distribution, to 
job assignments, to budgeting, and even to advertising. 
It is important to note that often the relationships 
among the variables of the problem are only probable. 
For example, in the dune buggy example of Section 4-6, 
profits on each buggy are assumed to be constant while in 
fact such profits may vary depending on the sales volume. 
Linear programming is an approximation to a real-world 
situation. However, it is a sufficiently accurate mathemat- 
ical model to be of great use to the world of business. 


EXAMPLE An advertising manager of a company con- 
siders the alternatives in advertising various products in 
two weekly magazines. A half-page advertisement costs 
$300 in magazine A and $250 in magazine B per weekly 
issue. A recent advertising survey indicates that for every 
issue, 6000 readers will notice the advertisement in maga- 
zine A and 5000 will see it in B. In addition, 200 readers of 
A and 300 of B per week will usually complete attached 
questionnaire cards for additional information. In order 
to profit from the advertising campaign, it was determined 
that at least 59,000 readers should be reached and at least 
2900 request cards for additional information must be 
received. How many weekly advertisements should be 
placed with each magazine in order to minimize the cost 
for these advertisements? 


SOLUTION Let x be the number of weekly 
advertisements in magazine A and y the 
number in magazine B. Graph the following 


equations: 
Readers} 6000x + 5000y > 59,000 
Cards} 200x + 300y > 2900 


x20 ye 0 
The feasibility region is shown at the right. 


Determining the minimum value of 
300x + 250y, you find that 4 ads should be 
placed in magazine A, and 7 in magazine B. 
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Self-Test 2 


VOCABULARY constraints (p. 128) maximize (p. 129) 
corner point (p. 129) linear programming (p. 130) 
feasibility region (p. 129) 
Graph the solution set of each system. Ob) 7, p. 126 
1. 3x\4 4y < 24 2a 0 ee Ne 
eae y > —2 3x <2y <6—-—x l< 
3x + 2y 


Determine the maximum and minimum values of the given 
expression over the feasibility region shown at right. 


4 2x+y 5. 5x + 4y 

6. Find the maximum daily profit that can be realized on man- 
ufacturing 2\bureaus and y bookcases if the maximum num- 
bers of each item are 15 and 20, respectively. Each bureau 
requires 4h of labor and each bookcase 1 h; there are 68 h of 
labor available each day. The profit on each bureau is $30 
and on each bookcase $10. 


Check your answers with those at the back of the book. 


Chapter Summary 


1. For a system of two linear equations in two variables, the graphs of the 
equations either intersect in a single point or are coincident or parallel 
lines. Correspondingly, the system has a single solution, an infinite 
number of solutions, or nv solution. A system that has at least one 
solution is said to be consistent; otherwise, it is mconsistent. 

2. You can solve a system of linear equations in two variables by making 
transformations that yield equivalent systems, using the liear-. 
combination method or the substitution method. Transformations that 
produce an equivalent system of linear equations are the following: 
1. Replace any equation of the sy$tem with an equivalent equation in 

the same variables. 
2. Replace any equation of the system with the sum of that equation 
and an equation obtained by multiplying both members of another 
equation of the system by a r¢al number. 
3. In any equation substitute for one variable (a) its value, if known, 
or (b) an equivalent expression for that variable obtained from 
another equation of the system. 
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3. You can also use determinants to solve such a system by applying 
Cramer's Rule. 


4. Systems of linear equations can be applied to solve problems by 
translating relationships into a system of equations. 


5. The solution set of a system of linear inequalities in two variables is 
the intersection of open or closed half-planes representing the ine- 
qualities. 


6. If a linear expression has a maximum or minimum value over a 
feasibility region which is the intersection of a finite number of closed 
half-planes and which has corner points, then that value occurs for the 
coordinates of some corner point. 


Chapter Review 


Tell whether the system of equations has: a. exactly one solution, b. an 
infinite set of solutions, or c. no solutions. 


De 2y yes 2 3x + 5v = 10 
4x — 6y = 9 —6x — 10y = 20 
Solve by the linear-combination method. 


ee a 
4x + 2y = 18 


a. {(1, 1)} b. {(4, 1} ce. {(1, 4)} d. {(2, 2)} 


Solve by the substitution method. 


4. y=3x+2 


2y — 3x =7 
a. {(2, 3)} b. {(1,5)} e. {(672)} d. {(2)6)} 
Test Items 5-6 refer to the following system of equations. 
x—2y=3 2x + 3y = —8 
5. Find the determinant of coefficients, D, for the system. 
a {1 —2 b. | 3 | cra [8 | 3 
2 3 —8 5 2 -8 


6. Solve the system using Cramer’s Rule. 


a. {(2,3)} b. {(2, —1)} c. (a a. (239) 


A parking meter which accepts only nickels and dimes contains coins 
with a combined value of $1.35. Let d stand for the number of dimes 
and n the number of nickels in answering Test Items 7-8. 


7. Which equation expresses the combined value of the coins correctly? 
a. 5d + 5n = 135 b. 10d + 5n = 135 e. 10d = 5 — "135 
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4-1 


4-2 


4-4 


8. Given the additional information that there are three more nickels 
than dimes in the parking meter, find the number of dimes. 
a. 3 b. 4 c. 8 d. 6 


Graph the following system of inequalities. Use the graph to answer 
Test Items 9-10. 
OPES y> -3x+4 


9. Which one of the following points does nor lic on the graph of the 
system? 
ees) 2) b. (4, —2) c. (2, —2) d. (5, 0) 

10. Which one of the following points lies on the graph of the system? 
a. (0, 4) b. (0, 0) ce. (2, 4) d. (—1, —2) 


In Test Items 11-12, use the following system of constraints. 
Xeon) vy Sw y<4— 20 


11. Find the minimum value of y — 2x. 
a. —2 b. 4 con) d. —4 


12. Find the maximum value of 2x + y. 
a. 8 baz c. 4 d. 6 


Chapter Test 


Graph the given system of equations. Identify the apparent solution 
set. 


iieae + 2y = 8 ye X= BY S60 
2x-—- y=3 = 
3. Solve by the linear-combination method: 4x + 2v = 0 
4. Solve by the substitution method: 3x + y=1 
sy = 29 
lve for k: a 15 
Se oolve for Kk: | ao : 
6. Use Cramer's Rule to solve: 20 =i = 
—3x +4v = —10 


DA rectangle with a perimeter of 24cm is twice as long as it is wide. 
Find its dimensions. 

‘3. Find the values of A and B so that the line with equation 

= Ax + By = 3 passes through (—2, —)) and (1, 5). 


4-5 


4-6 


4-2 


4-3 


4-4 
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9. Graph the solution set of the following system. 4-5 
0<x <4 
6y + 4x < 24 
10. Find the minimum value of 3x — 2y subject to the following con- 4-6 


straints. 


0O<x<4 
C=, 
4y <3x + 8 


11. Find the maximum value of 2x + y subject to the following con- 
straints. 


l<x<4 
—2<y< -x 42 


Cumulative Review (chapters 1-4) 
In Review Items 1-5, simplify the given expression. 


(8 0) 4 


a. —5 b.o3 c —3 d. —18 
2. (—48) + [4(—12)4] 

a. 576 b. —576 c. —4 d. 4 
3. x — (y — 2x) — Gx — y) 

a. 0 b. —4x — 2y ec. —4x d. —2y 
r |14 — 3] — |7 — 16| 
3 eo3ay 

a G b. 4 ec. —2 d, 22 


5. —2[3a + 3a(b — a)] — a(—3a + 2b) 
a. —60 > —=20a0 b. —9a* = 6a —4a0 c. 9a> — 6a — sap d. 13a-> — ab 


In Review Items 6-10, solve over ®. 


6. 2y¥ — 1 S18 

a. {6} be c. {8} d. {25} 
7. ja —(a + 11S 

a. (3) b. (-9 «(no 
8 SE _ 3 a 10 

a. {—10} b. {—5} c. {10} d. {5} 
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9.8 —y < 2(2y — 1) 

See 25} «(fb {y:y22} « {y:y< —4) ad {yi 3 < —2} 
10. |x — 3) <7 

See — * < 10) bs (x: x < —40rx > 10} ec. {x1 x < 10} 
11.| Each of the two congruent sides of an isosceles triangle is 2cm 


longer than twice the length of the base. If the perimeter of the 
triangle is 29cm, what is the length of the base? 


a. 9cm be 12cm c. 5cm d. 8cm 

12. Whai is the slope of the line 2x — 3y = 18? 
a. 3 b. 3 c. —6 d. 2 

13. Which is an equation of the line with slope —3 and y-intercept 5? 
aeee— Y= b.sxtye—-5 a1 B+y=5 dx—3y=5 


14. What is the slope of the line containing the points (—1,4) and 
(3, —8)? 
a. —3 b. —4 c. 3 d. 4 


15. If y varies directly as x and y = 15 when x = 3, what does y equal 
munen x = 15? 


a. 3 b. 75 © 225 d. 45 


In Review Items 16-17, solve the given system. 


16. 2x + 3y =7 


x—4y= —-13 

a {(2, 1)} b. {(—5, 2)} ce. {(—1, 3)} d. {(2, 2)} 
172 2y = 5x = 10 

10x — 4y =6 

a. {(5, 0)} b. {(1, 1)} c. {(0, —2)} d. 9 


18. The sum of 2 numbers is 130. One number is 46 more than half the 
other number. What are the numbers? 


a. 56, 74 b. 52, 78 @, Sys}, 12 d. 60, 70 

19. Which point does not lie on the graph of the svstem: v < 3x 
BS 

a3, 3) b. (5, 4) c. (1, 4) di 2, 2) 


20. Find the minimum of the expression —2x + y over the triangular 
region with vertices (—1, —1), (1, —3). and (—3, —2). 
a. —3 b. —5 c. —4 d. —6 
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Terraset School in Reston, Virginia, is an earth-covered building 
designed to save energy. The solar collectors shown provide energy for 
heating the school. 
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Graphs in Space; 
Determinants 


Systems of Equations in Three Variables 


OBJECTIVES for Sectious 5-1 through 5-3: 

1. Draw graphs of ordered triples and linear equations in space. 

2. Deternine the x-, y-, and z-intercepts of a given plaue and the twaces of the 
plane in the coordinate plaues. 

3. Draw the space-graph of a given linear equation in three variables. 

4, Solve a system of three linear equations in three variables by transforming it 
into a simple equivalent systeut. 


5-1 Coordinates in Space 


Just as a coordinate system in the two-dimensional plane 
establishes a one-to-one correspondence between the set 
of points in the plane and the set of ordered pairs of real 
numbers, so does a rectangular coordinate system in 
three-dimensional space establish a one-to-one corre- 
spondence between the set of points in space and the set 
of ordered triples of real numbers. 

To set up a rectangular coordinate system in space, draw 
three mutually perpendicular number lines, or axes, pass- 
ing through a common point O, the origin, of each. The 
axes are usually labeled ., ». and <, as in Figure 1, with an Figure 1 
arrowhead on each to indicate the positive direction, and 
the same scale ordinarily is used on each. 
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In order to give spatial perspective to the figure, the angle between the 
positive x- and y-axes is drawn as a 135°-angle instead of a 90°-angle. 
When equal units are used on all three axes, the units of length on the y- 
and z-axes are drawn the same, while the unit on the x-axis is drawn as 
if it were two-thirds of the unit on each of the other axes; this ‘‘fore- 
shortening” helps give the appearance of depth to the drawing. Also, the 
negative portion of each axis is often shown as a dashed line. 

The coordinate axes determine three coordinate planes 
(Figure 2), each passing through the origin and each con- 
taining two of the axes: 


1. the xy-plane, which contains the x- and y-axes and is 
perpendicular to the z-axis; 


2. the sz-plane, which contains the y- and z-axes and is 
perpendicular to the x-axis; 


3. the xz-plane, which contains the x- and z-axes and is 
perpendicular to the y-axis. 


The coordinate planes separate space into eight regions, called oc- 
tants, each determined by the positive part or the negative part of each 
of the three axes. Each octant is designated by a succession of three plus 
or minus signs, according as the octant is determined by the positive or 
negative part of the x-axis, the y-axis, and the z-axis. Thus the 
(—, —, +)-octant (read “the minus minus plus octant’’) is bounded in 
part by the negative part of the x-axis, the negative part of the y-axis, and 
the positive part of the z-axis. The (+, +, +)-octant is also called the 
first octant; the other octants are not numbered. 


EXAMPLE In which octant does the given point lie? 
a. (3, — 1, 2) b. (—2, —4, —1) 
SOLUTION a. (4, =.) b. (-, -, —) 


To assign an ordered triple of numbers, or coordinates, 
to a point such as P in Figure 3, draw three planes through 
P, the first (represented by ABCP) perpendicular to the 
x-axis, the second (EDCP) perpendicular to the y-axis, and 
the third (AFEP) perpendicular to the z-axis. The numbers 
paired with the points in which these planes intersect the 
respective axes are, in order, the x-coordinate, the 
y-coordinate, and the z-coordinate of P. For example, in 
Figure 3, P has coordinates (3, 4, 5). 

Together with the coordinate planes, the three planes 


yz-plane 


xy-plane 
xz-plane 


Figure 2 


drawn through P form a rectangular parallelepiped, or box, Figure 3 


which we shall call the coordinate box of P 
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Notice that, starting at the origin, you can arrive at P by 
moving on this box along edges parallel to each axis in 
succession. One such path is shown by red arrows in 
Figure 3; Oto B, Bto C, Cto P. This suggests how to locate 
a point whose coordinates are given. For example, Figure 
4 shows the plotting of the point R(2, —4, —1): 


1. From O move 2 units in the positive x-direction along 
the x-axis. 


2. Then move —4 units (4 units in the negative direction) 
parallel to the y-axis. 


3. Then move —1 unit parallel to the z-axis. 


The point S(—5, 1, —2) has also been plotted in Figure 4. 

For better visualization, it is helpful in drawing space 
figures to show “hidden edges” by dashed segments and 
visible edges by darkened segments, as illustrated in Fig- 
ure 5 for the coordinate box of P(2, —3, —5). 


Figure 5 


Oral Exercises 


In Exercises 1-24 state the coordinates of the given vertex of a coor- 
dinate box shown below. 


3. C By, (e 6. | 
ZG 8. H 9. hs ie 
13. M 14. N 15. Q (ie 18. T 
te, U 20. V 21. W 2218s 2555) 20, Z 


In Exercises 25-32 name the coordinate plane that contains the two 

given points. 

25. A and F 26; Eiandig PE, S) anny) if 28. Sand R 
29. [f and H 30. K and J 31. U and 7 32. Wand ¥Y 
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In which octant does the given point lie? 


Ba, (5, —2, —1) 34. (—3, 2, —8) 35. (1, 1, —1) 


Name the coordinate plane or axis containing all points of the given 
form. 


36. (0, a, b) 57 a0) 38. (0, 0, a) 


In Exercises 39-42, name a fourth point that is in the same plane (not 
necessarily a coordinate plane) as the three given points in the coor- 
dinate boxes on page 141. 


39. P D,and C 40. M, N, and Q 41. J, K, and H 42. O, P. and Z 


4 4 
~ ) Ae ae \ 


Written Exercises be Ge 


AN 
Nz 
\ 


1-4. Copy the diagrams shown in the Oral Exercises on page 141, but 
show the hidden edges as dashed segments. 


Draw a diagram of a coordinate system in space. In the diagram show 
the coordinate box of the given point. Show the hidden edges as 
dashed segments and be sure to indicate units along the coordinate 
axes. 


5: (2335) - 6. (—2, 4, 3) 7. (4, — 3, 6) 8 (—2, —5, 3) 


wah Sp ees) [03 = 36) i (= e244 =e 


In Exercises 13-20 draw a diagram of a coordinate system in space and 
locate the given point using a diagram like Figure 4, page 141. Give the 
coordinates of each point at which the arrow changes direction. 


13. (3, —1, 4) 14. (2,4, —1) 15. (—3, —5, 3) 16. (6, —2, —4) 
17. (—4, 1, 5) 18. (—1, 7, —6) 19. (—3, —4, —4) 20: (2; 3, =) 


Sketch the triangle in space whose vertices have the given coordinates. 


21. (3, 0,0), (0, —4, 0), (0, 0, 5) 22. (0, 0, 4), (—6, 0, 0), (0, 2, 0) 
23. (0, 0, 0), (3, 0, —3), (0,5, —3) 24. (0, 0, 0), (—4, 0, 3), (—4, —2, 3) 


On a coordinate system in space, graph each of the following sets of 
points. In each set connect the four points that all lie in one plane. 
25. (0, 0, 3), (0, 0, 0), (0, 4, 0), (—5, 0, 0), (—5, 4, 0) 

26. (0, —3, 0), (0, 4, 0), (—4, 0, 0), (0, —3, 5), (—4, 0, 5) 
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Careers —— es 
in Economics 


Economists deal with a wide variety of problems in busi- 
ness, government, and international affairs. They study 
the production, distribution, and consumption of goods. 
They are concerned with the relationship between supply 
and demand, and its effect on prices. In government, 
economists are involved in decisions regarding budgets, 
taxes, inflation, unemployment, and wage and _ price 
guidelines. In international affairs, the issues o! trade, 
tariffs, the balance of payments, currency valuation, and 
aid to developing nations require knowlédge of eco- 
nomics. 


EXAMPLE One of the most basic principles in the study 
of economics is the relationship between supply and de- 
mand and its effect on prices. If the price of a certain 
commodity goes up, then there will be less demand for 
that item, or consumers will buy smaller quantities of that 
item. A graph of this relationship looks something like the 
one on the left. Now look at the producer’s point of view. 


Demand Supply Equilibrium 


Price 
Price 
Price 


Quantity Quantity Quantity 
If the price of an item increases, then the manufacturing 
of that item becomes more attractive and producers will 
supply greater quantities of that item. This is shown in the 
graph at the center. 

You can see that these forces work to balance cach 
other. As the price of an item becomes too high, the 
supply will become greater than the demand. Then the 
price will be lowered to attract more buyers for the prod- 
uct. If a price becomes too low, the demand for the item 
will exceed the supply and the producer can then begin to 
charge higher prices. The price for which supply and 
demand are equal is called the equilibrium price, which 
you can see from the graph at the right is at the point of 
intersection of the curves. = 


An economist presents 
a variety of informa- 
tion graphically (above). 
Using standard refer- J 
ences, an economist an- 
alyzes new data (below). 
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5-2 Graphs of Linear Equations in Three Variables 


An equation such as 3x + 2y + 4z = 6is called a linear equation in three 
variables. In general, any equation of the form 


Ax + By + Cz =D, 


where A, B, C, and D are real constants such that A, B, and C are not all 
0, is a linear equation in the variables x, y, and z. In our work, we shall 
assume that the replacement set of each variable is @. 

An equation in one or two variables, such as 


2 — 3 or the = 3p = 5, 


can be regarded as an equation in three variables for which one or two 
of the coefficients of the three variables are zero: 


Ox + 2y +0z =3 or 4x + Oy — 3z =5. 
The ordered triple 
(4, 5, —4) 
is called a solution of the linear equation 
3x + 2y + 4z = 6 
because the assertion 
3°442°5 4+4-(-—4) =6 


is a true statement. In general, a solution of an open sentence in three 
variables is an ordered triple of values of the variables for which the 
open sentence is true. Such an ordered triple of numbers is said to 
satisfy the sentence. The set of all ordered triples of real numbers that 
are solutions of the open sentence is the solution set of the sentence over 
®&. To denote the solution set of the equation 3x+ 2y + 4z = 6 over R, 
we shall use the notation 


ie v3 2) ore + 2y + 42 = 6}. 


In Section 5-1 you saw that an ordered triple of real numbers gives the 
coordinates of a point in space. The set consisting of those points and 
only those points whose coordinates satisfy a given open sentence in 
three variables is the graph of the sentence. We accept the following 
without proof. 


Theorem. In space, the graph of a linear equation in three 


variables is a plane. Conversely, every plane is the graph of some 
linear equation in three variables, called an equation of the plane. 
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For example, x = 0 for all points in the yz-plane and for no other 
points. Accordingly, the linear equation 


x=0 
is an equation of the yz-plane. Similarly, 
210 and Z= 


are equations of the xz-plane and the xy-plane, respectively. 

Since three noncollinear points determine a plane, you can use the 
foregoing theorem to graph a linear equation in three variables by 
finding three noncollinear points whose coordinates satisfy the equa- 
tion. When possible, it often is easiest to choose the points where the 
plane cuts the coordinate axes. 


EXAMPLE 1 _ Sketch (part of) the graph of the equation 
3x +y + 22 = 6. 


SOLUTION 1. To find the coordinates of the point where the graph cuts the x-axis, 
replace vy and z with 0 in the given equation and solve for x: 


3x +4y¥ 422 = 
3x +0 42-0 =6 
aye = Ie 
4 Xa 


... the plane cuts the x-axis at the point A(2, 0, 0). 


2. Next, replace x and < with 0 in the given equation and solve for vy. 


Be tepid 
— 3:0 +¥4+2°0=6 
} 0, 


.. the plane cuts the y-axis at the point B(O, 6, 0). 


3. Now replace x and y with 0 in the given equation and solve for 2: 


.. the plane cuts the z-axis at the point C(O, 0, 3). 


4. Draw a sketch showing the three points 
where the plane cuts the three axes, 
draw the linc segments connecting the 
three points by pairs, and shade the 
space triangle as shown. This triangle is 
part of the plane graph of the given 
equation. Answer. 
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The x-coordinate, 2, of the point where the plane of Example | cuts the 
x-axis is called the x-intercept of the plane. Similarly, the y-intercept of 
the plane is 6 and the z-intercept is 3. In general, if a plane intersects the 
x-axis in a single point, then the x-coordinate of that point is called the 
x-intercept of the plane. The y-intercept and z-intercept are defined 
similarly. 

In the graph of Example 1, the points A and B lie in the xy-plane and 
also in the plane that is the graph of 


3x +y + 2z = 6. 
Therefore the line AB is the line of intersection of the xy-plane and the 
graph. 
You call a line in which a plane intersects a coordinate plane the trace 
of the given plane in that coordinate plane. Thus, the trace of the graph 


of Example | in the xy-plane is AB, in the yz-plane is Ine, and in the 
xz-plane is AC. 
Since AB lies in the xy-plane, the coordinates of its points must satisfy 


the equation z = 0. But AB also lies in the graph of 3x + y + 2z = 6,so 
the coordinates of its points must satisfy this equation, too. Since there 


—> 
are no other points on both of these planes, you can conclude that AB is 
the solution set of the system of equations: 


3X + y + 27 =6 
= 


If you replace z with “0” in the first equation of the system, you obtain 
the equivalent system 


3x +y =6 
Z =0 


ei . a 
whose solution set is AB. 
Similarly, the trace BC in the yz-plane is the solution set of the system 


y+2z=6 
= 0 
and, the trace AC in the xz-plane is the solution set of the system 


aye cb Be S © 
y= 0: 


EXAMPLE 2 a. Find the x-, y-, and z-intercepts of the graph of 4x + 3z = 12. 


b. Write a linear system of equations whose solution set is the trace of 
the given graph in each coordinate plane. 


c. Sketch the traces, and in your diagram shade part of the given graph. 
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SOLUTION 


EXAMPLE 3 


SOLUTION 


a. 4x +3°0= 12; x =3. The x-intercept is 3. Answer. 


4-0+ 3-0 = 12; 0 = 12. This equation is false for every value of y. 
there is no y-intercept, and the graph is parallel to the y-axis. Answer. 


4-0 +4 3z = 12; 2 =4. The z-intercept is 4. Answer. 


b. 1. Trace in the xy-plane (AB in the diagram): 


3. Trace in the xz-plane (AE in the diagram): 


yaw ; 
uM = D 
4p ae = 12 r wa ad 
c. The space-graph of 4x + 3z = 12 and 
its traces are shown at the right. 
~~ — 


ae 


a. Explain why the space-graph of 4x + 3z = 0 contains the y-axis. 
b. Sketch part of the graph. 


a. For every point on the v-axis, vou have ¥ = 0 and <= = 0. Substituting 
0 for x and for z in the given equation, vou obtain the statement 


Aol) te Boll) = (i) or Q=C, 


which is true for every valuc of y. Thus, the coordinates of every point 
on the y-axis satisfy the equation 4x + 3z = 0,so that the graph of the 
equation contains the y-axis. 

b. Since the graph contains the y-axis, vou 
need to know the coordinates of only 
one point not on that axis in order to 
sketch part of the graph. Substituting 3 
for x and letting v have the value 0, vou 
obtain 


A 2s — a) or c= 4. 


Therefore, the point with coordinates 
(3, 0, —4) is on the graph. Sketch a part of 
the plane containing the y-axis and the 
point with coordinates (3, 0, —4), as shown 
in red. Answer. 
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Examples 2 and 3 on pages 146-147 illustrate the following facts: 


| 


If the coefficient of a variable in an equation of a plane is zero, 
then: 


1. The plane is parallel to the axis of that variable if the constant 
term is not zero; 


2. The plane contains the axis of that variable if the constant term 
is zero. 


You can apply the foregoing facts in particular to graph 
a linear equation in three variables when the coefficients 
of two of the variables are zero. For example, in y = 2.5 
both the coefficient of x and the coefficient of z are zero, 
but the constant term is not zero. Therefore, the graph is 
parallel to the x-axis and also to the z-axis; that is, the 
graph is parallel to the xz-plane. You can now sketch the 
graph (Figure 6) of the equation when you note that the 
ordered triple (0, 2.5, 0) satisfies the equation. Figure 6 


Oral Exercises 


Exercises 1-8 refer to the diagram, which shows part of 
the graph of the equation 2x — y + 3z = 6. Identify the 
requested part of the graph. 


. The x-intercept. 
. The y-intercept. 
. The z-intercept. 
. The trace in the xy-plane. 
. The trace in the yz-plane. 
The trace in the xz-plane. 


. The part of the graph in the (+, —, +)-octant. 


oN aR uw ff Wh 


. The part of the graph in the (+, +, +)-octant. 


In Exercises 9-26: 

a. Name the x-, y-, and z-intercepts. 

b. Tell whether or not the graph is parallel to or contains any of the 
coordinate axes, and if so which one(s). 

c. Tell whether or not the graph is parallel to or coincides with one of 
the coordinate planes, and if so which one. 


9. 2x + 2y + 3z = 12 10. 2x + y= 11. —6x + 3y + 2z = 18 
12, 3% = 3 13. 2y =z =O 14. x — 4y —2z = 8 
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teer + Sz = 15 16. —8x + 3y — 4z = 24 lh 2=0 | 


18. 4x — 4y + 10z = 20 19. 4x — 2y = 0 20. y = —4 
21. 4x + 4y — 3z = —12 22. Sx — 2y + 4z = —20 23.2.0 = 
24. 2y —5z = —10 25. —5x — 6y — 10z = 30 26, /¥ = 0 


For each of the following equations of a plane state a system of 
equations whose solution set is the trace of the plane in the given 
coordinate plane. 


27. x — 8y — 2z = 8; xy-plane 28. 2x + Sy = 10; xz-plane 
29. 4y + 3z = 0; yz-plane 30. 7x + 7y — 2z = 14; xy-plane 
31. 2x —y + 6z = 12; xz-plane 32. 3x — z = 9; vz-plane 


33. Give a necessary and sufficient condition on a linear equation 
ax + by + cz = din three variables for the graph of that equation to 
be a plane through the origin of the coordinate system. 


Written Exercises 


1-18. For each of the equations in Oral Exercises 9-26: 
a. Sketch part of the graph of the equation. 
b. Give three systems of equations whose solution sets are the 
traces of the graph in each of the coordinate planes. If the : 
equation has no trace in a coordinate plane, so state. 


Graph part of the plane that has the given traces and that satisfies any 

additional condition given. 

19. xy-trace: 6x + 5y = 30, z =0; 20. xz-trace: 3x + 4¢ = 12, y = 0; 
Pa2tmace: y + 3z = 6, x = 0; parallel to the y-axis. 
Retnace ze oz = 10,7 — 0: 


21. xy-trace: 4x — 5y = 20, z = 0; 225 we hace ey 3) — OF 2 = 10; 
Waimace: y — 27 = —4, x = 0; contains the z-axis. 
ecirace: 2x +5z=10,y=0. 

Eo unace: 7 = 6, y = 0; 24. xy-trace: x + 2v = 4, < = 0; 
parallel to the xy-plane. yz-trace: 7y — 22 = 14, x = 0; 

xoaee: 7¥ — Ses 28 = 0. 

Boexy-trace: 2x + 3y = —12,z = 0; 26. Wwelaee: 1) = 2) ke— 0: 
yz-trace: 9y — 4z = —36, x = 0; Vertrac®, Sy 4525510) x = 0; 
Petrace, 4x — 2z = —18, vy = 0. Veta: © = sav = 

27. Write a system of equations for 28. Write a system of equations fo1 
the xy-trace of a plane with the xc-trace of a plane with 
yz-trace: 5y + 2z = 10, x = 0; xy-trace: —3x + 7y = 21, 2 
Peace: 5x + 42 = 20, y = 0. ye-trace: vy = 3, x = 0. 
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On one set of coordinate axes sketch parts of the planes defined by the 
following pairs of equations. Give a system of equations whose solu- 
tion set is the line of intersection of the pair of planes. 


29. 5x + 3y + 15z = 15; —5x + 4y + 202 = 20 
30. 2x +z=4; 4x —y + 22 =8 


5-3 Systems of Linear Equations in Three Variables 


A solution of a system of linear equations in three variables over ® is an 
ordered triple of real numbers that satisfies all equations of the system. 
The solution set of the system is the set of all its solutions. 

The geometric interpretation of the solution of a system of two equa- 
tions in two variables (Section 4-1) can be extended to systems of three 
equations in three variables. 

A system such as 


= 5 
4 


iG 
z=6 
can readily be solved, because you can see by inspection 
that its one and only solution is (5, 4, 6). Thus, the solution 
set is {(5, 4, 6)}. Figure 7 pictures this fact by showing 
P(5, 4, 6) as the single point on the graphs of all three of 
the equations. 


: : : : igure 7 
As Figure 7 suggests, two nonparallel planes intersect in a line, and Ogee 


three such planes can intersect in a single point. In that case, a system of 
three linear equations in three variables represented by the three planes 
is consistent and the solution is unique. 

But such a system is also consistent if the graphs of the equations in 
such a system consist of: 


1. Three different planes intersecting in a single line (Figure 8). 
2. Two coincident planes intersecting a third plane in a line (Figure 9). 
3. Three coincident planes (Figure 10). 


In each of these cases the system has an infinite set of solutions. 


Figure 8 Figure 9 Figure 10 
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The solution set is the empty set 9, and the system is inconsistent, if 
the graphs of the equations consist of: 


1. Three parallel planes (Figure 11). 

2. Two coincident planes parallel to a third plane (Figure 12). 

3. Three planes intersecting in three parallel lines (Figure 13). 

4. Two parallel planes intersecting a third plane in two parallel lines 
(Figure 14). 


Figure 11 Figure 12 Figure 13 Figure 14 


Because it often is difficult to obtain accurate information about 
coordinates of points of intersection of space figures from flat drawings, 
you should not ordinarily attempt to solve systems of linear equations in 
three variables by graphing the equations. Instead, to solve such a 
system you might transform it into an equivalent system which can be 
solved by inspection. 

The transformations used in solving systems of linear equations in two 
variables (page 112) are also applicable in solving three-variable sys- 
tems. In applying transformations, you might use the linear-combina- 
tion method, the substitution method, or a combination of these. If the 
transformations yield a false statement such as 0 = 2, then the system is 
inconsistent. If they do not yield a false statement but do yield a true 
statement such as 0 = 0, then the solution set is an infinite set. 


EXAMPLE Determine the solution set of the system: 
x+2v+ ¢=5 (7) 
2v— v+ =") (2) 
3x + vide=l (3) 


ba 
| 


SOLUTION 1. To obtain an equation in which the coefficient of v is 0, multiply each 
member of the second equation by 2 and add the resulting equation to 
the first equation. 


Xx > 2 2 =e 5 as 
dy —2v +22 = 8 (2) x 2 
5A +32= 13 (4) 


(Solurion Connmied on p ise 
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. To obtain a second equation in which the coefficient of y is 0, add the 


third equation to the second. 
2ax—-y+ z=4 (2) 
3x +y +4z=1 (3) 
nox +5z=5 (5) 


. The equations obtained in Steps 1 and 2 involve only x and z. You can 


use the method of transforming two equations in two variables to 
replace that pair of equations by the equivalent pair shown at the right. 


5x +3z=13 (4) : _ poe 
5x + 57 Sm is equivalent to ae 


. Replace x with 5 and z with —4 in the second of the given equations, 


and solve for y. 


2:5 -—y+(-4) =4 


© = y= 4 
y=2 
. Thus you find that the given system is equivalent to the system 
56 == 5) 
y=2 
BS = 


whose solution set is {(5, 2, —4)}. 
Checking in the given system, you have: 


54+2:24+(-4=5 
3:542+4+ 4-4) =1 


‘. solution set is {(5, 2, —4)}. Answer. 


Oral Exercises 


In Exercises 1-4, describe how you would use the linear-combination 
method to obtain from the given system two new equations in which the 
coefficient of the given variable is 0. 


1x: x+ y +2z=1 2z: 2+ 5y+3z = —6 
—x— y+3z=4 x—- yt z=2 
2. Sey z = 12 —4x + 3y —6z7 = -1 

3.9: 4x -—3y4+z2= -9 4x: 3x- y- z=4 
x+6y—z=5 5x + 2y —4z=1 
2x —2y+z= —3 6x — 3y —2z7 =7 
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In Exercises 5-8, describe how you would use the substitution method 
to obtain from the given system two new equations in which the 
coefficient of the given variable is 0. 


Sey, OX — y+z=3 6x: 3x —2y4+ 2=9 
x + 5y = 6 «+ 4y =) 
4x — i) —- v+42e=5 

Pee Xt y+ Z=5 & ys 3x -—2v4+ z2=4 
ey 22 = 2 20S Ve 2a 
x+y = 6 x —2z=7 


In Exercises 9-12: 

a. State whether the given system of equations in x, y, and z is 
consistent or inconsistent. 

b. If it is consistent, state whether the solution is unique or there is an 
infinite set of solutions. Give reasons for your statements. 

c. Describe the relationships between the graphs of the equations 
using Figures 7-14 on pages 150 and 151 as models. 


Smee V+ 2 = 2 10.%¥+y¥=0 le Pe = 0 12 x+y=4 
x+ y+ 2=3 c= 0) oy 0 Ae a 
2¢+2y+2z=—9 a—— ves) Na) 


13. Given a system of equations 


Ga oy + c,2 =d, 
Gx 4 05y + c,2 =d, 
Qi 04) + C,2 = cd; 


what relations must hold between the equations in order for the 
graphs of the system to: (a) resemble Figure 10 on page 150? (b) 
resemble Figure 11 on page 151? 


Written Exercises 


1-7. Solve the systems in Oral Exercises 1-7. 


In Exercises 8-16 the given system has a single solution. Find it. 


8 5x- y+tr2=5 94x - vt f= Oe ess ) See 72 
Bie th OP = as x—-2v—-3:=0 xv + 3v —42 = 1 
x+2y—z=3 x a Ie OSS era) 

Nee yy — 32 = 2 (12, = + 2=3 13. 2v+evet+ c=1 
se Sts 5) Seg vt = 1 = 38 tap 2 = 9 
Se <= Shy 2S ee 2y + 5v — Sea — | a 

14. 5a — 5b + 2c = 13 15. —d4x —3y =9 16. 31 + 2v = | 
2a — 4b + 3c = 8 2 2 2 ov+ S52 =4 
3a + 2b —~4ce =2 dy + 55 = 15 — Jue — let awe 


Graphs m Space; Determinants | 133 


In Exercises 17-19 the given system has a single solution. Find it. 


iy ae =4y 4 2 18. dx +4y +32 =2 19, x 49 — 42 
2x = a 1 Nias 
5 ey eee es 23) ie 


In Exercises 20-22, tell whether the given system has a single solution, 
no solution, or an infinite solution set. If the system has a single 
solution, find it. 


20. x-2y+ z=4 21. = a 2z = 2 22 doo = 2D 
ye = 0 Cel y+z=0 
—2x + 4y — 27 =8 ax+ y+ z2=4 x+y = 2 


23. Write an equation for a plane, parallel to the xy-plane, that contains 
point (a, b,c) where c # 0. 

24. Write an equation for a plane, perpendicular to the y-axis, that 
contains point (a, b,c). 


Self-Test 1 
VOCABULARY coordinate plane (p. 140) x-, y-, Z-intercept of a 
z-coordinate (p. 140) plane (p. 146) 
coordinate box of a point trace of a plane in a 
(p. 140) coordinate plane (p. 146) 
1, Draw a diagram of a coordinate system in space and in the Obj. 7, p. 139 


diagram show the coordinate box of the point (—2, 5, 4). Show 
the hidden edges as dashed segments and give the coordinates of 
all vertices of the box. 


2. Determine the x-, y-, and z-intercepts of the plane with equation Ob. 2, Pp 739 


3x — 2y — 6z = —12, and graph part of the plane. 


3. Give three systems of equations whose solution sets are the 
traces in the three coordinate planes of the plane defined by 
fey + 27 = 20) 


4. Draw the part of the plane 3x + 5y + 15z = 15 that lies in the Obj. 3, p. 139 


first octant. 


5. Solve the system: x—-2y- z=2 Obj. 4, p. 139 


2+ y+3z=4 
—x + 4y — 2z =3 


Check your answers with those at the back of the book. 
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ON THE CALCULATOR ———_——__ 


One of the advantages of the calculator is that you can use it to evaluate 
complicated algebraic expressions quickly. The memory functions of 
your calculator can be useful here. Remember to clear the memory we} 
before you begin each exercise. ; 


, 
EXAMPLE Evaluate b = 12a — 23 whena = 4(87 — 54). \ Ne 
SOLUTION Evaluatea: #7 —)54% S| x) 2 =) 3 Sj »-] V/ 


To find b, use these steps 


Exercises 


Evaluate the expression for the given value of a. 


= zs oS = % 
ie X) ve] —) os Spottt Answer. ; a | 
x) aS) #1) Ad 
yey 

LY 


1. a? — 12; a = 0.05(276 — 54) 2 £17142 +4583); a = 13.27 —% 

3. S- Mises = a6 = 218): eee a seo = 7 
Qa a 

5. 5? — 30a; a = 2(21 + 9)? 6. 7a?; a = 3(17.4 + 3.2) 


Determinants 


OBJECTIVES for Sections 5-4 through 5-6: 

1. Use determinants to solve a system of three linear equations in three 
variables. 

2. Use three variables to solve problems. 

3. Use properties of determinants to simplify the expansion of a determinant by 
minors. 


5-4 Third-order Determinants 


a, b 
1 1) have two 


The determinants introduced in Section +3, such as 


ay 2 


a 
Fs ‘ 1 
(horizontal) rows, a, 6, anda, b,, and two (vertical) columns, " and 

? 


b,. such a determinant is called a second-order determinant, or a 


2 
determinant of order 2. 
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You can use third-order determinants in the solution of three linear 
equations in three variables over &. 


For any @,, bj, ¢;, a>, 05, Cz a; 05, Cn—= Gus ne determinant 


a, bye; 
D= a, BS C5 
a, b; c; 


| has the value 
| 
| a,0.c, + a,b,c, + a,b,c, — G,04e5 —G,0\c, — 4,0,c,. 


A convenient way to remember how to evaluate a third- 
order determinant is to copy the 3 x 3 (read “‘three by 
three’) array and repeat the first two columns after the Gig 
third column as shown at the right. Compute the product a, Ds 
of the entries along each diagonal arrow as shown below. 
Add the products found from the descending arrows to the 
negatives of the products found from the ascending arrows. 
(This does not work for higher-order determinants.) 


a, b, cy, a, 2B, 

a b, ; 

a, ae aS a,b ce, (a,b, 
| oo 


a,bic, + byc,a, + c,a,b, — a3b,c, — bjc,a, — c3a,b, 
= a,b,c; + a,b3c, + a3b\c, — a,b,c, — a,b,c, — a;b,¢, 


EXAMPLE 1 Evaluate the determinant: 3 1 2 
D=!| 4 3 0 
=i 3 = 


SOLUTION 


D = —36 +0 + 24 —(—6) —0 —(—16) =10. Amswer. 
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If you use transformations, as in Section 5-3, to solve the system 


ax+byy +e z=d, 
a,x + b,y +ce,2 =d, 
a,x + b,y+e,c =d, 


over ®, and let 


an 0, Cc, eC; a, dae Ca Dae 
Me, 9, C.D. =|d, b, ¢5|, D,=|4, 4d, ¢,4D,=|4, 6, 4d,}, 
ale,» pe ee di i (en GG ae: Cs eee 


you find that, if D 4 0, the system has the unique solution 
D D D 


x=—,y=—,7z= z 


D D D- 


These equations are called Cramer’s Rule for systems of three linear 
equations in three variables. The determinant D is the determinant of 
coefficients. If D = 0, then either the system is inconsistent or the 
system has an infinite solution set. 


EXAMPLE 2. Use Cramer’s Rule to solve the system: 2x + y— z=3 


4x — y+4z= 
— 3y +2z =6 
SOLUTION 2 1 —1{2 I 
D=|4 -1 44 —1 = —440+ 12 —0 —- (—24) — 8 = 24 
0 -—3 210 —3 
3 1 —13 1 
D,=\0 =] 40 -—l= —6 + 24+0 —6 — (—36) —-0=48 
6 —3 216 —3 
2 3 —1|2 3 
Daan 4/4 0 =0+40 —- 24 —0 — 48 — 24 = —96 
0 6 210 6 
2 32 1 
D,=|4 -1 OF -~1 = —12 +0 + (—36) —-0—0 -— 24 = —72 
0 -—3 60 3 
Thus, you have 
fee, , 2a 4 2 eee 3 
D 24 D 24 D 24 


.. (as you can check) the solution set is {(2, ~4, ~3)}. Answer. 
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Written Exercises 


Evaluate the given determinant. 


A Finfzh 1 2,/—2 1 0 3. | —1 4 4. 4 Uo) 
2 1 4 L 3 0 2 —-5 —3 od 
i =1 2% 2 0 -2 0 -—2 1 


Use Cramer's Rule to find the solution set of the given system. 


5. 2+ y—2z7= 6. 2 — oe — Lae oY 2 =5 
X- y+ Z= 2x+2v+ z72=3 = 2 = 
x—2v+ z=-1 x— y-—4z= x—- ¥ = 

8 3x4+ yvt+2c2=4 9 x4 2y = 10 10. x 4+ 2v = 
—x+2v+ 2=3 —x +zZ=7 3y + 22 = —1 

all f=j2=1 os —5z = —6 


In Exercises 11-13, evaluate D. If D = 0, state whether the system is 
inconsistent or the system has an infinite solution set. If the system 
has a single solution, find it. 


B ll. x+yv— z=2 12, 2x-— y+4z=2 13, 2—3y $7 = 3 
6x+y+ z2=4 —x + 6y —9z = 0 10x+ y-z=4 
4x —y + 3z =0 3x+4y— z=1 AT 2) aes 


C 14. Prove that for all real numbers a, Bb, c, d, e, f, and k, 


a@ & 
ka kb kc|=0. 
de fF 


5-5 Solving Problems With Three Variables 


Systems of linear equations in three variables sometimes appear in the 
solutions of practical problems. 


EXAMPLE _ Thesum of the length, width, and height of a rectangular box is 16 cm, the 
width is twice the height, and twice the length exceeds the sum of the 
width and height by 5. Find the length, width, and height of the box. 


SOLUTION 1. The problem asks for the length, width, and height of the box. 


Sa 2. Let the length be /cm, the width cm, and the height h cm. 
. 3. The sum of the length, width, and height is 16cm. 
Ce liw+h = 16. (1) 
fe The width is twice the height: 1 = 2h. (2) 


158 | Chapter 5 


Twice the length is 5 more than the sum of the width and height. 
Ze eee (3) 
4. The svstem of equations (/), (2), and (3) is equivalent to: 


l+w+ h= 16 
w—2h =0 
A= Wo pes 


Transforming this system into the equivalent system 


f=e7 
oso 
h=3 


or solving the system by Cramer’s Rule is left to you. 


5. The check to show that 7 cm, 6cm, and 3 cm satisfy the requirements 
for the length, width, and height of the box as described in the problem 
is also left to vou. 


’, the length is 7 cm, the width is 6 cm, and the height is 3cm. Answer. 


Oral Exercises 


In Oral Exercises 1-6, let nm represent the number of nickels, d the 
number of dimes, and g the number of quarters collected on the Walnut 


Street bus. Translate each sentence into an equation inn, d, and gq. N+A+e2I105 
. 3n-Ja +Oc= 0 
1. The total number of coins is 105. M+ +#=!°9 $n +d +259 = Jaco 
2. Three times the number of nickels is the same as twice the number of 
dimes. 3:°7 24 


3. The value of the coins collected is $22. 5- + a+ eS£> 2200 


4. There are 95 coins altogether. 
5. If the number of nickels and the number of dimes are subtracted 
from the number of quarters, the difference is 25. 


6. The value of the coins collected is $17. 


Problems 


A 1. Use the relationships stated in Oral Exercises 1-3 to find the number 
of nickels, dimes, and quarters deposited in the bus’s coin box during 
its first inbound trip. 

2. Use the relationships stated in Oral Exercises 4-6 to find the number 
of nickels, dimes, and quarters deposited in the bus’s coin box during 
its first outbound trip. 
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3. The sum of three numbers is 42. The third number is twice the sum 
of the first two and is 4 more than three times their difference. What 
are the numbers? 


D 
4. A hipped roof is in the shape of a pyramid with a Ve 
rectangular base. It has edges AE, BE, CE, and DE all 
of equal length. If the perimeter of the base is 36m, 4 


the perimeter of AAEB is 30m, and the perimeter of - 
ABEC is 24m, find AB, BC, and AE. B 


E 


5. The proceeds from the school benefit car wash, totaling $355, were 
all in one dollar, five dollar and ten dollar bills. If there were 120 bills 
altogether, and twice as many one dollar bills as five and ten dollar 
bills combined, how many bills of each denomination were there? 


6. Jennifer Hartmann is examining some gold, silver, and bronze coins 
to determine the mass of each type of coin. She has, however, only 
10 g pieces for her balance. She finds that 10 g will balance with one 
coin of each type together, 20 g will balance with two gold and three 
silver coins together, and 30g will balance with four silver and two 
bronze coins together. What is the amount of metal in each type of 
coin? 

7. Jim, Bob, and Hal run 1000 m, 3000 m, and 5000 m, respectively, ina 
medley. Their combined time is 29min. Bob’s time is 1 min more 
than three times Jim’s time. The sum of Bob’s time and twice Jim’s 
time is equal to Hal’s time. How much time did it take each runner 
to run his leg of the race? 


8. After two tests, Maria’s average in math was 78. After three tests, it 
was 82. If the teacher ignored Maria's lowest test score, her average 
would be 86. What were Maria’s test scores? 


9. The perimeter of parallelogram ABCD is 66. E is the L 
midpoint of side AD. If the perimeter of triangle ABE Aw 
is 36, and the perimeter of trapezoid BCDE is 54, find ys = 
AB, BC, and BE. 


10. Three kinds of tickets were sold for a school student-parent dinner: a 
$1.00 ticket for one adult, a $1.50 ticket for one parent and one 
student, and a $2.00 ticket for two parents and one student. If 62 
adults and 32 students attended the dinner and $69 was collected, 
how many of each kind of ticket were sold? 


11. A sporting goods store sells three types of sweat shirts: a pullover for 
$6, a hooded sweat shirt for $7, and a zipper-fronted sweater shirt for 
$8. During a week in which the store sold 137 sweat shirts, the sales 
of hooded sweat shirts exceeded those of pullovers by $40, and the 
sales of zipper-fronted sweat shirts exceeded those of hooded sweat 
shirts by $30. How many of each type of sweat shirt were sold that 
week? 
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C 12. A train’s route from city A to city D includes stops at cities B and C. 
The table gives the time (in hours) the trip will take if the given rates 
of speed (in kilometers per hour) are maintained between stops. 
What are the distances between the cities? 


i 
Oe 
: 


80 
13. The expression fat? + vot + cp gives the distance an object is from an 
observer at time ¢, where a is the acceleration of the object in meters 
per second squared, vy is the initial velocity of the object in meters 
per second, and cy is the initial distance of the observer from the 
object. If an object is 20 m from the observer after 1 s, 55m from the 
observer after 2s, and 110m from the observer after 3s, find its 
acceleration, initial velocity, and initial distance from the observer. 


5-6 Properties of Determinants 


a, b, 
ED) 


In the defining equations = a,b, — a,b, and 


Gin 


the sums of products in the right-hand members are called expansions 
of the determinants. Notice that the first of these expansions shows all 
possible arrangements of the subscripts 1 and 2 of the letters @ and 5, 
and that the second expansion shows all possible arrangements of the 
subscripts 1, 2, and 3 ol the letters a, 5, and c. 

The fact that a determinant of order 2 or 3 is a sum of terms involving 
all possible arrangements of the subscripts of the elements suggests that a 
determinant of order n(i > 3), that is, a determinant having 1 rows and 
n columns, can similarly be defined as a sum of terms involving all 
possible arrangements of the subscripts 1, 2,..., 1. This is indeed true, 
but there are no simple arrow diagrams to help us make the rather 
lengthy computations (120 terms, for instance, in the sum for a determi- 
nant of order 5, and 720 for one of order 6!). We therefore omit this 
definition and give an alternative (but equivalent) definition of a deter- 
minant of higher order in terms of determinants ol next lower order by 

using minors. The minor of anclementina determinant is defined to be 
the determinant obtained when you delete the row and column con- 


taining the clement. 


’ 
a, ob, cy, 
@) 6, c,|\=4,),c, + a,b,c, + a,b,c, — a,b,C, — ayb,c, — axb,c, 
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For example, 


a gy = 8) 5 
the minor of 4in|2 5 —2 is rE ‘| . 
7 8 0 
Similarly, the minor of 2 is ie == and of 5 is : = . 


Now if you rewrite the right-hand member of the expression defining 
a third-order determinant on page 156 as 


a,b,c, — a,b xc, — a,b,c; + a,b,c, + a,b,c, — a3b.c,, 
you can factor it to obtain 
a,(b,c, — b,c,) — a,(b,c, — b,c,) +. a,(b,c, — b,c,). 


It follows that if you let A,, A,, and A, represent the minors of a,, a,, and 
a,, respectively, you can then write 


COC; 
a 0, ¢C,|\=QAy—=@ ee eo 
a, b; ¢, 


The right-hand member of this latter equation is called the expansion of 
the determinant by minors of the elements in the first column. 

By suitably arranging the terms in the definition of a third-order 
determinant, vou can show that such a determinant can be expanded by 
minors about any row or any column as follows: 


1. Choose a row or column and form the product of each element 
in the row or column with its minor. 


. Use the product obtained or its negative according as the sum of 


the number of the row and number of the column containing 
the element is even or odd. 


. The sum of the resulting numbers is the value of the determi- 
nant. 


EXAMPLE 1 Expand by minors of elements of the second row and evaluate: 


5 -l -2 
3 6 —7 
2 -3 4 


SOLUTION The elements of the second row are 3, 6, and —7. The element 3 is in the 
second row, first column; since 2 + 1 = 3 (odd), we use the negative of 
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its product with its minor. Similarly, we use the product of 6 and its 
minor and the negative of the product of —7 and its minor. Thus, 


> aul i Se Spe2 She 
es. -1)= -3|", “4 6; i aa = 
i - - 


= (—3)(— 10) + 6(24) + 7(—13) = 83. Answer. 


We can extend this idea to fourth-order (or higher-order) determi- 
nants. For example, 


*| = aA, — a,A, + a,A,— a,Ay 


where 
Dynes. “3 Di Cea 
Ava ib, ¢, d,|, A, =|Op0e, wage. 
ee Canal, Vie peas 


Cramer’s Rule, in addition, extends to the solution of four linear 
equations in four variables, etc. Thus, the solution of 


ax+ by +e,z7+d\w =e, 
ax + boyy + €,2 + dw =e, 
a,x + bsy +¢,2 + dw =e, 
a,x + bay + €4z + dy =e, 


D D. D, 
is co a = a = ee a provided D 4 0 where 
Geno (Cae Cy Dyan antey C,) Oy 
p =|” DoGe 1G, ahs D5 G, qd) Bie ee: ie Oa 
Bia, b, c, d,| 7 \¢y Dy e, Gil "la, 2, c, & 
Ga) Dera a é, 0, C,e dhy ire Stumm 
EXAMPLE 2. Expand by minors and evaluate: 4 —1 1 2) 
SB S150 7 
fo e# 0 1 
sl 


SOLUTION — Expand by minors of the third column since two elements are 0. 


3 =) 2 ay Pe si| 2 se eh Sl) 
tlo 4 t1—O@lo .S the Ons —1 29-5 -1 2 
3 (2 3 1 2! 2 ae OG Bal 


(3(8 — 1) + 3(—1 — 8)] — [4(-1 —8) — 1 8)] 
—6 —(-9) =3. Answer. 
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Determinants have some properties that are useful in simplifying their 
expansion by minors. The properties are presented here without proof. 
While third-order determinants are used in illustrating them, the prop- 
erties are valid for determinants of any order. _ 


Property 1: If each element in any row (or each element in any column) 
is 0, then the determinant is equal to 0. 


a: 1 4 2 + | 
00 oj=-0|, i|+ol o|-of) ,| 
ie 3-1 1 -1 33 


=-0+0+0=0 


Property 2: If any two rows (or any two columns) of a determinant are 
interchanged, the resulting determinant is the negative of the original 
determinant. 


1 
1 4 2 = Denes 

esis || 1-2; Sih ala 

3 lee 

x 

a 4 7 3 D 

lee. 4 =| | +2 — | -3| a |= -17 

i il 2 | Fee eee: 


Property 3: If two rows (or two columns) of a determinant have corre- 
sponding elements that are equal, then the determinant is equal to 0. 


ban a: =e {=2 ile 
ae 4)= -3]3 ah 18h 3| 
13 =2 _ i 


= —3-042-0—4:-0=0 


Property 4: If each element in one row (or one column) of a determinant 
is multiplied by a real number k, then the determinant is multiplied by k. 


1 3. a | ae 
2 1 4| = 3|> Sie 
3(2) 3(—1) 3(5) 2 2s 


Verify this by expanding both determinants by minors of the elements in 
the third row. 


Property 5: If each element of one row is multiplied by a real number k 
and the resulting products are added to the corresponding elements of 
another row, or each element of one column is multiplied by a real 
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number k and the resulting products are added to the corresponding 
elements of another column, then the resulting determinant is equal to | 


the original determinant. | 
ies 2 1 3 = tees 
0 4 a= 0 4 3 =|0 4 3 
1 -2 =) 1+3(1) —2 + 3(3) 5 +4 3(-—2) 47 -! 


2 -1 -6 
EXAMPLE 3 Evaluate: |3 4 2 
5 - 3 


SOLUTION Use the above properties to obtain zeros in the second column. 
Multiply the first row by 4 and add to the second row. 


2 Af =| —6 i. 
34+ 42) 44+4(-1) 2+4-6)/=)11 Qe 22 
5 =) 3 Sa? 3 


Multiply the first row by —2 and add to the third row. 


2 -1 —6 2-1 -6 
11 0 —22 =|» 0. =22 
5 + (—2)(2) —2+(-2)(-1) 3 + (-—2)(-6) Gol 5 


Expand the last determinant by minors of the second column. 


"i ee > _ - » |" =o 0|? —6 o| 6 
ioscan ck 1 ier Clas! an — 22 
1 © ©45 


187 +0 —0= 187. Answer. 


Oral Exercises 


Give the requested element or determinant using this expansion by 
minors. You need not evaluate the determinants. 


1 4 5 —-7 


i3 6 -6 in 5 
me fl CL a | a 07 -s\—-al 6? en ih, 
— '-° a we oe eee 


mo 3 4 
ile 2 2 3. (the determinant) A, 4. A, 
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Written Exercises 


Expand the given determinant by minors of the given row or column 
and then evaluate. 


A 1. Column 3 2. Row 3 3. Column 1 
3 0 1| 3 5 2) . el 3 6 
| 

i 2° Bie) 25 2) et 
=2 © z OO =jl 5 2 

Evaluate. 

4. 3y 2 4 2 5./-—1 3 2 1 6 4 4 =z i) 
0H @ =) Il 1 @ si =2 a 0 4 
=7 jl =3 2 3 0 1 1 0 7 5 4 
3 250 f=2 4 0) a6 =i 0 “Gone2 


Use Cramer’s Rule to solve the system. 


B 2 x-y+z=0 8 xtytz- w=4 
2X =y Say = 0 ax +y — 3ne= | 
3x + Vv +w=5 ytzt+iw=0 
2ayvtz+twe=-l X—-V+2Z = —] 


9. Use expansion by minors to prove: 
ala 0) “Os 


Poo aed 
a Oa 
bo ia, oe Ome” 
a, 0, 00 a, bi) l,m, 
0 0 ¢, dil) |e, lee 
lo 0 c ad, 


In Exercises 10-12 refer to properties 1-5 on pages 164-165. 


C 10. Use Properties 1 and 5 of this section to prove Property 3 for 3 x 3 
determinants. 
11. Use Property 2 only to prove Property 3 for 4 x 4 determinants. 
(Hint: First prove Property 3 for 3 x 3 determinants.) 
12. Prove that, for any real numbers r and ¢, 
a b, ey 
as b; a =" ()) 


ra, + ta, rb, +b, re, + tc, 
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Self-Test 2 


VOCABULARY order of a determinant (p. 155) 


Cramers Rule (5. 157) 
expansion of a determinant by minors (p. 161) 


1. Use determinants to solve the system: 2 + y¥ =3 
3x + y-z=2 
2y-—-z=-—5 


. The three angles of triangle ABC have the properties that the 
degree measure of Z Cis three times that of Z B, and the sum of 
the degree measures of ZA and the supplement of ZC is twice 
the degree measure of ZB. Find the degree measures of the 
three angles. 


. Evaluate: a) 
1 -2 1 0 
| so ei 

—1 il 2 B 


Check your answers with those at the back of the book. 


Chapter Summary 


1. A rectangular coordinate system in three-dimensional space assigns 


an ordered triple of numbers to each point. The three coordinate axes 
determine three coordinate planes, and the coordinate planes separate 
space into eight octants. 

. The graph of a linear equation in three variables is a plane. The x-, y-, 
and z-intercepts of a plane are the x-, y-, and <-coordinates, respec- 
tively, of the points where the plane intersects the x-, v-, and z-axes. A 
line in which a plane cuts a coordinate plane is called the trace of the 
given plane in that coordinate plane. 


. The transformations used in solving systems of linear equations in two 


variables are also applicable in solving three-variable systems. Sec’ 


page 112. 

. Third-order determinants can be used to solve a svstem of three linear 
equations in three variables by a method called Cramer's Rule. 

. A determinant can be expanded by minors of the elements in anv row 
or column. 

. Cramer's Rule can be extended to the solution of #7 linear equations in 
n variables. 

. You can use properties of determinants in simplifying their expansion 
by minors. See properties 1-5 on pages 164-165. 


Obj. 1, p. 155 


Obj. 2, p. 155 


Obi 3B: 180 
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Chapter Review 
1. Which point lies in the first octant? 

a. (1, 2, —3) b. (—2, —2, —2) Can(4 0) d. (0, 1, —3) 
2. Which point lies on the xz-plane? 

ey, (OI ees) b. (0, 1, 5) c. (0, 4, 0) d. (8) 
3. Find the x-intercept of the plane with equation 

3x + 4y + 2z = 12. 

ae ae b. 4 @ 2 d. 6 


4. Which trace of the plane with equation 4x — 2y — z = 8is defined by 
the equations below? 


4x —2y= 
c—0 
a. xy-trace b. yz-trace c. xz-trace 


5. The following system of equations has a single solution. Find it. 


pe = 
3x —2y+z2=0 
2x+2y—z=5 


CL il by be (is20m) er coment d. {(2, 1, 1)} 


Review Items 6 and 7 refer to the system of equations below. 


x 
| 
< 
fe 
no 
N 
ll 
aN 


6. Which determinant is D,? 


a. 2 1 0 b. 0 1 0 c. 2 0 0 
i =i 2 4a ll 2 1 4 2 
m4 1 =) 4. 9 a 
7. Evaluate De 
a. 8 [jb = c. 0 d. 4 


There are x nickels, y dimes, and z quarters. There are two more 

nickels than dimes. The combined value of all the coins is $1.15. 

8. Which equation expresses the value of the coins? 
aox+y4+2=115 b. 5x + 10y + 25z = 115 ¢x=ySZ 

9. Which equation expresses the relation of the number of dimes to the 
number of nickels? 


ea. 9x — 10y = 2 b. y—% = 2 ek =y =z 
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oT 


5-3 


5-4 


9-5 


Review Items 10 and 11 refer to the determinant below. ae 
} CYawey' 
0 6 0 : 
1 eee! wnle \ 
3-2 1 
10. Find the minor of 3. 5-6 
a. |0 6 b. (6 "| e, 10 30 | 
1 5 5 4 1 4 
11. If A, is the minor of 6, what is the value of the determinant? 
a. Ay b. 6A, c. —6A, d. not given 


Chapter Test 


1. Sketch the coordinate box of the point (3, —2, 3). 5-1 
2. Sketch the triangle in space whose vertices have the coordinates 
(2, 0, 0), (0, —3, 0), and (0, 0, 4). 
3. Draw a sketch showing the trace of the graph 2x + 4v + z = 8ineach 5-2 
coordinate plane, and shade the part of the graph in the first octant. 


4. Solve by transforming into a simple system. 5-3 
ax+ y- z=l 
4x — 3y + 2z = 8 
3x +2v4+ z2=0 
Solve each system by Cramer’s Rule. 5-4 
5. x + 2y + 3z = —7 6 3x —2y — z= -5 
2y —5z = 8 x+3v+4z=7 
2x —-3y+ z2=3 2x + 3v — 2z = —6 
7. Ron, Hank, and Louise have a total of 52 tropical fish. If Louise had 6 5-5 


more, then she would have as many as both boys together. Hank has 
3 more fish than Ron. How many fish does each of the three have? . 


8. Expand by minors of the elements of the second column, and then 5-6 
evaluate. 

3 1 5 

1 -2 —-3 

2 6 in 
9. Evaluate: 4 8 8 
0 0 2 | 
5 6 -l1 -2 
—! 3 3) 0 
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~— 


Center in New York. Individual elements within it may be moved to 
create an infinity of different sculptures. 


Polynomials 


and Rational 
Expressions 


Polynomials and Their Factors 


OBJECTIVES for Sections 6-1 through 6-3: 

1. Apply the laws of exponents to simplify products and qnotients of m10n0- 
mials. 

2. Write a product of polynomials in simple form. 

3. Write a polynomial in factored form. 


6-1 Laws of Exponents 


You will recall from page 31 that b", the nth power of b, where i is 
a positive integer, denotes a product of 1 equal factors, That ts: 


n factors 


bi =(bxbx...xb) 


Each factor is b, the base, and the number of such factors is 1, the 
exponent. The laws for working with positive-integral exponents are 
summarized in the following theorem. 
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Theorem. If aand b € &, and m and v are positive integers, 


then: 
io =o 2. (O°) = 3. (ab)" =a a 
4. 1fm>n and b £0, 2 = br. 5. Ifm<n and b #0, 2° = oe 


Gy a" 
sb x0, (2 =a, 


7. If b € {—1,0, 1}, then 6” = b atvandiomly at — 


Knowing the definition of a power and the properties of real numbers, 
you can see why each of the laws stated in the preceding theorem holds. 
Consider, for example, the reasoning for Law 1. 


m factors n factors 
paaias Saher 


Pb = (WO San. b)\(b x... xb) Definition of a power 
(m +n) factors 
= (Bains. 9 0) Associative axiom of multiplication 
= pmtn 


Definition of a power 
OER we (ORE Transitive property of equality 


Laws 1-3 together with the properties of multiplication enable you to 
simplify a product of two or more monomials. 


EXAMPLE 1 ‘Simplify each product. 
a. (2x*y3)(—5x ty?) b. (—4p?s4)3 c. (—5m2q)?( —3m3q)? 
SOLUTION a. (2x?y3)(—5x4y?) = 2(—5)(x?x*)y3y?) = —10x°y?. 
(= 4p2s)? = (—4)Xp)(54)3 = —64p es? 
. (—5mg)*(—3m3q)3 = (—5)*( —3)3(m?)2(m3)3(g7q3) = —675m'3q°. 


oy 


QO 


You can deduce Laws 4 and 5 from Law 1 with the help of a corollary 
of the following basic property of quotients, which you may recall from 
an earlier algebra course. 


Basic Property of Quotients 
For all r, s, t, and u € @, and t andu £0, 


& 
tu 


ees 
tou 
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This theorem says that a quotient of products can be written as a 
product of quotients. If you let (1) ¢ = 1, or (2) r = 1, you obtain the 
required corollary. 


Corollary. For all r,s, t, and u © ®, and t and u £ 0: / 


() jee ele 
u u tlt t ut 


PROOF OF LAW 4 


First, note that if m > n, then m — n is positive (Definition of “>”). 


m (m—n)+n 
i" ial (m —n) +n =m 


Ot i 
bmn. bn 
= Law 1 for positive exponents q' 
= wr Corollary above rh 
b Cy 
b" Ni - 
= pr". — =] ‘ 
b 1 in 
= prn Axiom of 1 


EXAMPLE 2 Simplify each quotient, assuming that no variable cquals 0. 


a —16r3s3 b. (=F) 
Dp ist ce 
Slee 16 1 ) a) 
SOLUTION a. ae = (- 5 \(= Sy eR ee rs 
—4x2\3_ (—4)3(2)3_ 64x? = 6403 
= ) Stee  —<e o 


Thus far we have used only positive integers as exponents. The laws 
for exponents will hold for any integral exponent with the addition of 
these definitions: 


o 


For all nonzero b € & and all positive integers 1, 


b& = 1 and b= = 
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EXAMPLE 3. Show that Law 1 holds for b-"b™" when m = 5, n = 2. 
SOLUTION In order to show that b~5b-2 = b-5*+*-2) = b~7, we have: 


De a . a Definition of b™ 
BS : B? Basic Property of Quotients 
= oa Law 1 
=b7 Definition of b™ 
Oral Exercises 
Give an equivalent numeral without exponents. 
oe 5 ee eed le 
EXAMPLE — SOLUTION =—— = ——=— 
23 2 s- 72 
1. 10? 2, 10s? 3, (—2) Aas 
5) 2) ame 6. (—3)-? Too 2s & 3° ar" 
Ze De 3 (3) 
ce=— — —— 127 
> = 10 = 11 = 5 
] = 
13. (2 + 3)? 14. 211 — 4)-? 15. ———_ 16. (3 — 2)°° 
(2 + 3) gue.) AES Ca) 
Give an equivalent expression in which each variable appears no more 
than once and only positive exponents are used. Assume that no 
variable equals 0. 
D7 4x2y)( = 3x2) 18. (Sx*y) Gye) 
19 (3x, Gs) 20. (—2a3b*)( —6a-3b?) 
Written Exercises 
Give an equivalent expression containing no negative exponents. 
Assume that any variable in a denominator or with a nonpositive 
exponent does not equal zero. 
i (or) 2. (5a°)(=6a=) 3. (4x3y —4)(7xy2) 
4. (2p5q~?)(6p~3q7!) 5. (2-1cd-4)(8c~3d 4) 6. (2x%3)(—34x2y-9) 
7. (—24u®v-*w)(2u73vw-) 8 (=8977s)7 (rs) 9. (= xy)(—xy)-3 
10. (2e2f-)3(2ef)-4 11. (5a4b- ay 1S 1253) 2 eye ce 
Fc tpn 
13. (x2)2(x-2)2 14. (a3b3)(ab)- > 1. — 
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16. 


19. 


Di 


PS 


ie 


28. 


29, 


30. 


31. 


re) 


(2rs) 2a*b Sa oa 

45> T° aby? 8 (Sams) 
aps 20. at Mls (E=* & gay? 
a 23. (p + q(p-! + q-'y 24. (a-! — ba — by 
Deduce Law 5 from Law I. 26. Deduce Law 6 from Law 3. 

Prove that for any positive integer n and any real number b ¢ 0, 


—| =p, 


b 
Prove that for any positive integer n and any nonzero real numbers a 
maceo. (ab) * =a"b™. 

Show that if Law I is extended to the case in which m or nv equals 0, 
then we must define b® to be 1. 


Show that if Law I is extended to the case in which m or # is 
] 


ce (Hint: Let m = —n in 


negative, then we must define b~” to be 
Law 1.) 


Prove the Basic Property of Quotients (page 172). | Hine = =rsy 


zed) 


rogramming in BASIC 


You can use INT to test whether or not a number is a factor of another 
number. For example: 


10 PRINT INPUT ON”; 

20 INPUT N 

SO mace =| TO N 

40) (EET @=N7/F 

50 If Q<> INT(Q) THEN 70 
60. PRINT F; 

70 NEXT F 

80 END 


RUN tnis for N=60. Notice that there are no factors between N/2 and N 


Now change the program to include: 


25 PRInn 1, 
SO Omae =e [O Nee 
75 PRINT N 
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os 


. 
| 


RUN this revised program for values of N from 61 to 72. You will see that 
the factors occur in pairs except when N is a perfect square. Then the 


square root is printed only once. 


BASIC has a special built-in function for finding the positive 10 
square root of a positive number, SQR(X). Try the program 20 
at the right. 30 

Now change line 30 in the program on page 175 to 40 


FOR N=2srOalG 
PRINT N,SQR(N) 
NEXT N 

END 


30 FOR F=2 Tosser) 


and observe the results. 


Exercises 


1. Write a program that will print out all the pairs of factors of a given 
number N, including 1 and N. 


2. Write a program that will store the pairs of factors of N in subscripted 
variables L(I) and M(l). 


3. Write a program that will factor Ax? + Bx + C, A > 0, by finding and 
Storing pairs of factors of A in LCH) and M(H) and pairs of positive and 
negative factors of C in R(K) and S(K). Test 


B = L(I)*S(J) + M(I)*R(J) 


to make factors (L(I)X + R(J))(M()X + S(J)). 
4. a. Write a program that will print out primes less than 100, beginning 
with 3. 
Hint 10° FOR N=S Ose oe eter s2 
20 FOR F=3 Oe SseGR(h) sieee2 


b. Put a counter (LET K=K-+1) in the program and count the number 
of primes from 3 to 99, from 101 to 199, from 201 to 299, and so on 
up to the set from 1901 to 1999, by changing line 10. 


6-2 Multiplying Polynomials 


You can find the product of two polynomials by using the familiar 
axioms of addition and multiplication and the first law of exponents. 
For example, to find the product of the binomial 3x — 2 and the trino- 
mial 5x* — x3 + 4x, you can proceed as follows: 


(3x — 2)(5x* — x7 + 4x) = 3x(Sx4 — x3 + 4) — 26504 — x3 4+ 4x) Disiributine axiom 
= 15x5 — 3x4 + 12x? — 10x4 + 2x3 — 8x Law 1 of exponents 
= 15x° — 1347 42 1 Simplification 


You write the product as a polynomial in simple form (page 32). 
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A 


You are less likely to make errors in adding like terms, if you use a 
vertical arrangement in multiplying: 
: 


Byev = ee da Aye 
3x — 2 ; 

15x35 — 3x4 + 12x? 
= OKs epi = Sx | 


(5 = ee 2x SE 19? oe 


ey | 


To obtain the product of two polynomials, multiply each term of 
one of the polynomials by each term of the other, and then add all 
the products. 


Three special cases of binomial products that are useful to know are 
given here: 


(a + b)? = a? + 2ab + b? 
(a — b)? = a* — 2ab + b? 
(a + b)\(a — b) = a? — b? 


EXAMPLE Write (2x? — 5y)? as a polynomial in simple form. 


SOLUTION (2x? — 5y)? = (2x2)? — 2(2x?)(Sy) + (Sy)? = 4x4 — 20x2y + 25y2 


Oral Exercises 


Express each product as a polynomial in simple form. 


1. (5x)(3x2) 2 (2 )42y) @ (31 + 7)(3t — 7) 4. (2 +5)? 
me 272) °(3177) (6 (p — 4)? P= 32 @> (1 — al + a) 


Written Exercises 


Write each product in simple form. 


1. 3x2(x? — 4) (2 (a? — 3)(a? + 3) @. (2c + 7d)? 
me 3x)5x2 5. (0.62 — 9)(0.62 + 9) 6 (bi Ye +r) 
7. (nd + 4)? 8. Ww? — 5)* 9. (3m? — 2p2)? 
ier? - 8) ieey? = \)2 r2) (™ — wae? +. ow) 
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Write each product in simple form. 

B (3) (3x + 24x? — 5x43) 14% (vy — 52 + 5 4.25) 15, (kK — 3K? + 3K + 9) 
16. (a -4)° 17. (30e="e)2 18 — 1 )7 ee) 
19. (2x — y)?(2x + y)? 20. (Crea PA ie ae 


22. On the basis of the answers to Exercises 14 and 15 give a formula for 
writing (a — b)(a? + ab + b?) as a polynomial in simple form. 


23. Explain the relationship between the answers to Exercises 19 and 20. 


Express each product as a sum, leaving negative exponents where 


necessaly. 
Te Meas? 2)? Gbps 4 1)(Gb- — 7) 

C 26. (p™ + 6p™)? 27. (r5" 4 4r—3ny(r 5" — 4y—3n) 
28. (a® + b**)3 29. (c® + d"\(c — c'd" + d*") 
S0mGe x 7)? 31. (y" + y-")3 


32. Use the fact that (a@ — b)? > Oto prove that the average of the squares 
of two real numbers is always at least as large as their product. 


programming in BASIC 


Up to now, we have used separate, unrelated variables. BASIC also provides for /ists of 
variables. These variables are called subscripted variables, and their use often corresponds 
to that of subscripted variables in algebra. For example, we can write a general fourth- 
degree polynomial in x as: 


4,X* + gx? + agX* + 44X + as 
In BASIC, these coefficients may be represented by: 
A(1), A(2), A(3), A(4), ACS) 


Moreover, the subscript may itself be a variable. This makes it easy to READ 
in a list of DATA: 


10 FORM = 1 Toes 

20 READ A(1) - 
30 NEXT | 

40 DATA 1, 22) 3)0eam 


This makes A(1) = 1,A(2) = —2, andsoon. DATA statements may go 
anywhere in the program. The READ statement takes values from the DATA 
list in the order in which the variables appear in the program. 
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Study the following program that will find the coefficients of the sum of 
two polynomials. (Recall Section 2-1.) By changing the DATA statements, 
you can use it for different problems. Notice that N is the degree of the 
polynomial of higher degree and hence the degree of the sum. 


10 READ N Two examples: 

20) iROVRY 11 10) INAS) 

30 READ A(l) Boe Aye aS 

40 NEXT | 6x3 + 5x 

SO (pO? T1110) WNeey 

60 READ B(\) MT emeae 
POMeNEXT | 120 DATA 3,4,-—7,5 

80 FOR I=1 TO N41 ee eee ey 

90 PRINT A(I)+B(I);"" » fees 

100 NEXT | D1 : 
110 DATA (Higher degree) eee eS 
120 DATA (Coef. of 1st polynomial) 110 DATA 4 

130 DATA (Coef. of 2d polynomial) 120 DATA 1,0,3,5,0 
140 END 130 DATA 0,1,2,0,5 


Notice that the data must have a coefficient for each of N + 1 terms in 
each polynomial, including zeros where necessary. 

Subscripted variables as described here can be used for! = 1 to 10. If 
more than 10 are needed, a DiMension statement must be used as de- 
scribed on page 180. 

You probably don't need to use a computer just to add polynomials, but 
an interesting program can be made for multiplying polynomials. First 
notice that if M and N are the degrees of the factor polynomials, the product 
will have the degree M + N and may have up to M + N + 1 terms. For 
example, consider the product of (a,x? + a,x? + a,x + a,) and (b,x? + 
b,x? + b,x + b,). The coefficients of the product can be written as shown 


below: 
Sum of 

No. of term subscripts 

1 a,b, 2 

2 a,b. + a,b, 3 

3 a,D3 + ab, + a3b, a 

4 a,b, + a,b, + a,b, + a,b, 5 

) BpkE + gb, + gb, + yb, + Bek 6 

6 Bg + Bate + 436, + 443 + Bet, + Bey 7 

7 Brbag + Batle + Byte + ad, + Beth + at + Bre 8 


The terms that are crossed out are zero because a, = bs = ag = Og = 
a, = b, = 0. Keeping the terms in the pattern suggests, however, a way of 
using nested loops to find the coefficients of the product. Notice that the 
sum of the subscripts in the terms of each coefficient is one more than the 


number of that term in the product. 
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To allow for polynomial factors up to degree 9 (10 terms), we must 
provide for up to 19 terms in the product. To use the pattern of coefficients 
shown earlier, we must allow for up to 19 terms for A(I) and BCI) by including 
the DIMension statement as shown in the following program. We must use 
DIM when there are more than 10 values for a subscripted variable. The 
statement reserves enough space in the computer for these values. 


10 DIM A[19],B[19] 

20 READ M,N 

30 FOR I=N+1 TO M+N+1 

40) Lei Ai =0 

oO See eilil—o 

60 NEXT | 

TOS EOR l=1 TO M1 

80 READ Afi] 

90 NEXT | 

100 FOR l=1 TO N+1 

110 READ Bil] 

120 NEXT | 

130 DATA 1 (Deg. of 1st poly., M) 
140 DATA 1 (Deg. of 2d poly., N<M) 
150 DATA 1,1 (Coef. of 1st poly.) 
160 DATA 1,1 (Coef. of 2d poly.) 


170 iFOR l= TO Miss iN| 467 In line 170, I its the 
160 UE s—6 number of the term 
190° FOR J=1 aioe) in the product; and 
200 LET S=S+AJ[J}]*B[I+1—J] in line 200, 1 + 1 ts 
210 NEXT J the sum of the sub- 
22) PRINT Ses scripts. 
230 NEXT | 
240 END 

Exercises 


1. If you RUN the multiplication program above as listed, the output will be 
1 Z 1 


which represents x? + 2x + 1. Make that polynomial the first factor by 
making these changes and RUN the program again: 


130 DATA 2 
150 EAA, 2, 1 


Continue changing lines 130 and 150 in this way up to 
130 DATA 9 


and observe the pattern of your results. 
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2. Find the product shown at the top of page 177 by using these DATA 
statements in the previous program: 


130 DATA 4 

140 DATA 1 

WO) DATA 5, —1, 0, 4, 0 
IeOe DATA 3, —2 


3. Rewrite the multiplication program to use INPUT statements instead of 
READ and DATA statements. 
4. Write a program that will use subscripted variables to store the prices of 


four items and will allow you to compute bills for orders for numbers of 
one or more of the items. 


6-3 Factoring a Polynomial 


In Section 6-2 you saw that: 
I. a* — b? = (a — b)(a + b) Differences of squares 
Il. a? — 2ab + b? = (a — b)(a — b) = (a — b)? ' 
Ill. a? + 2ab + b? = (a 4+ b)(a + b) = (a + BY? 


A polynomial, such as any of those in I-III, that can be expressed as a 
product of two or more polynomials of lower positive degree is said to be 
reducible. Each of the latter polynomials is called a factor of the given 
polynomial. To factor a polynomial over a designated set (the factor 
set), you express it as a product of polynomials belonging to the factor 
set. Unless stated otherwise, we assume only integral coefficients for the 
factors of a polynomial with integral coefficients. 


EXAMPLE 1 Factor the polynomial 6xy + 21y2. 

SOLUTION You can easily observe that 3y is the monomial of greatest coefficient 
and degree that is a factor of each term in the given polynomial. Then by 
the distributive law, we have 


6xy + 21y? = 3y(2v + 7y). Answer. 


In Example 1, 3y is called the greatest monomial factor of the given 
polynomial because it is the monomial with the greatest numerical 
coefficient and the greatest degree that is a factor of each term of the 
polynomial. The other factor, 2: + 7y, cannot be reduced to a product 
of factors of lower positive degree, and is hence irreducible. Moreover, 
its greatest monomial factor is 1. 
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A polynomial is said to be factored completely when it is expressed as 
a product of a constant and one or more irreducible polynomials each of 
which has 1 as its greatest monomial factor. Of course, powers of the 
irreducible polynomials may be used as necessary, and we omit the 
constant when the polynomial has no integral factor. In Example 1 the 


constant is 3, and the irreducible polynomials are y and 2x + 7y. 


EXAMPLE 2 


SOLUTION 


Factor each polynomial completely. 


aon — 50x 
b. 3a° — 6a*b + 3a3b? 


a. 6x7 — 150x? = 6G et ee 
b. 3a° — 6a'b + 30°b? 3a (G2 — 0) ee ee 


Every reducible quadratic trinomial of the form ax? + bx + chas two 
binomial factors, of the form Ax + B and Cx + D. Since 


(Ax + B)(Cx + D) = ACx? + (BC + AD)x + BD, 


the problem of factoring such a trinomial is to find values of the coeffi- 
cients A, B, C, and D such that 


AC 


EXAMPLE 3 
SOLUTION 


=a, AD BG and BD=c. 


lEigyeiinoyr foe” SL The ok 2. ~ 


First, you might analyze the coefficients as follows: Since the coefficient 


_a (AC) of x? is positive, we know that A and C must both be of the same 
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sign, and likewise since the constant term c (BD) is positive, B and D 
must be of the same sign. (Iwo numbers are of the “same sign” if both 
are positive or both are negative; they are of “opposite signs” if one is 
positive and the other negative.) Since the coefficient b(AD + BC) of x 
is also positive, A and C cannot have the opposite sign of D and B or else 
AD and BC would both be negative. Hence A, B, C, and D must all be of 
the same sign, which we can take to be positive. Since AC = 6 and 
BD = 2, the possible factors are: 


A B C D AC AD+BC_ BD 
i} Le pena ce 
(6x + 2 soe 8x 
(6x + DG = 2a = 13x 
3x + 2)@x + 1) ]6r" + 7x 
(Gx DG oe 8x 


++4++4+ 
NN NM Ne 


The combination of factors shown in red makes AD 4+ BC = }, or 7. 


.. in factored form, 6x? + 7x + 2 = (3x + 2)(2x + 1). Answer. 


Notice that in Example 3, if we had chosen A, B, C, and D as all 


negative instead of positive, the result would have been equivalent. 
That is, 


[—3x + (—2)][—2x + (—1)] = 6x? + 7x + 2. 


EXAMPLE 4 Factor 8y? — 2y — 3. 


SOLUTION Let us abbreviate the possible factors by writing only the coefficients. 


8 =3) = 
Axc BxD AD + BC 
4 2 | = —12+2= —10 
4 2 —1 3 [2a 2 = il0 
4 2 3 -] —-4+6=2 
4 2 —3 1 = @ = az 


Hence the factors are (4y — 3) and (2y + 1), and 
Oye — y= 3 = Cty — 3)2y aly Answer, 


Of course, as soon as vou find the correct factors to make 
AC =a, AD + BC = b, and BD =c, 


there is no point in going through the other possibilities. 


EXAMPLE 5 Factor x? — 3x + 1. 


SOLUTION 1 I 3 
Ae & BxD AD + BC 
| 1 ] | 2 
1 1 —1 -1 —2 


Since there are no other different factorizations possible, +? — 3x + 1is 
irreducible. Answer. 


Two other factor patterns that are useful to know in addition to the 
three at the beginning of this section are: 


IV. a3 + b3 = (a + b)a?— ab + b*) Sum of cubes 


V. a@ — b3 = (a — b)(a? +. ab + b-) Differences of cubes 


"EXAMPLE 6” Factor 64x? + 27. 
SOLUTION Using formula IV with a = 4x and b = 3, we have 
64x23 + 27 = (4v + 3)(16x? — 12v + 9). Answer. 
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Oral Exercises 
State the greatest monomial factor of the given polynomial. 
1. 3ab + 6a? 2. 32x0 =o 3, x4y? — x4y3 
4. 8r2s + 12r3s 5. 15a2b? — 25ab*c? 6. 8x2yz — 6xy2z + 10xyz? 


Identify the given polynomial as a difference of squares, a difference of 
cubes, a sum of cubes, or the square of a binomial. 


7. n? — 36 8. y? — 27 ee aS 
1020 E125 11. x2 + 10x + 25 12. 9a? — 49b? 
13. x? — 8x + 16 14. 36y* — 1 15. 13 — 64 
16. c* — 6cd + 9d? 17. 25d? — 10d + 1 18. 8 — 27k3 


Written Exercises 


Factor the given polynomials completely. Write ‘‘irreducible’’ for any 
that cannot be factored over the set of polynomials with integral 
coefficients. 


1. 4x? — 12x + 9 2. Or? — 25t? 3. 2k? + 11k + 15 
4, 49n2 4+ 14n + 1 5. 27y3 — 1 6. z7 + 16 

7. 3x? + 10xy — 8y? 8. c? + 125d3 9. 6a? — Tab — 20b? 
10. 25p2q2 — 30pq +9 11. 1012 — 19 + 6 12. 64 — m3 

le, 58 5 Soe 14. x*y? + 13xy — 48 15. 6x? + xy — 12y? 
16. z* — 25 (17, 3x4 — 8x? — 35 

18.7° 4 27 19. y® — 10y3z? + 2524 


In Exercises 20-28 more than one factorization may be necessary. 
Factor out any monomial factors first. 


20. t° — 64 21. b* — 13b2 + 36 22. 16a* — 54a 
Poe yore et 3x 24. 40p3q3 — 250pq 25. (x — 1)? — (y + 1)? 
26. (a2 + 2a + 1) — BD? 27. aa =) aa) 28. b3 — 3b? + 4b — 12 


Factor completely. 


29, x3" 4 y™ 30. 49p” + 14p" + 1 31.47" = 25 
32, ra — 0 33. 3x*¥ — 10x” + 3 34, zaett _ z2k+l _ 6z 
35. 9x4 — 7x2y? 4+ y* [Hint: 9x4 — 7x*y? + y4 = (9x4 — bx2y? + y4) — x2y7] 
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| 
eee 
Self-Test 1 
. 
VOCABULARY _ reducible (p. 181) irreducible (p. 181) | 
factor a polynomial (p. 181) factor a polynomial | 
greatest monomial factor of completely (p. 182) 


a polynomial (p. 181) 


Give an equivalent expression in which each variable occurs at most 
once and in which only positive exponents appear. Assume that no 
variable equals 0. 


Gx ys? 
Y =a 2. (3x2y"2)(2e-2y7!)? Obiei a. 1a 
3. Write (2x — 3)3 as a polynomial in simple form. Opi 2p 171 


Factor completely. 


4, 2x2 4+ 13x —7 Ge = Ie Obj. 3, p. 171 


Check your answers with those printed at the back of the book. 


Applications of Factoring 


OBJECTIVES for Sections 6-4 and 6-5: 

1. Solve polynomial equations by factoring. 

2. Solve problems involving factorable polynonrial equations. 
3. Solve polynomial inequalities by factoring. 


6-4 Solving Equations by Factoring 


The quadratic polynomial in the equation 
25% — 3 0 
can be factored as 
(2x — 1)(v + 3). 


Then it is a simple matter to find the solution set of the given equation by 
using the theorem proved on page 186 which states that @ produet of real 
numbers is zero if and only if at least oue of the factors is zero. 
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Theorem. For all a and b € &, ab = O if and only if a = 0 or 


B= 0) 


PROOF 


I. The “if” part savs that if either a or b is zero, then ab = 0. This 
follows directly from the multiplication property of zero, that is: 
a0 0a a0 

II. The “only if” part says that if ab = 0, then at least one of a and b is 
zero. The reasoning goes as follows: Suppose b 4 0. We want to 
show that a must then be zero. 


{. ao=0 Hypothesis 

2. ab (7) = 0 z Multiplication property of equality 

3 a(b +) =) Associative axiom and multiplication 
property of zero 

4. a°1=0 Axiom of multiplicative inverses 

20) Axiom of 1 


From the theorem above we know that the equation at the beginning of 
the section, 


2a? 2 5x = or ae 3) 0; 


is equivalent: to the statement that either 2x -1=0, or x +3=0. 
Solving these two linear equations, we obtain 


—— or a 


bol 


Checking, you find that each of these values satisfies the original equa- 
tion. Hence the solution set is {4} U {—3} = {4, —3}. 
EXAMPLE 1 Solve y3 — y? = 6y. 


SOLUTION 1. First rewrite the equation into an equivalent equation with one 
member 0. 


ae =? pe 6y = 0 
2. Factor completely. 


JO — 9) =) 
YBa 2) = 0 
3. Solve the compound sentence: 
y=0 or S300 cr 7eaz =o 


=O or =3 or eS 
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EXAMPLE 2 


SOLUTION 


Oral Exercises 


Give the solution set for these equations in factored form. 


1. (2x — 1)(x — 3) = 0 2. (3x — I(x + 5) = 0 
3. 2(y — 2)(2y + 1) = 0 4. (2 + 3) =0 

Bec — 34a + 1) = 0 6. (vw — 15)(v + 15) = 0 
7. 2y(y + 8)(y — 3) = 0 8. (Sv + 8 7v — 1) = 0 


5. The width of the pool is (8 — 2x), or 6 m; the length is 


4, Check each solution in the original equation, y3 — y? = 6y. 


O=[W=05 3) — 32 = 6-3" 2 = (2) = 6) 
O02)  —9= 18 —-8-—4= -12 


.. the solution set is {0, 3, —2}. Answer. 


In a community park a rectangular swimming pool and walk are to be | 
built on a piece of ground 20m long and 8m wide. The pool is to be 
surrounded by a paved walk that is twice as wide at the ends as at the 

sides of the pool. If the area of the pool is 3 that of pool-plus-paving, how 

wide is the walk (a) at either side and (b) at either end? 


1. The problem asks for the widths of the walk at either 8mm 
side and at either end of the pool. 


2. Let x = width of walk along either side, and 


2x = width of walk at either end. . 20m 
Then the dimensions of the pool (in meters) are 
(8 — 2x) and (20 — 4x). a 
3. The area of the pool is 2 that of the pool-plus-paving. —_—~~ 
(8 — 2x)(20 — 4x) 3(8 x 20) 
4. 160 = V2 ab Bee = OE 


8x? — 72x + 64 =0 
x*— 9x +8=0 
sa 1) =—0 
x —=6=0 or x—1=0 
ceo = al 
Since the entire plot is only 8m wide, the solution 
x = 8is not possible. Hence, x = 1 is the only possi- 
bility. 


(20 = 4x), or I6m. The area of thes pool Mis 


(6 X 12) = 96m? which is 2 that of pool-plus-paving, 
3(8 < 20). 


- the walk is 1 m wide at each side and 2 m wide at each end. Answer. 
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Written Exercises 


Determine the solution set of the given equation. 


Pees 2 10 2? =O 3. 169 — x? =0 

4. 9x? —6x +1 =0 5. y? — 12y + 36 =0 6. 2x? + 15x + 25 =0 
7. 5x* — 80 =0 8) 6a* 7a 10 — 0 9. 72? + 142 =0 

10. 8b? — 10b + 3 =0 I. x? — 4x = 12 ier — 15x 

13. 10c? = 19c + 15 14. (x — 3)? = 16 15, n?2 +56 = 15n 

16. Gao 5) — 9) = 11 — 4x Wa 3) = ¥ 

1S 3) 1923) — (4) 

20. z37 + 8z? — 20z = 0 21. 3a3 — 48a = 0 

22x 29 100 — 0 23,4 — 52° — 36— 0 

240 x%° = 17? salon = 0 25. 6-(6- = 25) = 44> 925) — a) 


Give a quadratic equation whose solution set is the given set. 


26. {5,9} B70, 15) a aye 29. 


{ 
30. (4. 6| 31. {—2} ae (2. =| = EE Al 


Problems 


1. Find the positive integer whose square is 45 more than 4 times the 
integer. 


2. Find the negative integer whose square is 10 more than 3 times the 
integer. 


3. If the square of a number exceeds 9 times the number by 360, what is 


the number? 
30m 


4. The floor of a room 20m wide and 30m long is being 
waxed, starting in the center. If 4 of the floor has been 
waxed, leaving an unwaxed strip of uniform width 
along the edges of the room, how wide is the strip? 


20m 


5. The area of a rectangle is 120 m?, and it is 7 m longer than it is wide. 
What are the dimensions of the rectangle? , 


6. A rectangular box with a square base has a height of 35 cm. What is ; 
the length of a side of the base if the surface area of the box is 
3600 cm?? 
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10. 


11. 


12. 


other. Find the length of the shorter leg. 


. Nora Rowley wants to build a brick walk of uniform 


width around the outer three edges of her garden 
which adjoins her house as shown. If the area availa- 
ble for the walk and garden is 12m by 15m and there 
are enough bricks'to cover 54 m? of ground, how wide 
should the walk be? 


. A farmer wants to build a divided enclosure against the 


side of a barn as shown. If the farmer has 31 m of 
fencing and wants to enclose a total area of 80m?, 
what should the width of the enclosure be? 


In the figure, m(AB) (read “the measure of segment A, 
B”)is 4, and m(AC) — m(AD) = 6. Find m(AC), given 
that m(AC) : m(AD) = (m(AB))?. 

‘& 


es OX 


An open rectangular box is to be made by cutting out 
squares from the corners of a piece of cardboard 
measuring 80cm by 100cm and folding along the 
dotted lines. If the original length of a side of the 
cutout is doubled, it is found that the volume of the 
box remains the same. What is the original length x? 


. In a right triangle with area 30 m2, one leg is 7m longer than the 


A truck and a sedan leave a filling station at the same time and travel 
south and east, respectively. After an hour they are 75 km apart. If 
the sedan travels at an average speed that is three fourths that of the 


truck, find the speed of each. 


6-5 Solving Inequalities by Factoring 


You know that for a and b € @, if ab > O then a and b are of the same 
sign, while if ab < 0, then a and b are of opposite signs. You can use 
these facts to solve an inequality in which one member consists of a 
reducible quadratic polynomial and the other is 0. 
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EXAMPLE 1 Find and graph the solution set of x? — 2x > 8 over &. 


SOLUTION x2 2x>8 
x2 2x —8>0 
(x — 4)(x +2) >0 


The inequality is satisfied if and only if x — 4 and x + 2 both have the 


same sign. 
Both factors positive or Both factors negative 
x—4>0andx+2>0 x—4<0andx+2<0 
x>4andx> —-2 x<4andx< -2 
The intersection of these two . The intersection of these two 
solution sets is (x: x > 4}. solution sets is {x: x << —2}. 


... the solution set of the given inequality is the union 


{xs x > or x< —2} Answer. 


—— st th HH 
=) 6 =8 =2 =) OO 7 2 3. 4 » 


EXAMPLE 2 Find and graph the solution set of y? — 2y < 3 over &. 


SOLUTION yr? 2y <3 
yo ey 0 
(y¥=2)G ee 20 


The inequality is satisfied if and only if y — 3 and y + 1 have opposite 


signs: 
y—3>0andy+1<0 or y—3<0andy+1>0 
y>3andy<—-l1 y<3andy>-1i 
{yy > 3} Oy ye Crees (ies > = 


= {yi 1 yo) 
.. the solution set of the given inequality is the union 


GBU{y: —l< ys) —(y: —1 < y =e is ce 


— A el 0 1 2 3 o 


Oral Exercises 


State the solution set of each inequality. 


il, se = 2B) SO A, 562 = 3) <0 3. x(x +5) <0 
He AGE = ©) > O B, (Ge = Dige = 2) 0 & (Ge 3 Dies = 3S) © 
Ps (x — 2? >0 8. 8 — 5) Seo 9. (x + 2)2(x — 3) <0 
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Written Exercises 


Find the solution set of each inequality over ® and draw its graph. 


1M — 2)(x + 3) > 0 
amex? — 6x > 0 
7. 32 > 2c? 


10. x? — 10x + 28 > 4 


13. y*(y — 4) > 0 
16. t(¢ — 5)* > 0 


19. x3 + 10x? + 25x <0 
Die — 16< 0 


Self-Test 2 


Solve by factoring. 


ee + 18x = 0 


3. A rectangle that is 5cm longer than it is wide has an area of 


84cm2. Find its width. 


4. Solve the inequality x? — 3x < 28 and graph its solution set. 


2. (y — 3y —7) <0 Bae Sa 4 < 0) 
ae 3 28 <6 6.3b7— 75 >0 
R Det ot Oe — <0 CL ee = Be < IS 
11. (k — 2)? >0 12? Ge = 9 0 
14. 2x3 + 10x7< 0 1S, Bee <K see 

Vie — 227 IO Iel2y? — sree 0 


2, Se +b ip = 12 = © 


20. 4x3 + 9x > 12x? 
22. x*" 4 x — 2 < 0, for integral n > 0 


Obj. 1, p. 185 


Obj. 2, p. 185 


Obj. 3, p. 185 


Check your answers with those printed at the back of the book. 


Rational Algebraic Expressions 


OBJECTIVES for Sections 6-6 through 6-11: 

1. Simplify a rational expression by factoring tts numerator and denominator. 

2. Find the quotient and remainder when one polynomial is divided by another. 

3. Express a product or quotient of ratioual expressions as a rational expres- oe 


sion in lowest terms. 


4. Transform a sum or difference of rational expressions into an equivalent ; \ 


rational expression in lowest tertts. 


5. Solve problems involving equations witl rational coefficients and fractional 


equations. 


* 
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6-6 Simplifying Rational Expressions 


Just as any number which is the quotient of two integers is called a 
rational number, so the quotient of two polynomials is called a rational 
expression or, more fully, a rational algebraic expression. In neither 
case can the divisor be zero. 

The following theorem enables you to reduce a fraction to lowest 
terms, that is, to express it as an equivalent fraction whose numerator 
and denominator have no common factors except 1 and —1. 


Theorem. For all +, s, and t © ®, s andt £0, 


_ Fee 


= : and 
s+t 


56 56414 4 


b- @24 > 5 oe 


For example, 


an | Giro 
ui] & 


Likewise you can simplify a rational expression by factoring the 
numerator and denominator completely and then dividing both by all 
their common prime factors. The rational expression is said to be 
simplified, or in lowest terms. : 


5 22 eee 
EXAMPLE 1 Simplify 2-2 
ee iy) 
yay = by) ye a ee) 
y? — dy? — 3y ~ 
Dividing numerator and denominator by the product y(y — 3) of all their 


common prime factors (that is, their greatest common factor), you 
obtain 


SOLUTION 


y*(y + 2) 


a (y & {0,3, —1}). Answer. 


EXAMPLE 2. Simplify (28 — 7a)~1(64 — a2). 

64a » 4 a6 ae a’) 
28 —7aae 7(4 — a) 

a? + 4a + 16 


= a (a £4). Answer. 


SOLUTION (28 — 7a)" (64 — a?) 


Hereafter in this book it will be assumed, usually without comment, that 
the replacement sets of the variables in a fraction include no numbers for 
which the denominator is zero. 
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Oral Exercises 


Simplify the given expression. 


), = x es (a — 2Xa + 3) 
5—x 3-y 5 
4 - 

ae 2) SEF Gx ES) + 5) 6. (x3 4 5x? — 14x)x-3 
(a a8 b)? 8 4x5 ae Sx? 6 x? — &x + 16 

‘@ + bY — a 


| 3Vritten Exercises 


“ Simplify the given expression. 
. 6(3x — 15)7! 

. (2b)-3(12b? + 20b°) 

mite = 7c-)(2c — 14)7! 

. (12n3 + 1522)(—8n — 10)! 
me 4)-(4 —7) ? 

mse 10d)(ac7d + 6cd2)! 


A 


(2x? — 98)(x3 + 4x? — 21x) 


2(x + 7)2(x3 — 10x? + 21x) 


v4 — 10r7 +9 


ey 47 + 3 


b® — 64 


pe = 4)(b2 — 2b + 4) 


20. 


es 


24. 


26. 


28. 


m5a-(a- =a) 

. (20a? — 15a)(25a)' 

Gy" — ley) 

TG Dre ae 

. (x3y? — 3x2y)e2y? — 3xy)7! 
. (a? —p ya — b) 


m3+m 


“(m + 1)? 


x? — Sxy + 4y? 
x? — 3xy — 4y? 
Z3 — 22? — 15z 
4z? — 100 
4x2 4 17xy — 15y? 
léc2 — or 


yi — wt 
(p3 — q°\(p* — pq’) 
(250 — 2a*)(a? + 25) 
a* — 625 
(eo 1)(c — We 


EY = I 
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(A a4) 
(a3)? — (b3)? 
a’ + a*b? + b* = (a? —ab 2 pia abso), 


29. Use the fact that = | to prove that 


@i ar € 


30. Prove that if ° — “ for some nonzero real number c, thena = b. 
+c 


b 


6-7 Dividing One Polynomial by Another 


The following theorem enables you to replace a rational number named 
by an improper fraction with an equivalent mixed numeral which names 
the sum of an integer and a proper fraction. 


Theorem. For all a, b, andc € ®,c £0, 


at+b_a 


Thus, a b 
Daren 4 
29 2445 3-8 25 oc 5 5 
8 8 8 S ne el es 
t 
c 


Likewise, using the above theorem along with the division algorithm, you 
obtain 


4253 151 « 28 lollies Se ms oe 
28) —=—oa8 
151 

In more advanced mathematics it often becomes neces- _28) 4233 
sary to transform a rational expression, by similar means, 28 subtract 1 x 28 
into the sum of a polynomial and another rational expres- 143 
sion. The process, called division, consists of successively 140 subtract 5 x 28 
subtracting a monomial multiple of the divisor from the 33 
dividend until you finally obtain either the remainder zero 28 subtract 1 X 28 
or a polynomial of lower degree than that of the divisor. 5 
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5S? Paes 
EXAMPLE 1 Transform — into a sum by division. 
: A 


SOLUTION Before dividing, first arrange the terms of both dividend and divisor in 
order of decreasing degree. 


Seo 
Zola ox- nS 
Ox 4 ox subtract 3x{2v + 1) 
= Bee tk Dic 
= Ss subtract —4x(2x. + 1) 
6x — 5 
6x + 3——subtract X27 4+ 1) 
—5 
Ee See Fe = 5 =o 
eee a Pe Answer. 


The following example illustrates the division process for polynomials 
involving two variables. In this case you first arrange the terms in order 
of decreasing degree in one of the variables. 


EXAMPLE 2 Divide 2s? + 5s? — 423 by 2s? 4 st — 217. 


SOLUTION As given, the terms are in order of decreasing degree in the variable s. 
Note that the dividend has no first-degree | m in s. When dividing, 
insert anv such “missing” term with a 0 as ils coefhicient. 


Set 
2s? + st — 21?)2s3 4 55% + Ost? — 413 
EE eka 
Hs 77 4 25/2 
4577 + 2517 — 40° 
0 
2S ree = 5+ 21. Answer. 
De a 


The quotient of a polynomial and a monomial can be expressed as the 
sum of the quotients obtained by dividing each term of the polynomial 
by the monomial. 


Ore 2 = eel —_ 
EXAMPLE 3 Express — a as a sum by division. 
a 


SOLUTION Divide each term in the dividend by the monomi.! divisor: 


5 eee — a lie i . 
Me MMe Fo. —. Answer 
3y3 ‘ 3y ae’ 
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_Oral Exercises 
° Transform the given quotient into a sum by dividing. 


3 
L Ge? = Oke 2. 


2x? ab 


State the first term of the quotient. 


Wx — 5)3r7 Saree 5 we ab W\Gpe8 = Xe? ok Te = Al 
6. 22 = 2) eee 7040 — 3) = 12 eee 


Written Exercises 
On 


~ Transform the given rational expression into a sum by dividing. 


ee ye », 120%? — dab — 20 
Sys ; 4ab 
3 C-a> — cd eh ca =f A-) : 27s so lsrs- ean 
: =e! ; 3rs 
5 x? 450-66 tee é Insie Sa sy he) 
‘ w= 5 ce a Sa 
5 8x? = 14x + i - pee os 
j 2x + 5 ia 
9 26 = ie? ties 10, 2 +a? — 22a +8 
a= a—4 
" oF Tr = ee 2 Se — 102 — Ie 
; 3r + 1 ; 4v — 3 
3 Z 
B. 2c — + 18 ia ae =< 
15 i — 3x7 = 0 gee 16 10x? — 40° ao 
4a , 5x — 2 
17. 8d3 4+ 125 18 gee Sk ES — Mile? — Fee a WO 
2d + 5 x+4 
2) easy? + eye (=f? = Si ees 
5) a. 2 ewer 
ay — 
Se = Be = Bi? = 7 ib? 4b 27 
2), Sa 22, ——___——_ 
= 2 be = 3p 9 
3 2yy eee 38 Sa 4 
an 2x° + Tx*y — xy* + 123 ri 32r? + 
x + 4y 2r+1 
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3a°b + ab 3 9x® — 6x2 4+ 3 


. 3 _ 
C 25. By trying examples such as oe, make a conjecture about the 


. . . . n —s 
pattern of the quotient of any division of the form eae in which 
a- 


n is a positive integer. 
26. Repeat the process mentioned in Exercise 25 to make a conjecture 


° . . . n n « * * 
about the quotient of any division of the form onal in which n is | 


a positive odd integer. 


6-8 Multiplying and Dividing Rational Expressions 


You can multiply two rational expressions by using the same rule as that 
for multiplying rational numbers. 


ermal?) Ss, 7, and u © @, t and wv + 0, 


HS Se ae He 


: ara... Je 
lify ———_—_—_ : 
EXAMPLE 1 Simplify oe PE 


p?—3p—4 p?+2p_ (p—4p +1) plp +2) 
p? 28) 9 Pp? 2 4) 
_ RPS Ae ee 2) 
7 p(p — 4)2p? 
p?+3p+2 
rn 


SOLUTION 


Answer. 


The relationship between multiplication and division (page 23) and the 


fact that the reciprocal of Sis +ifs 4 Oand u # Olead to the following 
us 


result. 


Theorem. For all 7s, t, and « © &,s, t, and u £ 0, 
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A 


4v +4 wes 
EXAMPLE 2 Sim lity (tts a4 
ae 3 — Oy 2 JL Dp = 1S 


Payee p24 D2 ay ees 
SOLUTION “23044 . 3a eee 
ye — 9p Vee 2 = 15) v3 — 9y joa 


_ (ye 2S) , (v + 5)(v — 3) 
~ v(v + 3)v — 3) (v — 2)(v 4 2) 
D Wee 2s) 
Ree ay 92) 


ee ee) 
aes 2 ae Answer. 


EXAMPLE 3 Simplify (3x + x7!) + (2 — x), 


1 ee kl 
3x + — = 
ee : ese || 2 26a eae 
SOLUTION Sea a eee ee 
7_x 7x 4—x x 4—x x(4 — x) 
2 2 2 ee 
_ x 
7 aE Answer. 
{Oral Exercises 
“ Express each product or quotient in lowest terms. 
, zee , {=e i Ss 
seas ; 3 x= 2 eee 2S 
gee di See SETS y (x + 2)? 16 (Gee 22 aaa 
eel ec iae aa an 6 ee ee 
y? x+2 4 Ae 4 34 9 
4xy? xy : Ce oe ls . (a+4)? 5a + 20 
mo : y? = 5y ; a ab 
Written Exercises 
; Express each product or quotient in lowest terms. 
; 3p —6 p*+2p am a 
"  p p=4 “"25a3 (a + 3) 
ox) See A 3.  be-~b-6 


Oe Be 3026 
d?44d 
22 a 3g Ss" a 


" (3x +1)? 12x? — 4x 


5( fe Eee 
i aoe ares 
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ee 


B 


y?—Ty +12 (y—- 4)? (? = AOn 2 sia 


ae 5) = 8, ——————- = 
ye+y— 12 3y + 12 (t — 2)? ?— 4 
Meek io, Sea ee 
eo x7 eS | (@= De (@ 45 pe 
mee 420 oz? — 42? 4k? 25 | 4k? — 4k — 15 
z2+2z-—8 27+ 42 Ahlen 15) eS) 
Fe a = & ; jee DE ge We ili = jl - ie = We 
Peeedy x7 4 2x +4 pes aa 
2 
15. a(a = P Via S yee 164A te! ye) 
17. (£-S)+04-s9 is (se +4 )-(2% +1- : -) 
a \ k+1 Dil 
{Ne 3 
19. (n+ )(i4+ 4 “) 0. (5 -1)(2-1 oe 
=> 1 n = 1 ye y y 
re | ke Be x4 x 
2s OT a —_ — > rhea z 4 ea ’ 
Ne. k k2x4 4 kx? 41 22 (2 y) (G+. +13 \(Z +>) 
6-9 Adding and Subtracting Rational Expressions 
’ Two rational numbers having the same denominator can be added or 
subtracted in accordance with the following theorem (see Exercise 190n 
page 25). 
For all a, b, andc EGE R,c £9, 
Peewee ag | 
ee Cc c GC ge eC 
The same rule applies in the case of rational expressions. For example, 
3x? x+2  3x?-x-2 (x +2)0—-V) _ 3x +2 
wee 221° <-1 Gee =e 
If the denominators differ, then vou must find a common denomina- 
tor before adding or subtracting. Just as with fractions, it is simplest to 
use the least common denominator (LCD), that is, the polynomial of 
least degree and least positive constant factor that has each denominator 
as a factor. 
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: : ; 3 2a —4 
EXAMPLE 1 lity 2 a 
Ey G1 
SOLUTION _ To find the LCD, first factor the denominators completely. 
2 = 
Ge 2 ned 
a-1l1 2 2a—1) 
.. the LCD is 2(a — 1). 
Next replace each rational expression with an equivalent one having the 
LCD as denominator, and then simplify: 
2a? 3(a — 1) 200 24> — 30 ee ee 
2) 26 eS 24a 
_ 27 — 4 — 1 aa) 
Co a 2(a — 1) 
= Be 1 @#1). Answer. 
2? 
EXAMPLE 2 Simplify —————. 
xy 
i] 1 y? x2 y2 — x? 
=} =F fo a oh) |) PAPE) ae pam a) 
SOLUTION 2_—> =7 2 242 02 _ 2 eee 
<a 5 Bie ie =: 
x y xy xy 
Zee 2 2 yz 
= Ops e0m = ae Answer. 
(xy)(xy) xy 
Oral Exercises 
State the least common denominator of the terms of the expression. 
5 ei 1 7x 4 3 
a 2, eee f 
a 2b ne * pee 
1 a 2 1 2) as Q 4x n 3x 
a+5 § "2s tee ye? ” Bee 
Written Exercises 
Simplify the given rational expression. 
3x 6 10 15 
é _————_ piece el ese 
x=2 x= 5b? e b 
D2 2 4 ei 12 
“ab ab? © ab? ee er ee, 
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a | \ i 1S) eee! 


oe a (ene SE Ss 
(y+? yl Bye 61 LaeyE 
_ DS) == he Bs ZN y 
a3 gt 9 o: el TRAN Cee eer: 
yo xeay2 "x3 
k? 4k a tc Ip 2a 
a ——————— 1; 2 eee ec 
eee ok 10 Ge a =p 
4 ee Be Se); 2d 
11. - 12, ——— ————. 
: ee — ~ — 2 (z=aa oranG 
13. x—5 = x—1 14 BE = || Be ab | 
Poe res) x? 4 Or 4 9 eae Yo Ss 
eo a es ee 
15. ————_——_ pee eet eS 
eo! = 1 Ie: a ee 
3, A es i eee 
pee ab at b Op Sere)" 
Be x—-y x 
eS = 
R7—y? x2?—xy—2y? x* — 3xy 4+ 2y? 
0. Js Seah t 


eee  D 


2. — 
Bo. (r-s4 zs )'(e-5) 
PENG pe 


(x — y)(x7! + y7}) 
(x + yx! — y7}) 

Alye tk 38) 
= 1G =2)" 
where A and B are integers, can be written equivalently in the form 

p q 


=o 


C 24. Theorem: Any rational expression of the form 


5 where p and g arc integers. Prove the theorem by 


Ax +B me! = q 
Gece = 2) — x —1 Rae Zw 


solving the equation for pand q in 


terms of A and B. 


6-10 Using Polynomials with Rational Coefficients 


The mathematical description of practical problem situations often 
involves equations whose members are polynomials with rational coct- 
ficients. 
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a 


EXAMPLE 1 


SOLUTION 


One high-speed computer system can prepare the weekly sales summary 
of alarge company in 10h. A faster system can do the job in 6h. If both 
systems were in operation, how rapidly could the sales summary be 
prepared? 


lL. 


The problem asks for the number of hours required for the systems to 
prepare the sales summary together. 


. Let x represent the number of hours for the systems to prepare the 


sales summary together. 


7b = rate of the first system (one-tenth of the job in 1h). 
4 = rate of the second system (one-sixth of the job in 1h). 
1 = total work done together (one whole job) in xh. 


. Total work is part done by the first plus part done by the second. 


a i} eee en 
1 = bx + dx 
30-1 = 30-jhx + 30-dx 
30m 3x + 5x 
Completing Step 4 is left to you to find that working together the 


systems would require 3h 45 min. Checking the work (Step 5) is also 
left to you. 


A percent is equivalent to a fraction whose denominator is 100. For 
example, 41% = 75, or 0.41, and 165% = 182, or 1.65. When you multiply 
a number called the base (b), by a percent (r), the product is called the 
percentage (py). The formula p = br is a basic tool in solving many 
problems in science and business. 


EXAMPLE 2. Twenty grams of a 60% solution of alcohol in water is to be diluted by a 
42% solution. At most, how many grams of the weaker solution can be 
added if the resultant solution is to be at least 50% alcohol? 


SOLUTION 
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Ike 


The problem asks for the maximum number of grams of the 42% 
solution to be added. 


. Let y denote the number of grams of the 42% solution to be added. 


Then: 


20 + y =the number of grams in the resultant solution 
0.50(20 + y) = 50% of the resultant solution 
0.42y = the amount of alcohol in the added solution 
0.60(20) = the amount of alcohol in the original solution 


. Alcohol in the resultant solution 


Alcohol in alcohol in 50% of the 
original solution plus added solution is at least resultant solution. 
ree {lL ———— ———————— 


~ 0.60(20) + 0.42y S 0.50(20 + y) 


Problems 


4, Multiplying each member of the inequality by 100, you find: 


60(20) + 42y > 50(20 + y) 


By solving this inequality, show that at most 25 g of the 42% solution 
can be added. Check your work. 


1. At a water pollution control facility one pipe can fill a purification 
tank in 4h. Another pipe can fill the tank in 6h. How many hours 
will it take to fill the tank if both pipes are working together? 


2. In the tank described in Exercise 1, there is a drain which can empty 
the tank in 60h. How long will it take to fill the tank if both pipes are 
working together and the drain is open? 


3. Each of two canceling machines can process a bag of mail in 10 min. 
A third machine can process a bag of mailin 15 min. How long will it 
take to process 8 bags of mail if all three machines work together? 


4. An office has three copying machines, two of which can make a copy 
in 4s and one of which can make a copy in 6s. How long will it take 
to make 500 copies if all three machines work together? 

5. Harriet Smith bicycles at 12 km/h and walks at 5 km/h. What is the 
minimum distance she must bicycle in order to cover a 22 km course 


in 3h or less? 


, a 
a [ ~ 


6. How much glacial (pure) acetic acid must be added to 180g of a 
solution that is 35% acetic acid to produce a solution that is 50% 


acetic acid? 


7. How much of a 30% salt solution should be added to 200g of a 12% 
salt solution to produce a 20% salt solution? 

8. Kevin Crawford took a business trip by car and averaged 50 km/h 
going, but only 40 km/h coming back because he took a different 
route that was 10 km shorter. If he stopped for 2h at his destination _ 
and took 8.5h for the trip, what was the distance by his original 


route? 


9. How many full minutes elapse after 4:00 before the hour and minute 
hands of a clock coincide? 

10. Each of two road graders can pave a certain section of road in 15h 
working alone. After the two machines have been working for 2h 
they are joined by an older model grader that would take 20h to 
pave the section of road by itself. How long after the first two 
machines began working will it take the three machines to pave the 
section of road? 
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all 


11. At 10:00 a.M. a dentist’s car leaves the Euclidville National Bank 
heading north on Route 5, at 60 km/h. At 10:10 a.m. a police car 
starting from a point 5 km south of the bank on Route 5 gives chase 
at 100 km/h to deliver an emergency message. How far from the 
bank will the police car overtake the dentist's car? 


12. A lean-to greenhouse extending 3m from a wall, as oe 


shown, is to have one end and four-fifths of its square 

slanting side made from transparent plastic. Whatis ~* oe 
the tallest it can be if enough plastic is available to | 8 

cover 9.9m? a= 


6-11 Fractional Equations 


An equation involving one or more rational expressions in which a 
variable appears in the denominator is called a fractional equation. 
To solve the fractional equation 


30 fn a 


EE 
| cs ——_ 


you can begin by multiplying both members of the equation by the LCD, 
(a-— 3)\(G — 3), ora —9 
30 2) 


(a? — 9) (1 + age le 


Then you have: 


a —9 30 = 3G a 

iy 7 5 = 
a?7—5a+6=0 (2) 

(a — 3)\(a — 2) =0 

@ei,ag=2 


Checking the solution set {3, 2} of Equation (2) in the original Equation 
(1), we have: 


1 = 0 poo0s os ae 
et 323 79 2 
to, ES, 1 + (—6) —(-5) +0 
vs 020 


Since a = 3 produces zero divisors, 3 is not an admissible root of 
Equation (1). Hence, although the solution set of Equation (2) is {3, 2}, 
the solution set of Equation (/) is simply {2}. 

Thus you can see that when you transform a fractional equation by 
multiplying both members by their LCD, the resulting equation is not 
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necessarily equivalent to the original-one. The solution set of the trans- 
formed equation will, however, include all the roots of the original 
equation. Always check the roots back in the original equation to see 
which ones are admissible. 


EXAMPLE A plane is to seed a field measuring 1 km wide and 1.2 km long. If the 
ratio of the time it takes to fly the length of the field with a 10 km/h tail 
wind to the time required to fly back against that same wind is 8:9, what 
is the speed of the plane in still air? 


SOLUTION 1. The problem asks for the speed of the plane in still air. 


2 Let? — speed of the plane in swuil air. 
r + 10 = speed of the plane with tailwind. 
r — 10 = speed of the plane against tailwind. 
t = time to fly the length with the wind. 
t’ = time to fly the length against the wind. 


' 9 
Mien = 
en ; 3 
3. Time x rate with wind = distance = time X rate against wind 
ne a= Oy — N22 = AG = IO) 
4. Dividing both members of ¢(r + 10) =t' (r — 10) by t(r — 10), you 
obtain: 
r+10 = ig = 2 
r — 10 t 8 
: r +10 9 
Multiply both members of Ot by 8&(r — 10) 
8(r + 10) = Ar — 10) 
—— 170 


5. Check the solution. 


*. the speed of the plane in still air is 170 km/h. Answer. 


Oral Exercises 


State the least common denominator of the terms of the equations and 
any restrictions on the variable. 


3 1 1 7 15 
——— 2-4 =—5 
: 4x 3x : phe a, 4a? 
4 6 2 34) = 2 
3. = = — 4 == 
y = a 5 id et 
5 ie =6 6 se =a Ze. 2 = 
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L 


4? 


A 
B 
C 
6 
my 
A 


f 


Written Exercises 


Determine the solution set over @. 


1-6. Solve Oral Exercises 1-6. 


_ 2+2 


52 ie ei 
ee ee ee) 
9. 12 = 3a 
ae = jl a= il 
i 9343 42S 
ings ee ELE 
2° 3p—6 
nN zi 1 
13. ———— a 
a5” amen ip 2b § 
eet? | 
y+2 yeas 
a se 
WA, =e 
c?—3¢ 6? = Seems CH = Ke 
ion 2c = Cea 3 


De 
Zile ve 
x—y 4 
2 ay 
y 
2 3 3 — 2y 
Peeks = 2 
X—y x+y xe=y? 
S 1 11 — 3y 
x+y x-y x?-y? 
25 Ae ets 
|| eee ae oe} 
Problems 


10. —— = 


26% 


24. 


es 4 2k = (ee 
k?-~k—2 9 k?—-3k 42° k?-1 

—42m 3m A 

m+8 m4+2 

Bis 2 

x yxy 

3_2_.9 

x Y xy 

3 _ 4 

ras 8 eal 

Be. yl UA 

3x —1 v+3 
26 p-3._ 6 eee 
oe yy x 43) eee ee 


Check all apparent solutions. 


Foakee r? — 3 
- 3p =a 

1 n 20 
m+] 4n2—1 


= 


2k See 
1—k 2k+1 ° 2k?-k—-1 
1 2x +3 —10 


(-3 (232 eae 


1. If a flight that is being chartered for $19,200 could acquire 4 more 
passengers, each one would pay $20 less for the flight. How many 


passengers are there? 


2. One worker can assemble a computer module in 30 min working 
alone. With a second, faster worker assisting, the job can be done in 
12 min. How long would it take the second worker to assemble the 


module working alone? 
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cS 
Sak ye 


10. 


11. 


12. 


. If two resistors of resistances R, and R, are connected in parallel, the 


foal 


total resistance R of the circuit is given by the equation “t + Rae 
] 2 

If R, is 402 greater than R, and the total resistance of the circuit is 

152, what is R,? 


. Every camera lens has a characteristic measurement 


f, called the focal length, such that when an object 


tance D, from the lens to the film satisfy the equation 


is in focus, its distance Dy from the lens and the dis- v1. ) 
~—D,—> +) > 


i: + ae = = If Dy = 90 cmand D; is 3 cm greater than 


v 


the focal length, what is the focal length of the lens? 


. Dave increased his running speed by 40 m/min and completed a 


3600 m course in 1 min less than his previous time. What was his 
original speed? 


. Sue rowed the first 1200 m of arace at a constant speed. For the next 


2600 m of the race she increased her speed by 5 m/min, and for the 
last 1200 m of the race she returned to her original speed. If she 
completes the race in 1h 20 min, what was her original speed? 


. Marvin Fine received a 25¢ per hour raise for his part-time job. He 


can now earn his former weekly salary of $33 in 1h less of working 
time. How many hours does he work each week? 


. Ten minutes after Jane Bennett left for schoo! on her bicycle, her 


brother noticed that she had left her baseball glove at home and 
started after her on his moped. If the moped averages 4 km/h faster 
than the bicycle, and Jane’s brother overtook her after 8 km, how fast 
does Jane bicycle? 


. The college crew team can maintain a speed equivalent to 20 km/h in 


still water. If it takes the team 32 min to row 5km upstream and 
back, what is the rate of the current in the river? (Hint: Express the 
time in hours.) 


A car averages 2 km/L less when hauling a trailer than when travel- 
ing by itself. On a trip requiring 25 L of gas, it hauled a trailer for 


90km and traveled 80km by itself. What is the car's average fucl 


consumption when traveling by itself? 


A canoeist can paddle 12 km upstream and 12 km back downstream 
in the same amount of time as she can paddle 25 km in still water. If 
the rate of the current is 2 km/h, what is her rate in still water? 


A day laborer takes three more days to paint a house than an 
apprentice painter. A master painter takes three days fewer than the 
apprentice. The master painter can do as much work in seven days 
as the day laborer and the apprentice working together can ac- 
complish in six days. How long would it take the apprentice alone to 
paint the house? 
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C 13. Ina certain city a birth occurs on the average every 24 min and a 
death every half hour. A resident moves out of the city every 1.5h, 
and a new person moves into the city every 4.5h. How long does it 
take on the average for the population to increase by ! person? 


Self-Test 3 


VOCABULARY rational algebraic expression base (p. 202) 
(p. 192) percent (p. 202) 
fraction in lowest terms percentage (p. 202) 
(p. 192) fractional equation (p. 204) 
least common denominator 
(p. 199) 
a 4y> — 36y 
1S lify —.—_——_.. 1, p. 19% 
implify ames Obj p 
38 2 = 
2. Transform orate tet into a sum by dividing. Obj. 2, p. 127 
a0 E SE he Jae Obj. 3, p. 191 
. Express = ae ae in lowest terms. yj. 3, P. 
4. Transform—— — =f. — —zinto an equivalent rational Obj. 4, p. 197 
expression in lowest terms. 
oe. ao Obj. 5, p. 191 


Q) — 56% B= & 


6. Each of three steam rollers can smooth a section of road in 21h 
working alone. When these three are joined by a faster steam 
roller, the section of road can be smoothed in 5h. How long 
would it take the faster steam roller to smooth the section of 
road working alone? 


Check your answers with those printed at the back of the book. 
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Chapter Summary 


1. Laws for working with positive integral exponents are extended to any 
integral exponent by defining b® and b-"(b 4 0,n > 0): 
1 


b® = 1, and b=" = —. 
an bn 


See page 172 for a list of the laws of exponents. 


2. Two polynomials may be multiplied by multiplying each term of one 
of the polynomials by each term of the other and then adding all the 
products. 


3. A polynomial is reducible if it can be expressed as a product of two or 
more polynomials of lower positive degree; otherwise, it is irreducible. 
The greatest monomial factor of a polynomial is the monomial with 
greatest numerical coefficient and greatest degree that is a factor of 
each term of the polynomial. A polynomial is said to be factored 
completely when it is expressed as a product of factors each of which 
is aconstant and one or more irreducible polynomials whose greatest 
monomial factor is 1. 


4. You may use the fact that a product of real numbers is zero if and only 
if at least one of the factors is zero to solve polynomial equations. For 
example, the quadratic polynomial in the equation 


pee 4 — 0) 
may be factored to give the equivalent equation 
(3x + 4)(x« — 1) = 0. 


Then it is a simple matter to set the factors equal to zero to determine 
that the solution set is {—4, 1}. 


5. You may use the following fact to help solve inequalities by factoring. 
For a and b € &, ab > O if and only if a and b are of the same sign, 
and ab < 0 if and only if a and b are of opposite signs. 


6. To reduce a rational expression to lowest terms, you can factor the 
numerator and denominator completely and then divide both by all 
their common factors. 


7. By using the division algorithm, you can transform a nonzcro rational 
expression into the sum of a polynomial and a rational expression 
in which the degree of the numerator is less than that of the 
denominator. 


8. Operations can be performed with rational expressions by using the 
corresponding rules for operations with rational numbers. 
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Chapter Review 


1. Give an expression equivalent to (5x*y~3)(7xy°). 6-1 
a oNy b. =3505) €. 350. 
2. Express the product (2x + 5y)? in simple form. 6-2 
ay 4x? -- 25)? b. 4x2 + 20xy + 25y? G. 4x? 4 10x sy 
3. Factor the polynomial 2x? — 10x + 12 completely. 6-3 
a. (2x — 6)(x — 2) b. 24 =3)@=—2) c. 24 = 3G ee, 
4. Solve xe SS Sp = 24) = (i), 6-4 
a. {3, 8} b. {—8, —3} c. {3, —8} 
5. Find the solution set of the inequality x? + 3x — 28 < 0 over &. 6-5 
a. {x:x>4 or x< —7)b. (ye ee 
6. Simplify (30a5b — a*)2a~2. 6-6 
a. 60a7b — 1 b. 60a? — 2 c. 60a3b — 2 
2 
7. Transform Bw Nae into a sum by dividing. 6-7 
2 & — 
Bon +3 bap + 5 eee ee 
x—2 B= 2 
2 Senta pee 
8. Express ela, i! in lowest terms. 6-8 
2y + 10 y—3 
y? — 3y — 10 y? — 3y + 10 y? — 25 
a, —— - — — Ib, . cc. ————— 
2 2 y+2 
.,. 5 2 
9. lify ? 6-9 
BY a7 at ha 
7k — 6 k?—2 2k +1 
ee ) wre 4 
10. The average of two numbers is 20, and one of the numbers is 2 less 6-10 


than = of the other. Letting x represent the greater number, write an 


equation to solve the problem. 


3 
x+{=x —2 

3 (2 ) 1/3 

3 —x = 20 —EE————E , = (Fe |) = 

ax+ a b 5 c 5 (5+) 20 

11. Solve 8 = t = 0 over &. 6-71 

pe 8 fw 

ay al b {3} Cat d.4{5} 
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Chapter Test 


Write as an equivalent expression containing only positive exponents. 
Assume no variable equals zero. 


’ 


ee 


ee ax*y—'z)( —3x*y~2z9) 2. ee 6-1 
3. Write the product (2x? + 3x + 9)(x — 3) in simple form. 6-2 
Factor completely. 
4. x? + 1ld4xy — Sly? 5. 24x? — 3 6-3 
Solve over ® by factoring. 
6. y? — 4y — 45 = 0 a 2 0) 6-4 
Find the solution set of the given inequality over ® and graph its 
solution set. 
8 x7 — 8 >2x 9. x? —7x < -—10 6-5 
Simplify. 
k2 + 10k + 25 pe he AS 
10. —— 11. ——————| 6-6 
k3 + 125 2x? + 16x + 32 
3 2 
iz) Express aaa as a sum by dividing. 6-7 
Express in lowest terms. 
2a? al 244 
, Cee ie eee 6-8 
x?7—xy x+y x+2 i 
' 
Simplify. 
1 DK —x 2 
15. ———— SS SS SS 6-9 
meer 3% — 15 = ee 
i 
17. The sum of 4a number and } the sum of the number and 7 equals 9. 6-10 
) Find the number. 
5 =5 2 = 
18. Solve Saale + acini = 2 over @. 6-11 
os 2 
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thousand 
’ which are 


This microscopic chip holds between eight and sixteen 


bytes” of memory. Each byte consists of eight ‘‘bits, 


pieces of information in binary form. 
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sequences and 
Series 


Arithmetic Sequences and Series 


OBJECTIVES for Sections 7-1 through 7-3: 

1. Determine an arithmetic sequence when the first term and a rule for com- 
puting each successive term from the preceding term are given. 

2. Find a specified term of an arithmetic sequence when two terms, or one term 
and the common difference, are given. 

3. Find the sum of a given arithmetic series. 

4. Solve practical problems involving arithmetic sequences and series. 


7-1 Arithmetic Sequences 


Sue had $18 in her savings account when she joined the payroll savings 
plan. She decided to have $20 of her weekly salary deposited in her 
savings account. Starting with the initial amount, and continuing 
through five successive deposits, the number of dollars in the account 
formed the following sequence: 


18, 38, 58, 78, 98, 118. 


The numbers in a sequence are called the terms of the sequence. In 
the sequence given above, the first term is 18, the second is 38, and so 
on. A sequence which has a last term is called a finite sequence. A 
sequence which you think of as continuing forever, such as 


Sess oo, 7S, 98, 118,08 


has no last term and is called an infinite sequence. 


Sequences and Series | 213 


— | 


Mi 


The sequences shown on page 213 are called arithmetic (pronounced 
ar-ith-met-ic in this usage) sequences. An arithmetic sequence, or an 
arithmetic progression, is any sequence in which each term after the 
first is obtained by adding a fixed number, called the common differ- 
ence, to the preceding term. In the sequence 18, 38, 58, 78, 98, 118, the 
common difference is 20. The terms in an arithmetic sequence are said 
to be in arithmetic progression. 


EXAMPLE 1 The first three terms of an arithmetic sequence are —7, —3, 1. What are 
the common difference and the fourth term of this sequence? 


SOLUTION 1. To find the common difference, subtract any term from its successor. 
(—3) —(-7) =4 for 1 — (—3) = 4] 
.. the common difference is 4. Answer. 
2. To find the fourth term, add the common difference to the third term. 
| 46 dh = 5 
.. the fourth term is 5. Answer. 
To refer to the terms of any sequence, you often use subscript nota- 
tion. For instance, you might call the first term of a sequence a,, the 
second term a,, and so on, with a, denoting the nth term. 
You can use this subscript notation to write a rule for forming the 


successive terms of an arithmetic sequence. In the sequence 18, 38, 58, 
Pespeelsy WC ce eene a 


a 18; a,= 38 =a, 20; a,=a,+ 20. 


In general: 


If the first term of an arithmetic sequence is a,, and the common 
difference is d, then the successive terms are obtained from the 
rule 


i =a, + a, = lly Ay Sh onc 


EXAMPLE 2 Name the first term and give a rule for finding the successive terms in 
the arithmetic sequence 23, 19, 15,.... 


SOLUTION a, = 23 
d=a,—4,=19— 234 [or d=a,—a,= 15-19 = —4] 


Therefore, successive terms are computed according to the rule 


a4; =a, + (—4) =a, — 4. Answer. 
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Oral Exercises 


State the second and third terms of the arithmetic sequence whose first 
term and common difference are given. 


ia, = 3,d = oe — ld = 4 oe — (Ona 
feo, = —1,d= —5 Sua, = 0,d =4 6 a,= —9,d = 10 
fea, = 7,d=4 Sed 2,0 =x Ona = 0, 1d = 072 


Tell whether each of the following is an arithmetic sequence. If it is, 

give the next term. 

imeles, 5, 7, «5 Herel O16; 5.0 10) (a Je 

is) 6, 3, 0, —3,... ee — 3,2, 7, 12, 2. « 15. —2, —3, —5, —8,.. 


In each of the following, three consecutive terms of an arithmetic 
sequence are given. State the terms that immediately precede and 
immediately follow the three given terms. 


ome 3S 7, ll; .«. Ws, ono SB SS, Shc oc 18. ..., 10, 60, 110,... 
eee Oo —2, =4 ... 20s. , 1 —1; =3, 24: Plo coon Sl, =O, =i, . 
22. If k is a real number, is the sequence k,k,k,k,... an arithmetic 


progression? Explain. 


Written Exercises 


Give the second, third, and fourth terms of an arithmetic sequence with 
the given first term and common difference. 


fea, — —li,d= 10 2,4, =5,d = =—2Z 3. a, = —8,d = =4 
waa, = 0,d = 4 0@. = — leds 6.4, = d= —2 
Give the first four terms of a sequence determined by the given first 
term and a rule for finding successive terms. If the sequence Is an 

arithmetic progression, give the common difference. 

t= 3, 2,2, = 3a, 8,0, == oe — ee 

pac, — 2, a,., = (a,)’ 10,0) =" 2 — 

Mia, =4,4a,,., =a, + 2k Was a, = 2 age / a. 

Give a rule for finding successive terms of the following sequences. 

Tell whether or not the sequence is an arithmetic progression. 

13. 15, 18, 21, 24 14. 48, 24, 12, 6 15. 5, —10, 20, —40 
eee, 2m —12, —22 7. —4, 30 a ey 

ioe.a, ab, ab*, ab* 20. a, a + k?, a + 2k? a + 3k? 
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21. Show that if a,, a,, and a, are the first terms of an arithmetic 

a,+a; 

Se 

22. Show that if a,, a,, a;, and a, are the first four terms of an arithmetic 

2a, + a, 
3 


progression, then a, = 


progression, then — 


In Exercises 23-26 find a, — a, and a, — a,, and determine whether 

a,, €), and a; are in arithmetic progression for all values of the varia- 

bles that are without subscripts. 

23. a, = b — 4k, a, = b — 3k, a, =O 

24.a, =1+r+42r,a,=1—r+r74a,=1—3r 

25. a, = ed, a, = ¢c(d —¢), G, = cea 

26. a, = (* +5)7, @, =x? 4 a 

27. Give a rule of succession for the sequence 1, 1, 2, 3, 5, 8, 13, 21,... 
and give the next three terms. 


28. Find x if itis known that the sequence 2x — 1, 5x — 3,4x +3 isan 
arithmetic progression. 


7-2 Arithmetic Means 


To determine a particular term of an arithmetic sequence, @,,a@,a3,..., 
such aS G9, it is not necessary to compute each preceding term. Notice 
that you have: 

ey 

a, =a, +a=a, + 1d 

ag =a, +d =(@, +d) ode eee 

ay =a,+d =(a, + 2d) +d =a, +(Qd+d) =a, +3d 


and so on. This suggests the following fact: 
Ir _— 7 


The nth term of an arithmetic sequence whose first term is a, and || 
whose common difference is d is 


a, =a, +(n — Dad. 


n 


tl 


EXAMPLE 1 _ Find the twentieth term in the arithmetic sequence: —3, 2, 7,... 


SOLUTION a,= —3,d=7—2=5, smcea, =a, ier — Va 


Os = —3 FNS 1d = —3 219 seen 


". Ay) = 92. Answer. 
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The terms between two given terms of an arithmetic sequence are 
called arithmetic means between the given terms. For example, the set 
of three arithmetic means between 18 and 98 is {38, 58, 78}, because 


18, 38, 58, 78, 98 


is an arithmetic sequence. 
A single arithmetic mean inserted between two numbers is the aver- 
age, or the arithmetic mean, of the two numbers. 


EXAMPLE 2 Find the four arithmetic means between the terms 5 and 25. 


SOLUTION You can draw a diagram of the part of the sequence from the term 5 to 
the term 25 as follows: 


a, ——_—> 25 


First, determine d for the sequence whose first term is 5 and whose sixth 
feuds Zoe Keplacing @, with 25, a, with 3; and with 6 in a, = 
a, + (n — 1)d, you find: 


25 =5 + (6 — I)d 
eG ae Se 
gaa 


The required means are found by successive additions of 4: 
5, oy 1), U2 Ay BS 
.. the four arithmetic means are 9, 13, 17, 21. Answer. 
EXAMPLE 3. Whatis the first term of an arithmetic sequence whose fifth term is 2 and 
whose ninth term is 8? 
SOLUTION You can draw a diagram of the sequence: 
De eS 


———— 3 1 ——? 


1. To find the common difference, consider the part of the sequence 
beginning with the term 2; in this sequence, the fifth term is then 8, 
and so: 

% =a,+0— ld 
—2 44d 

we 


2. To find the first term of the original sequence, vou can use: 


ad, =a, + (5 — Id 
2 =a, + (4)(5) 
2=a,+6 

a, = —4 


. the first term of the given sequence is —4. Answer. 
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Oral Exercises 


For each of the following state the values that you would use for a,, 
n — 1, andd in order to find the specified term of the given arithmetic 
sequence by means of the formula on page 216. Do not compute the 
value of a,. 


eo) ee eas 2. 4, 104, 204 eee io 

3. 1, 2) Sy as § Ao, 4, —2, —17, —32,...; a; ( 
5. a O56 6. 0.2, 015,70 eee. 

t 24h Cig 8. 1.08, 1.14, 0.2 ae 

State the arithmetic mean of the given numbers. 

9. 5 and 7 10. 0 and 22 11. —3 and 7 12. —l and —13 

13. 7 and —17 14. 3.5 and 65 15. —2.5 and 8.5 16. 4 and 3 


1-8. Find the specified term of the arithmetic sequences given in Oral 
Exercises 1-8. 


In Exercises 9-20, find the requested value, using the given values for 
an arithmetic sequence. 


Written Exercises 


9.4; = 3,0 = 0 = 10: @, = 9, Gi —slseae = 

11a; = 350, 4 — liege. 12. a, = 110, a5 = 65,0 = 

13. a, = —3, d,, = —ss, a == 14, @, =1,d = — 3G 

iS 2,q) — 02, d = 3, dy = ? 16. a4, = —12, d = —35, a, =P 

17. 2, =21,d=—8 a, = — 008 18, a, = 12,4 => =a, = 
19. a, = —46,d =2,a, = —4,n =? 20. a, = —0.8,d = 26) a oo ae 


Insert the stated number of arithmetic means between the given num- 
bers. 


21. Three, between 8 and 60 22. Five, between —2 and 16 
23. Three, between 9 and 23 24. Seven, between 3 and —3 
25. Nine, between —1 and —5 26. Four, between 2 and ¢ 


Given the specified values for the terms of an arithmetic sequence, find 
d and a,. 


eieann— /,a,, = 15 28:0, = 5, aj, = le 
29. an 8, aj, =48 30. as= 1, ly =? 
31. a; = —4,a,) = —1 32. a, == 3G 22 
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In Exercises 33-36, find x under the given conditions. 


33. The arithmetic mean of x + 1 and 4x + 3 is 7. 

34. The arithmetic mean of 2x — 1 and x + 9 is —2. 

35. The arithmetic mean of x — 8 and 2x + 1 is x. 

36. The arithmetic mean of 4x + 1 and x — 9is x +2. 

37. Prove that if a, c, b is an arithmetic sequence, then c = 4(a + b). 
Thus, the arithmetic mean of a and b is Ha + b). 

38. Prove that in an arithmetic sequence, a, is the arithmetic mean of a, 
and a,,_,, for any integer n greater than 1. 

Problems 

1. The Joneses have a variable-rate mortgage loan from a savings bank, 
which has a monthly payment of $460 during the first vear. If the 
monthly payment were to increase by $25 per vear for each suc- 
ceeding year of the life of the loan, what would their monthly 
payment be during the twelfth year? 

2. The Walkers’ tomato patch produces 14 tomatoes on the first day of 
the season and 9 more on each succeeding day. How many tomatoes 
will the plants yield on the fifteenth day of the season? 

3. Each row of bricks on the gable end of a house is made 
up of 14 fewer bricks than the preceding row. If the 
bottom row of bricks is made up of 67 bricks, how 
many bricks will be needed in the sixteenth row? If the 
topmost row consists of a single brick, how many rows 
will there be? 

4. Between March 1 and March 31, the sunrise at 40° North Latitude 
occurs about 1.6 min earlier each dav than the preceding day. If the 
sun rose at 6:33 A.M. on March 1, at what time did it rise on March 
21? On what day did the sun rise at 5:53 a.M.? 

5. Susan owns 100 shares of the HYM Company. Each share is worth 
$35. Susan expects the value of a share to increase by $1.80 each 
year. Estimating the annual dividend to be 4% of the value of the 
share, estimate the total annual dividend Susan will receive twenty 
years from now. 

6. An object given an initial upward velocity loses 9.8 m/s of that 


velocity every second, or gains 9.8 m/s every second in a downward 
direction. If an object has an upward velocity of 49 m/s at the end of 
1s, what will be its velocity at the end of the 7s? After how many 
seconds will it have a downward velocity of 49 m/s? 


Sequences and Series | 219 


> 


7. Each year, John Harris spends $3400 in mortgage loan payments 
for his garage. At the end of the first year of operation, the garage 
produced a gross income of $12,000. In the following years, this 
income increased by $800 per year. After how many years will the 


difference between the gross income and the loan payment reach 
$19,000? . 
8. During a laboratory observation period it is found that the diameter |, 


of a tree increases the same amount each year. If the diameter was | 
61 mm at the end of the sixth year and 76 mm at the end of the tenth 
year, what was it at the end of the first year? 


9. Inits original form, the width of the Great Pyramid at Giza decreased 
by 1.57m for each successive meter of height. If the width was 
229.22 m measured at a height of 1m, at what height was the width 
103.62 m? How high was the Great Pyramid? 


10. In a laboratory experiment the temperature of a test sample rises a 
constant amount each minute. If the temperature was 7° after 13 
min and 15° after 19 min, what was it after 1 min? 


11. A building company finds that its profit from the sale of the first 
condominium apartment in a new building is —$1000 (a loss of 
$1000). The company’s profit on the sale of the second unit is 
—$300. On selling more units within the building, the company finds 
that the profit increases by $700 on each additional unit sold. How 
many units did the company sell if the profit on the last unit was 
$3200? 

12. Jane Evans drove her car 8400 km during the first year she owned it. 
In each successive year, she drove the car 750 km more than she did 
the previous year. During the first year, the car cost 12¢ per kilometer 
to run; the cost per kilometer increased by 2¢ each year. How much 
did it cost Jane to run her car in its seventh year? 


7-3 Arithmetic Series 


From the terms of any given sequence, such as 
4, 7, 10; 13)8t6; 
you can construct an associated sequence S,, S,, S3, S,, S; of sums: 
S,=4 
So =4+7=11 
S,=44+7+410=21 


S,=4+4+7+4 10 + 13 = 34 
5=44+74+ 104+ 134+ 16=50 


Each of the indicated sums S,, S,, S;, S, and S, is called a series 
associated with the sequence 4, 7, 10, 13, 16. 
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In general, given any sequence 
GiyitGn cee 
with n or more terms, the associated series of n terms, S,,, is 
S, =@,+4,+4,+---4+4,. 
The Greek letter & (sigma), called the summation sign, is used to 
abbreviate the writing of a series. For example, to abbreviate the series 
S;=44+7+4 10+ 13 4+ 16, 


first observe that 4, 7, 10, 13, 16 is an arithmetic sequence with nth term, 
or general term, 4 + (nm — 1)3. Therefore, the series can be denoted by 
the symbol: 


5 
St 13) 
n=l) 


(read “the summation of 4 + (n — 1)3 from n = 1 to n = 5’). This 
means that you successively replace n with 1, 2, 3, 4, and 5, and then 
write an expression denoting the sum of the resulting values. The letter 
nis called the index (plural, indexes or indices) and the replacement set 
of nis the range of summation. Note that any letter, such as i, j, k, m, or 
n, may be chosen as the index. 


5 
EXAMPLE 1 Write 5° 5k in expanded form. 
k=0 


SOLUTION _ Replace k with the numerals 0, 1, 2, 3, 4, and 5, in turn and write the sum. 


5 
>» 5k = 5(0) + 5(1) + 5(2) + 503) + 54) + 565). Answer. 


k=0 


EXAMPLE 2. Use summation notation to write the scrics 


14+5494 134 17 +21 + 25. 


SOLUTION Each term is of the form 1 4+ 4(7 — 1) = 1 4+ 42 — 4 = 4n — 3. Since 


there are seven terms, 


epea 94 134 17 +21 423 = 3): Answer. 


n=) 
A series, such as 1 +5 +9 +4 13 + 17 + 21 + 25, whose terms are in 
arithmetic progression is called an arithmetic series. Because 
5 9 13 + 17 + 2) + 25 9, 


we say that the value, or sum, of this serics is 91. 
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You can find a formula for the sum of any arithmetic series by noticing 
that there are two ways to obtain the terms of the series: 
(1) Start with the first term a, and successively add the common 


difference d. 
(2) Start with the mth term a, and successively subtract d. 


Thus, (1) S, =a, + (a, + d) + (a, + 2d) + --- + [a, + (x — 1d]; 
(2) S, =4, + (@, — 4) + (@, 2a ee 


Adding the corresponding members of these equations, you obtain 
2S, = (a, + G,) + (a, + 0,) Gye ee (eee 
where a, + 4, occurs n times. Hence, 


28, = n{a, +4.) 
or 


s,= 5 + a,). 


EXAMPLE 3 Find the sum of the first one hundred positive odd integers. 
SOLUTION a, = ld =2 se 


= 1+ (100 — 1)2 = 199 


a, 


and 
100 
Sion 5 + 199) = 10,000. Answer. 


Note: Example 3 illustrates the following interesting fact: The sum of the 
first n positive odd integers is n? (see Exercise 33, page 224). 


In applying the formula for S, in Example 3, we used the fact that 
a, =a, + (n — 1)d. ThusS, = F(a, + 4,)= 5 la, +a, +(n — 1)d],or 
S— 5 2a, + (2 — 1)d]. 


In finding the two formulas for S, for an arithmetic series, you have 
proved the following theorem. 


Theorem. If S, is the sum of the first 2 terms of an arithmetic 
sequence whose first term is a,, whose common difference is d, and 
whose nth term is a,, then 


—— 5 (41 oe and c= 5 2a, +(n — 1)d]. 


a 
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Oral Exercises 


In Exercises 1-8 state the given series in expanded form. 


4 7 5 4 
i SS 2i 2 es i 3. >» Ce?) 4, S (n — 3) 
a i= Lo | "1 
6 5 10 10 
5 Sy (2m + 1) 6. ye —j) Uk > (0i — 1) 8. Sa) 
m=3 =. t=7) 16 


For each of the following arithmetic series, tell which of the two formu- 
las in the theorem on page 222 you would use to find the sum of the 
series. State the values of those of the constants a,, d, n, and a, 
needed to apply the formula. 

9. A series of eleven terms beginning 5+7+9+.-.-. 

10. The series whose first term is 7 and whose twelfth term is —26. 
11. The sum of the multiples of 3 between 3 and 48 inclusive. 

12. A series of seventeen terms beginning with —9 and ending with 15. 
13. A series of seven terms beginning ?+3+4+j+--- 

14. The sum of the multiples of 5 between 45 and 115 inclusive. 

15. The sum of the odd numbers between 11 and 37 inclusive. 

16. A series of fifteen terms beginning -9-4+4+14.-- 

17. A series of twelve terms beginning —1 — 8— 15.-.-- 


9 


25 17 
18. S Cn=76) 19. > (Ae 1) 20. 7 = oy) 
i=) =i i 


k i—7 


Written Exercises 
In Exercises 1-20, find the sum of the series. 


1-12. Find the sums of the scries given in Oral Exercises 9-20. 


oa 2,.0,—=17,n = 6 1420 p= ei tel 
isa, = —310, a,, = —50, 2 = 27 IGG) = 20) on me lp 
iowa, = —14,d=5,n = 27 18. a4, = 6/43; = ome = 21 
ieee=1i,a,=5, nr = 16 20. ad, = 56¢¢, = —iet = 15 


Write each of the following using summation notation. 
Bj © 458 25 OS ye od, cae 7) se \I) Se N33 
23. -34+2+4+7+4+ 12417 24.8 + 1—-—6- 13 — 20 
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Use the given data about an arithmetic series to find the requested 
value. 


2 oa, @ = 2 26. a, = 48) 5) =" 529,4 — =e 
27, aj = —35, a, = 49,5, = 616, 7 =e 28. a5 = Sin =) 2 
29d — 45, — —189,0, == 30. a, = —I2 a= 3 3, = 339 


31. The sum of the first 1 positive integers is 4950. What is the value of n? 
32. Find the sum of all the multiples of 3 between 100 and 200. 
33. Show that the sum of the first n positive odd integers is n?. 


34. Show that if is a positive integer, then the sum of all the integers 
m(m?3 + 1) 


between m and 772, inclusive, is 5 


Problems 


1. Greta Kimmel had $25 of her first monthly paycheck deposited in the 
credit union. During each of the next 15 months, she increased the 
monthly deposit by $5. How much money did she deposit in the 
credit union during the 16-month period? 


2. A city’s population grew by 4200 persons in 1980. During each year 
of the next decade its rate of population growth is expected to 
decrease by 20 persons per year. What is the city’s expected total 
population growth from 1980 to 1990 inclusive? 


3. Marvin Beauchamps earned an annual salary of $13,400 during his 
first year as a computer programmer, and he received raises of $1400 
during each of the next 9 years. If he invested 10% of his salary in 
shares of the company for which he worked, find the amount of 
money he invested over the 10-year period. 


4. An antique clock chimes as many times as the hour. How many 
times does it chime between 8:00 a.m. and 7:00 p.m. inclusive? 


5. A motorist drives 1000 km in January, 1240 km in February, and an 
additional 240 km in each succeeding month of the year. If gas costs 
20¢/L and the car averages 8km/L of gas, how much can the 
motorist expect to spend on gas for the year? 


Start 
6. A free-falling object drops 9.8m farther during each a 
second than it did during the preceding second. If an 
object falls 4.9m during the first second of its descent, 
how far will it fall in 5 s? — 


7. A cucumber farmer picks 120 cucumbers on the first day of the 
harvest and 40 more on each succeeding day. How many days will it 
take for the farmer to pick a total of 3000 cucumbers? 
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10. 


11. 


2, 


. A city tax assessor wishes to offer a fixed-payment tax plan to be in 


effect for a period of twenty years to the developcr of a ncw shop- 
ping mall. The first year’s taxes are to be a fixcd amount. In each of 
the succeeding years of the plan, the taxes will incrcase by an 
amount equal to the first year’s taxes. What should thc first year’s 
taxes be for the city to collect $945,000 over a twenty-ycar pcriod? 


. Eileen Yazzi earns $16,200 during her first year of employment as an 


environmental engineer. Sarah Smith, a co-worker who was cm- 
ployed at the same time, earns $14,400 during her first year. If Eileen 
gets annual raises of $600 and Sarah gets annual raises of $700, how 
long will it take for them to have earncd the same total amount? 


For a period of 42 d, a mailbox received 4 more letters cach day than 
the previous day. The total number of letters receivcd during the 
first 24 d equals the total number received during the last 18d. How 
many letters were received during the entire period? 


A number of the form 7, =1+2+3+4+.--- +1 is called a 
triangular number. Show that for any positive integer n: 
i ag Ti = ne 

Using the definition of 7, given in Problem 11, show that for any 
positive integer n: T,,,, — 27, = (a + 1)?. Explain this result. 


Self-Test 1 


VOCABULARY J terms (p. 213) common difference (p. 214) 
finite sequence (p. 213) arithmctic means (p. 217) 
infinite sequence (p. 213) avcrage (p. 217) 
arithmetic sequence (p. 214) arithmctic scries (p. 221) 
1. An arithmetic sequence has first term —7, and its terms are CDi, pu are 
related by the equation a,,, = 4, + 6. Find a,, as, and a, 
2. Find the first term of the arithmetic sequence whose fifth term is Objed, p 273 
7 and whose eleventh term is —5. 
; ; 
3. Find the sum of the arithmetic serics S (9; — 2). Obj. 3, p..213 
j=A 
4. Find the sum of the positive integers that are less than 100 and Obj. 4, p 213 
are divisible by 3. 
5. Attendance at the Archimedes High School football games 


increased by 150 people from gamc to game during the school’s 
ten-game football season. If 1250 people attended the first game, 
what was the total attendance for the season? 


Check your answers with those at the back of the book. 
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programming in BASIC 


Study the following program. It will print out the first n terms of an arithmetic 
sequence when you input values for a,, d, and n. 


10 PRINT “INPUT A1,D,N"; 
20 INPUT A1,D,N 
30 FOR 1=1)@ai—1 


40 PRINT A1;","; 
50 LET Al=AlzeD 
60 NEXT | 

70° PRINT AY 

80 END 


Exercises 


1. Write a program that will print out the nth term of an arithmetic sequence 
when you input values for a,, d, and n. 


2. Write a program that will print out the first n terms of an arithmetic series 
and the sum of those terms when you input values for a,, d, and n. 


3. The Fibonacci numbers are the numbers in the sequence 
1, 1.2) 3 Soe 


where each number after the second is the sum of the two preceding 
numbers. Write a program that will print out the first n Fibonacci 
numbers. 


Geometric Sequences and Series 


OBJECTIVES for Sections 7-4 through 7-6: 

1. Find a specified term of a geometric sequence when two terits, or one tert 
and the compton ratio, are given. 

2. Insert any nuntber of geometric means between two given numbers. 

3. Find the sunt of a given geometric series. 

4. Solve practical problems involving geometric sequences and series. 


7-4 Geometric Sequences 


In Section 7-1 you learned that in an arithmetic sequence each term after 
the first is obtained by adding a fixed number, the common difference, 
to the preceding term. Notice that in the sequence 


2, VO; SU, 250 
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is / et alt, t 
es Ps j ny 


each term after the first is obtained by multiplying the preceding term by 
a fixed number, namely 5. 


Cie We 2-3 =a, 5 

i=l 0S — a, 5 

Co — a, 
Thus, Ge=ge por 72 = 1, 2, 3. 


Any sequence in which each term after the first is the product of the 
preceding term and a fixed number is called a geometric sequence or a 
geometric progression. The fixed number is called the common ratio. 
In general: 


a eae | 


In a geometric sequence whose first term is a, and whose common 


| ratio is r, successive terms are obtained from the rule 


Gan =e, fel 2, Ofens 


EE Eee, 


The terms of a geometric sequence are said to be in geometric pro- 
gression. 


EXAMPLE 1 The first three terms of a geometric sequence are 54, 18, 6. Find the 
common ratio and the fourth term of this sequence. 


SOLUTION 1. To find the common ratio, divide any one term into its successor. 
18+54=} [or 6 + 18 = 4] 
... the common ratio is 4. Answer. 
2. To find the fourth term, multiply the third term by the common ratio. 
65a 


.. the fourth term is 2. Answer. 


To discover a formula for the general term in anv geometric sequence, 
let us continue the equations above for the terms of the geometric 
sequence 2, 10, 50, 250,... in the following way. 

a7 —a,*5 =a,:5' 

d= 05° =a,°5? 

@p= 4,5 =a," 
Do you see that the nth term (1 > 1) of the sequence is given by the 
formula 
2 


a,=a,°° 
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ee ae 2 


= 
—_,. 


—— 


Now consider a geometric sequence whose first term is a, and whose 
common ratio is r. The first few terms of the sequence are 
a), 4,0, Gy)? Gees 
so that the mth term is given by 


4, = 05 a 


Notice that this formula applies, whatever value r may have. Of course, 


if the value of ris 0, all terms after the first are also 0. 
Does the preceding formula apply in case nis 1? In that case, you find 


= 1-1 eee, 0 
sar, or Dey ee CES 


For this formula to be valid, r° must be 1. In fact, as you saw on page 
173, for every nonzero real number r, r® is defined to be 1. With this 
definition you can state the following fact: 


The nth term of a geometric sequence whose first term is a, and 
whose common ratio is a nonzero number r is 


= n—1 
a, = ar 9 


In finding the terms of a geometric progression, you may use the 
following table. 


Short Table of Powers 


100,000 

161,051 

248 832 

S| 238) 

537,824 

TED OUS 

1,048,576 

1,419,857 

104,976 1,889,568 
130,321 2,476,099 
160,000 3,200,000 


1 
2 
3 
4 
5 
6 
7 
8 
8 
10 
11 
12 
1s 
14 
13 
16 
VA 
18 
19 
20 


228 | Chapter 7 


EXAMPLE 2 Find the sixth term of the geometric progression 
—2, —22, —242,...% 
SOLUTION @i— —2,7 = —22 = (—2) = It. 
Simce a. = airs", 
@=—20), or a,= 2115 
From the preceding table, 115 = 161,051 and 
a, = —2(161,051) = —322,102. Answer. 


Oral Exercises 


In Exercises 1-12, state whether the given sequence is arithmetic, 
geometric, or neither. 


1.4,1,2,4 2. 4, 9, 16, 25 a Wi, & 5, 2 
8, 4, 0, —4 5. 12, 6, 3,4 me) 0), @ 
7. 5, —10, 20, —40 : Ty th te U 9. 1, 0.1, 0.01, 0.001 
c 3 4 
10. 4, —4, 4, —4 u.2,5 5 4 12 x+2y,x+y,x,x-y 


BR ob ob 
13. Is one of the following statements always true for any geometric 
sequence: |a\| < |a,| < |ax|<... or |a,|> [a> la >...? 


Written Exercises 


Find the first four terms of the geometric sequence with the given first 
term and common ratio. Use the table on page 228 if necessary. 


ea, = 3, r = 3 204, — 0, = —6 ado, = 4 

pea 12,r=14 Sea, = —2,f =a) 6.4, =4.7r=4 
c d ; 

a =B r= —3 Bt 2 %a,=3 r= —3 


Find the specified term of the geometric sequence with the given first 
term and common ratio. 


ed, =4,r=3,a,=2 Meet, = 5, eee Ph — fe 


Find the requested term in the given geometric sequence. 


eee... ; find a, = 2 it, 54 —18,6,...; =< 
eee 7, 4,...;4a,= 2. Ce. ee 
meee 0-02, 0:002,...; a, = 2. TSPUNOT, ONT, 7... Ta, = 
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Each of the following sequences is either arithmetic or geometric. 
Determine which it is, then find the requested term. 


all 


ca 


1916, 4,6, anaes 20. 5, 3.:¢yee = oe 
2lso3), 364, Shale a ee = 22. 4, —4, S22... 3 ay = 

23. —0.04, 0.16, 0.36,...; a, = 2 24. a®b?) Geb aD), 
25. Show that in any geometric sequence, 


26. 
27. 
28. 


@,-14ni, = (@,)? fomamyaitteser 7 = 1 
Use the table on page 228 to determine x so that 27 = 1,048,576. 
Determine x so that 3° = 59,049. (Hint: See Exercise 26.) 


If @,,a,...,4, iS a geometric sequence wis a )a, 2). 22) malcom 
geometric sequence? Justify your answer. 


Problems 


1. 


A manufacturer of artificial greenery is considering a new model tree 
with 4 limbs. Each limb holds 4 branches, each branch holds 4 twigs, 
and each twig holds 4 leaves. How many leaves will the new model 
tree require? 


. Ata telephone switching station the first level of a circuit has 3 lines. 


At the second level each of the lines branches into five lines, at the 
third level each of the lines branches into five lines, and soon. How 
many lines emerge from the fifth level? 


. A population of insects being observed in an experiment grows by 


10% every two weeks. In other words, at the end of two weeks there 
will be 1.1 times the original number of insects. If there are 10,000 
insects at the beginning of the experiment, how many will there be at 
the end of eight weeks? 


. Each year the value of a certain car is 70% of what it was the previous 


year. If its value was $5000 at the end of the first year, what was it 
at the end of the fifth year? 


. How many great-great-grandparents do 5 people have, assuming that 


they have no common ancestors in the previous 4 generations? 


. A legendary coin bank has the power of doubling the amount of 


money in it in each day. If 1¢ is deposited in it on January 1, how 
much will be in the bank on January 31? (Note: You may use the 
approximation 2!° = 1020.) 


. The half-life of nitrogen-13, an isotope of the gas nitrogen, is about 10 


min; that is, at the end of any 10 min period half of the amount 
present at the beginning of the period will remain. If 4 mg of nitro- 
gen-13 is observed to be present at 3:10 P.M. in the course of a 
laboratory experiment, how much will be present at 4:00 pP.M.? 
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8. A side of an equilateral triangle is 64cm long. A sec- 
ond equilateral triangle is inscribed in it by joining the 
midpoints of the sides of the first triangle. The process 
is continued, as shown in the accompanying diagram. 
Find the perimeter of the sixth inscribed equilateral 
triangle. 


In Exercises 9-11 use the following compound-interest law: P dollars 


earning interest at r% (5) per year compounded d times a year 


i 
100d 
at the end of rn years. 


d nd 
amounts to P (1 -- ) attheend of one year and toP (1 +74, 


9. Explain why the successive amounts computed at the end of each 
interest period according to the compound-interest law form a 
geometric progression. What is the common ratio? 


10. The interest rate in a certain bank is 8% compounded semiannually. 
If you deposit $5000 in an account and make no other deposits or 
withdrawals, how much money will be in your account at the end of 
two years? 


11. Find the compound interest due at the end of 5 years if $2000 is 
invested at 10% compounded annually. 


7-5 Geometric Means 


The terms between two given terms of a geometric sequence are called 
geometric means between the given terms. In the sequence 
—2, 6, —18, 54, — 162, 


6, —18, and 54 are the three geometric means between —2 and — 162. 


EXAMPLE 1 Find the two geometric means between the terms 3 and 375. 
r oie 10 


SOLUTION Schematically, the sequence looks like this: 3, 
determine r, replace a, with 3, a, with 375, and » with 4 in 
= 
Sioe= ort"! 
D5= 
r = 5 (from the table on page 228 or from memory) 


To complete the sequence, multiply 3 by 5 and the result by 5: 


3, 15, 75, 375. 


.. the required means are 15 and 75. Answer. 
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EXAMPLE 2 Find the second term of a geometric sequence whose third term is 36 
and whose fifth term is 4. Give all possible correct answers. 


SOLUTION A diagram of the sequence is ; 5a) , 4. 


1. To find r, determine the common ratio of the sequence whose first 
term is 36 and whose third term is 4: 


= Sl 
a; =a,r 
4 =36r2 
Se pa 
g9=Fr 
Ae dl = — 
P= 5 or r= 3 


2. Working from the term 36 with a common ratio of 4, you find that the 
sequence is 


324, 108, 36, Le, 4; 
if the common ratio is —4, the sequence is 
S248 36,12) 4 


.. the second term is either 108 or —108. Answer. 


Examples 1| (page 231) and 2 illustrate the two situations that occur 
when you wish to solve over ® an equation of the form 


po = 1b, 


where 1 is a positive integer and b is a positive real number. In case n 


is odd, the equation has one real root, which is a positive number. Thus, 
the equation 


r> = 125 has the single real root 5. 


In case n is even, the equation has two real roots, one a positive number 
and the other a negative number. Both roots have the same absolute 
value. For instance, 


r? = thas the two real roots } and —4. 


Now suppose that b is a negative number. For example, what are the 
roots in ® of 
P= =e 
Do you see that the one and only real root is —5? On the other hand, 


2% al 
PSS = % 


has no real root because the square of every real number is either 0 or a 


positive number. 


The preceding discussion suggests the following theorem, which we 
shall accept without proof. 
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Theorem. For all real numbers b: 


1. If n is a positive odd integer, then the equation r” = b has one 
and only one real root. | 


| | 


Zelt 7 1S a positive even integer, then r” = b has: | 


ii. two real roots with the same absolute value if b is a positive | 
number; 


i. one real root if b is 0: 


iii. no real root if b is a negative number. 


——— 


A single geometric mean inserted between two numbers is called the 
geometric mean or mean proportional of the numbers. If the real 
number m is the geometric mean of two nonzero real numbers a and 3, 
then a, m, b is a geometric sequence and 


ian 0 


a M1 
..m? = ab. 


Since m? is positive, a and b must be both positive or both negative. If 
both a and b are positive, then the geometric mean of the numbers is 
usually defined to be the positive root of the equation m? = ab, whereas 
if both a and b are negative, then their geometric mean is the negative 
root of the equation. 


EXAMPLE 3 Find the geometric mean of 18 and 50. 


SOLUTION The required mean satisfies the equation m? = 18 - 50, or 


m? = 900 
fe S Se or i—a— 


.. the geometric mean of 18 and 50 is 30. Answer. 


Oral Exercises 


State the geometric mean of the given pair of numbers. 


1. 1,9 2, —2, —18 3. 4, 25 a) 4, 32 
4) Oo 6. —32, —12 Te, AC ee 0 8. a?, bt; ab 


State all roots of the given equation. Use the table on page 228. 


9 x37 = —8 10. x4 = 81 WW. x2 = 121 12, x = 243 
13. x4 = —16 14. x3 = —125 15. x? = 225 16. x° — 4 


0) 


Sequences and Series | 233 


i  — _ ——— a eZ 


17. Ina geometric sequence, if a, < Oand a, < 0, is ra positive number 
or a negative number? Is a, a positive number or a negative number? 


18. In a geometric sequence, if a, < 0 and a, > 0, is r positive or nega- 
tive? 

19. Of what number and 2 is 8 the geometric mean? 

20. Of what number and —12 is —6 the geometric mean? 


21. Of what number and a is a? the geometric mean? 


Written Exercises 


Find the common ratio of a geometric sequence having the given 
terms. 
Lo — ee 2. @; = — sa — 192 3-4) = 135507. 


a = —80,a,= —5 


| 
~~ 
ai 
— 
Q 
psy 


= 2 5. @, = 9nd 7 — 10 Gas 


i 
lI 


Give the first two terms of a geometric sequence having the given 
terms. 


7. a, = 12, an = 96 8. — 5 = = (135 Ch Gla = —6, a —48 
10.a,=10.4,=% We a, = 10 12. a; = —12, a, = 3 


Insert the given number of geometric means between the given num- 
bers and write the resulting geometric sequence. Give all possible 
correct answers. 


13. Two between 3 and 375. 14. Two between —7 and —56. 
15. Two between 108 and —4. 16. Two between —4 and 18. 

17. Three between 176 and 11. 18. Three between — 43 and — +3. 
19. Three between 3 and 15. 20. Three between —8 and —¥. 


In Exercises 21-26 find the specified value using the data given about 
a geometric sequence. 


= = eae 25 — ees i 
Zep 3,d,— 2,0, =%, =e = 22. a, = 2, Oy =28, a= — 
= al =e] = 2 = = -— ? 
Zag — ss, A, = pg Gy = = 2a, = 160, a, =] — 1280 a, === 
2 2 d d+ 
So. =, aa aa: Dd. a” 2 
4 — * pa 
q See ae 1 5 5’ “8 cil’ 1 


27. In a laboratory experiment, there were 6400 microorganisms pres- 
ent in a culture at the end of 1h. At the end of an additional 3h, 
there were 21,600. If the population increases geometrically, by 
what factor did it increase each hour? 
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28. When the value of a certain block of stock is calculated using the 
closing prices on the last business day of each of six successive years, 
it is observed that the value of the stock decreased by a fixed percent 
from year to year. The value as of the first year was $10,240; the 
value as of the sixth year was $2430. By what percent did the value of 
the stock decrease each year? 


29. Find all possible values of x that make the sequence x — 1, x + 2, 3x 
a geometric progression. 


30. Find all possible values of x that make x + 3 the geometric mean of 
x — 2 and 3x — 1. 


For Exercises 31 and 32 let a,, a,r, a,r?, a,r°, .. . represent a geometric 
sequence. 


31. Show that the sequence formed by squaring each term of the se- 
quence above is also a geometric sequence by finding the common 
ratio. 


32. Assuming that a,r ¢ 0, show that the sequence formed by taking the 


reciprocal of each term is also a geometric sequence by finding the 
common ratio. 


$3, Prove that for t 4 0,t 4 1,t 4 —1, if the sequence /?, ¢°, r°, t7,... is 
geometric, then the sequence a, b,c, d,... is an arithmetic sequence. 
34. Show that if @,, a,, a3,... and b,, b,, b;,... are geometric sequences, 
then the sequence a,b,, a,b,, a,b;, ... is also a geometric sequence. 


35. Let a, b > 0. Show that the arithmetic mean of a? and b? is greater 
than or equal to the geometric mean of a? and b*. (Hint: Start with 
the fact that (a — b)? > 0 for any real numbers a and b.) 


36. Show that for any geometric sequence if r > 0, then a, is the geo- 
metric mean of a, and a,,_,, for any positive integer 1. 


7-6 Geometric Series 


A series, such as 3 + 6 + 12 + 24, whose terms are in geometric pro- 
gression is called a geometric series. To find an expression for the sum 
S, of a geometric series of n terms, first write S, in expanded form and 
below it write the product of —r and S, as follows: 


S,=4,+t+artar?+:-- tar*+ar™! 
Sjee— —ar—ayr?—ari---. —ayrm!—ay" 
Then add the corresponding members of these equations to obtain 
Be 2 
S, — "8S, = 4, + (ayr — ayr) + (aur? —ayr’) +... 
+ (ay! — ay" !) — ay". 
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Since a,r — ar = 0, ar? — a,r? = 0, and so on, you have 


_ n 
S, — 8S, = — ar", 
(l—7yS, =@, aes 
. a,—4a,r" 

a6 S, i. ¥r Es ils 


EXAMPLE 1 Find the sum of the terms of the sequence 3, 6, 12, 24. 
a, ay” 


SOLUTION _ Replace a, with 3, r with 2, and n with 4 in S, = ; 
— Yr 


3 — 3(2)4 
a a 1 a ® 
3 — 48 —45 
‘ —1 =) 
",S,= 45. Answer. 
= G1 iPe 
Note that ayr" = r(a,r" )= ra, Hencesiomes, — a, 
—rFr 


(Oi) see IRE. ! 
iar.” (Pee Ile 


EXAMPLE 2 Find the sum of a geometric series whose first term is 2, whose last (nth) 
term is 13122, and whose common ratio is 3. 


SOLUTION _ Replace a, with 2, a, with 13122 and r with 3 in S, = a “ 
=" 
5 2 303122) 
r=) 
= 2 — 39366 


= 19,682 


The following theorem summarizes the results obtained in this section. 


Theorem. If S, is the sum of the first n terms of a geometric 
sequence whose first term is a,, whose common ratio is r, and 
whose nth term is a,, then 


n 
a, —ayr 


l—r 


236 | Chapter 7 


Oral Exercises 


State whether the given series is an arithmetic series or a geometric 
series. 


18 


> 6 15 
ee a > 2n + | a n 
ile 3n Pe go Se 3. = 4, 534+ 
2 2 23 273 
5. 32 + 48 + 72 + 108 + 162 6. 16+ 4 — 8 — 20 — 32 


7. The sum of the multiples of 5 between 5 and 125, inclusive. 


8. The sum of the powers of 2 between 4 and 64, inclusive. 


For each of the following geometric series, state which of the two 
formulas in the theorem on page 236 you would use to find the sum of 
the series. State the values of those of the constants a,, r, n, and a, 
needed to apply the formula. Do not compute S,. 


9. The sum of the integral powers of 3 between | and 243, inclusive. 


10. The sum of the first seven positive integral powers of 2, beginning with 2!. 


Wl, 2 de iQ) 46 soe Sh By) sie, 12. The first five terms of 162 — 544+ 18 — -.- 
5 6 6 8 
13. B2)*=1 14. > S(eaayeat 15. > 12(4)'7! 16. > 1(—2)-} 
k=1 m=1 =) hal 
7 6 5 7 
17. #(-2)""! 18. >" 18(3)k-! 19. 5° —5(—}) 20 > 43)” 
n=1 (ee | j=0 m=0 
21. Explain why, in a geometric series, if a, = 1 and 0<r< 1, S, is 


always less than for any positive integer n. 


—f 


Written Exercises 


Find the sum S, of the geometric series described. 


aoe f= 3, = 6 2 WHI P= a2 = 7 
Pao r= 4n=5 4.4, = -27,r=—4n=6 
see, = 1000, r=1n=7 Cie 125;-7 =e = 5 


7-18. Find the sums of the geomctric series in Oral Exercises 9-20. 


In Exercises 19-28 use the given data for a geometric series to find the 
requested value. 


ee — 93S, — 3640, a, =? 20) y= —1. Se= 1 a, = ? 
21. r=4a, =5,S, = 1820, a, =? 22, = \Or ema = 1a = ? 
Ben 7,7 = 2, S, = 889, n =? ar = Sha, = 93. 5, = 3lh w=? 
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Do 0 ae 2 


27. a, = 3, 5, = 5 ee 28. a, = 1p Se =? 


-3 
(Hint: For Exercises 27 and 28, use the fact that at = eee) 


29. The sum of the first 3 terms of a geometric series in whicha, = 2 and 
r =x is 2x? + 3. What is the value of x? 


n 
: 1 
30. Prove: CF) == a 
Ke 
31. Prove the first formula of the theorem on page 236 by writing 


eS et a, — r*) _ (= = “) 
iS 
and using long division. 


32. Show that if a, +a, +ay?+--- +ar"!=S,, 


a 1 
then@) = oe ee eS Cae): 
r r 


a yn-l n 


Problems 


1. After the accelerator pedal of a car is released, the driver waits 5s 
before applying the brakes. During each second after the first, the 
car rolls 0.9 times the distance it rolled during the preceding second. 
If the car went 20 m during the first second, how far does it go before 
the brakes are applied? 


2. How many ancestors from parents through great-great-great grand- 
parents do 3 unrelated people have? 


3. A maple tree loses 384 leaves during the first week of fall and 3 as 
many each successive week. At the end of 7 weeks all the leaves have 
fallen. How many leaves fell from the tree? 


4. Each coil of a tapering spring is to be 0.8 the length of the preceding 
one. If the wire out of which the spring is to be formed is 18.45 cm 
long and there are to be 4 coils, how long should the first coil be? 


5. A set of five mass pieces to be used on a balance scale has a total 
mass of 930 g. If they are arranged in order from lightest to heaviest, 
the second will have twice the mass of the first, the third will have 
twice the mass of the second, and so on. What is the mass of the 
heaviest one? 


6. A ball is dropped straight down from a height of 81 cm. It rebounds 
2 of its previous maximum height with each successive bounce. 
When it hits the ground for the fifth time, what is the total distance 
the ball has traveled after being dropped? (Count distances traveled 
up and distances traveled down.) 
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26. r = —0.2, S, = 0.6656, a, 


=? 


x 


7. A bureau with four drawers is to have a height of 
80 cm. The height of the first drawer is to be 12.8cm, 
and the height of each of the lower drawers is to be 
1.25 times the height of the drawer above it. If the five 
spaces above and below the drawers are to be equal, 
find their height (x). 


8. An annuity is a form of savings in which a fixed amount of money is 
deposited regularly in an account earning compound interest. Con- 
sider an annuity in which one dollar is deposited at the beginning of 
each of n time periods, and for which compound interest at the rate 
i (expressed as a decimal) is calculated at the end of each time 
period. Show that the expression below gives the amount of money 
in the annuity at the beginning of the nth time period: 


Gl 4b aye = I 
i 


(Hint: The expression (1 + 7)"~' gives the amount of money that will 
accumulate from the first dollar deposited. Form a geometric series 
of such terms.) 


Self-Test 2 


VOCABULARY geometric sequence (p. 227) geometric means (p. 231) 
common ratio (p. 227) geometric series (p. 235) 
1. Find the first four terms of a geometric sequence if a, = 25and Obit, 9.226 
r= 2. 


2. Find the sixth term of the geometric sequence }, 3, 3, ... 
3. Insert three geometric means between 27 and 4. Give all possible ‘Obj. 2, p. 226 
correct answers. 


al 
4. Find the sum of the geometric series > 73s(—5)' Obj. 3. p. 226 
p=] 
5. Atmospheric pressure, which is usually expressed in kilopascals Obj. 4, p 226 
(kPa), is halved for each 4.8km of elevation above sea level. 
How far above a point at which the atmospheric pressure is 
100 kPa is a point at which the atmospheric pressure is 12.5 kPa? 


Check your answers with those at the back of the book. 
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A worker cleans up 
after an oil spill 
(above). A machine 
reproduces the contour 
of the ocean floor 
(below). 
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Careers 
in Environmental Protection 


Concern over the pollution of the environment has in- 
creased greatly in recent years, and the number of careers 
in environmental protection has increased as well. Air- 
pollution control is one area of environmental protection. 
This field includes determining the effects of pollutants on 
human health and the environment, setting standards for 
acceptable levels of pollutants, enforcing those standards, 
and developing ways to meet them. Similar tasks occur in 
the fields of water- and noise-pollution control. 

Other functions of environmental workers include the 
management of solid wastes—recycling what can be used 
and properly disposing of other materials; the study of 
pesticides—their efficiency, side effects, and safety level; 
and the study of the effects of exposure to radiation for 
long periods of time. Workers in all of these fields are 
trying to make the earth a better and safer place to live. 


EXAMPLE In order to meet emission standards set by 
the Environmental Protection Agency, a certain company 
must remove at least 80% of the particles from the smoke 
pouring out of its smokestack. If each filter removes 20% 
of the particles passing through it, how many of these 
filters will the company have to install in its smokestack? 


SOLUTION Let x be the amount of particles originally in 
the smoke. After passing through the first filter, there are 
0.8x particles; after passing through the second, (0.8)(0.8)x 
particles, and so on. As you can see, this is a geometric 
sequence with r = 0.8: 


(the amount after (the amount after 


the first filter) uel the nth filter) 
mm ee ee” od 
Gy = Ox a, =(@8)"-'a, = ay 


Thus, the number of filters needed will be n, where 
(0.8)"x < 0.20x. 
Since 
(0.8)? = 0.2097152 and (Oi3)* = 016777216; 


the company will need 8 filters. 


Infinite Sequences and Series 


OBJECTIVES for Sectiou 7-7 and Section 7-8: 

1. Fiud the absolute value of the difference betweeu the limit of a convergent 
sequeuce aud a term iu the sequence. 

2. Fiud the sum of a couvergenut geometric series. 


7-7 Limit of a Sequence 


Figure 1 pictures the first few terms of the infinite sequence 


i, 1, 12 ee 


a, ay 8394 
oe ee a on i 
=| 0 1 2 : 
Figure 7 
This figure suggests that the graphs of the terms of the a | f 2a 
n n 


given sequence eventually crowd in on the graph of 2. 
Notice that if you think of each term of the sequence as an 1 
approximation of 2, then the error of approximation, that 2 
is, the absolute value of the error that you make in consid- 3 
ering a, to be 2, is (4)"~!. As shown in the table at the right, a 
this error is halved each time n is increased by 1. There- 

fore, by choosing n large enough, you can make the error less than any 
given positive number, however small. For this reason, we say that the 
limit of the sequence is 2, and we write 


lim [2 — 4)"")] = 2, 


OO BI py 


read, “the limit of 2 — (4)""! as n increases without bound is 2.” An 
infinite sequence having a limit is said to converge or be convergent. 


EXAMPLE Find the limit of the sequence 2, 14, 14, 14,..., l+—.,.... 


SOLUTION Show the first few terms of the sequence on a number line. 


0) 1 a; 2 
The diagram suggests that the limit is 1; in fact, the error made in 
: | ive 
considering the nth term a, to be 1 is ja, — 1], or ri and > is as small a 
positive number as you like if 1 is great cnough. 


See linn (1 + +) = 1. Answer. 
n 


n~x 
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In general, an infinite sequence has alimit L if you can make the error 
of approximation, |L — a,]|, less than any positive number, however 
small, by choosing n great enough. Notice how the successive terms of 
the sequence 


I, 14, 14, 1%, ... 2a eee 
compare with each other. Because 
i<i}< eee 


you say that the sequence is nondecreasing. Any sequence in which each 
term is less than or equal to the following term is called a nondecreasing 
sequence. 


The sequence 2, 14, 14, 14 ...,14+ a ..-, onvthe other harmed, is 
} 
nonincreasing, because 


221} > em 


bp 


Any sequence in which each term is greater than or equal to the follow- 
ing term is called a nonincreasing sequence. 


Notice also that each term of the sequence 
liLijiie. 2a 
is less than 2 in absolute value, and that each term of the sequence 


21, ee 
n 
is less than or equal to 2 in absolute value. Whenever there exists a 
number which equals or exceeds the absolute value of every term of a 
sequence, you say that the sequence is bounded by the number. Thus, 
each of the sequences given above is bounded by 2. Of course, each of 
the sequences is also bounded by 10, for example. 
The fact that both of the sequences 


and 


are convergent illustrates the last axiom needed to characterize the set R 
of real numbers. This assumption is stated below. 


Axiom of Completeness 
Every bounded, nondecreasing (or nonincreasing) sequence of real 
numbers converges, and its limit is a real number. | 
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Not all infinite sequences converge. An infinite sequence that does not 
have a limit is said to diverge or to be divergent. For example, the 
sequence 


Oey. oe 


diverges because it contains terms that are arbitrarily large in absolute 
value. Do you see that this sequence is nondecreasing but that it is not 
bounded? The sequence 


Vee eo (— 1)! 


is also divergent because its terms are alternately 1 and —1. Do you see 
that this sequence is bounded, but that it is neither nondecreasing nor 
nonincreasing? 


Oral Exercises 


For each of the following sequences: (a) state the first four terms; 
(b) tell whether the sequence is nondecreasing, nonincreasing or 
neither; (c) tell whether or not the sequence is bounded; and (d) tell 
whether or not the sequence seems to be convergent, and if so guess 
the limit. 


eed, = (4)" 2.4, =4—-—()" oa (9) 
= (ep \n — (1)n-1 a é = n 
ae, = (—1)"2 5. a,=(=—1) 00: a, ES 
n? n — n 
7. he oe 5 8. a, = (—1)"3n 9, a, = 1+ (4) 
(0, Co 7 ie) Gee be 
n n? ° n n n N 


13. Give an example of a sequence that is neither nondecreasing nor 
nonincreasing but is convergent. 


14, If the sequence a,, a,,a;,.. .is convergent, must the scquence @,, «,, 
a, ... (consisting of just the even terms of the first sequence) also be 
convergent? Explain why or give a counterexample. 


Written Exercises 


Write the first four terms of the sequence whose nth term is given and 
guess the limit or state that the sequence is not convergent. 


_ 3n? + 1 
Ca at 2. 4, = 3. a, 


1 s 


4 3 Fe ame 
» a, = 7 9 a, = n2+41 
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In Exercises 7-12, a formula for the nth term of an infinite sequence 
and its limit L are given. Forn = 1, 2, 3, and 4, find |L — a,|, and then 
give the general formula for |L — a,|. 


Pete aera es 8. a, = —2+ @)"; L = -2 
nH 

9. a, =2t4 1 =} 10. a,=44(-1"S;L=4 
3n 4n7+1. 

Wea eS Mee) a 


13-18, Find a value of 77 that will make |L —a,| < j, for Exercises 7-12 
above. Give the numerical value of |L —a,| for this x. 


19. Suppose @,,a3,43,...is aninfinite sequence such that 2 — a Kee, 
n 


Explain why lima, = 2. 


nox 


20. Suppose the sequence d,, 4,, a3,.. . has limit L and the sequence b,, 
b,, b;,.. .is defined by the relation b, = ka,. Show that the second 
sequence has limit kL by showing that the expression |b, — kL| has 
limit 0. (Hint: Recall that |abj = |a|{b|.) 


7-8 Infinite Geometric Series 


Figure 2 pictures the numbers 
Lltd lt 4 ane) 
and suggests three facts: 
1. The more terms you add in the infinite series 
l+344349 ge 
the greater is the sum obtained. 
2. The sum never exceeds 2, no matter how many terms you add. 


3. If enough terms are added, the sum will approximate 2 as closely as 
you may demand. 


0) 1 2 
0 1+3 2 
0 i =—e 


Figure 2 
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You can never add all the terms, so that you cannot refer to the “sum 
of the infinite series” without first defining what you mean by such a 
sum. To define the sum of the infinite geometric series 

1+4+4hep+---+ Or! 4+---, 
consider the sequence of partial sums 
ese ens, = 144+) 


and in general 
n 
eee eet Sa SL. 


rama | 


Since S, is the sum of the first n terms of a geometric sequence whose 
first term is 1 and whose common ratio is 5, you have: 


i) 1 
| Sr 


S 


Hence (see page 241), lim S, = 2. Accordingly, we define the sum of 
nox 


this infinite series to be 2, and we write 


L+tstde---4+Qe'4+---52 or SYOr'=2. 


| 


In general, for any infinite series a, +a,+--- +a, +:::, 


is called a partial sum. If the sequence S,,S,,...,S,,... of partial sums 
converges and if lim S, = S, then the sum of the infinite series 
noo 


Gi sp Gia ap 99% ap Gl ap ees 


is defined to be S. You write 


and you say that the series converges or is convergent. 

On the other hand, if the sequence of partial sums diverges, then the 
series diverges or is divergent, and its sum is not defined. For example, 
the series 


[AE Se 2 SI eee ee ae 
diverges, because the sequence of partial sums, below, diverges. 


ni + 1) 


5 A nee 


a 


om, LO; ns, 
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The series 
1-1+1-—-I14-.-.. 
also is divergent because the sequence of partial sums 1, 0, 1, 0,...1s a 
divergent sequence. 
Consider each of the following cases for any infinite geometric series, 


a, far tay? + ees 


Case 1. a, = 0. In this case, every term of the series is 0, so that the 
‘series is 0 + 04+ 0+4.--, which has the sum 0. 

Case 2. a, # Oandr = 1. In this case, every term of the series is a), so 
that the series is a, +a, + a, +--+. This series diverges be- 
cause the sequence of partial sums @,, 2a,,... diverges. 

Case 3. a, #0 and r = —1. In this case, the terms of the series are 
alternately a, and —a,, so that the series is a, —a@, + 
a, — a, + +--+. This series diverges because the sequence of 
partial sums, @,, 0, a@,, 0,... diverges. 

Case 4. a, 4 0 and [r| 4 1. In this case, the nth partial sum is 


=) Cae 


rn 


Lie] = 1, Mem" (and therefore, ) can be made to 


—r 


approximate 0 as closely as you wish by taking 7 great enough. 


a a . 
Because |S, — ee 1"! it follows that 
' —1 —1 
a cums a, 
S=limS, =——, [eae 
nax esi, 


If |r| > 1, |r"| increases steadily with 1; so r" does not have a 
limit as increases without bound and neither does S,. 


The following theorem summarizes these cases. 


Theorem. The infinite geometric series 


a, +artayr? +: 


a : : 
converges and has the sum ae ifr < 1, Nea, S OMe seires 
—_— ie 


converges and has the sum 0. If |r] > 1 and a, 4 0, the series 
diverges. 
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EXAMPLE = Determine the sum of the inlinite geometric scrics 


og 
ty 1 eo ie 


9 4 
SOLUTION a, =—,r =—, |r| < 1. Since S = MBA you have 
10 10 a 
Rh oh, 
1-4 fo 
ma 9 9 g ie: ; ; sar On: oak 
The sone 5 eee + ...is often written as the infinite decimal 


1@ " 10?” 10? 
0.999..., or 0.9, where the bar shows that the indicated digit is repeated 
without end. Thus, you have 


0.999...=0.9 = 1 
and similarly, for example, 


3.9 =4, 5.69 = 5.7, and (0.759 = 0.76. 


Oral Exercises 


For each of the following infinite geometric series, (a) state the com- 
mon ratio, (b) tell whether or not the series converges, and (c) state the 
value of S,, Sz, and S3. 


1. 244+12+6+4+... 2,.2-24+2-—..-. 33414 44+.--- 
424+ g4+i4... 5.¢-Jti-—-:- 6 74+74+74+.-.. 
2 2-}+h--- 8 ht dot ide + 

9. 0.6 + 0.06 + 0.006 + ..- 10. 0.18 + 0.0018 + 0.000018 + --- 


State each of the following nonterminating decimals in the form of an 
infinite geometric series, and state the common ratio. 


EXAMPLE 0.333... 


SOLUTION Three tenths plus three hundredths plus three thousandths, and 80 on; 
common ratio: one tenth. 


Ml, WLS 5 oe 12. 0.323232... 13. 0.040404... 

i 0.9009009 |... 15. 0.767676... 16. O.810810810 ... 
Give an example that shows each of the following statements is false. 

17. Every infinite geometric serics converges. 


18. Any infinite geometric scries in which the common ratio is a positive 
number has a positive sum. 
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Written Exercises 


Find the sum of the given infinite geometric series if it converges. If it 
is not convergent, so state. 


1. 544+18+6+--- 2. 1000 — 200 + 40 — --- 

3,74+34+34+--: 4,3—34+3-... 

5. 3-1+4+4---- 6 ¢+2%4+ 7+ °°: 

7 3-t4+4---- 8. 0.7 + 0.07 + 0.007 + --- 

9.494 144+4+-.--- 10. 0.3 — 0.003 + 0.00003 — .-- 

it S34 12 So 5(- A)! 3. SAG! 14, S13(—p! 
a ns n=l il 


In Exercises 15-20 find the requested value for the infinite geometric 
series described. 


Ss at, SS eh Cee =, S — 84 = 
1% f =t,8 = =2, 6, == ise — 5, > = 10/7 — 28 
1a = SS =o == 20 Se, 


In Exercises 21-28 convert the given nonterminating decimal to a 

fraction by rewriting the decimal as an infinite geometric series (see 

Oral Exercises 11-16) and finding the sum of the series. 

21 0:555"2 2. 220090705 230 S71 ST ST 0% 24. 0.0666... 

Zoe SI81S .~ 26. 0.135135135eae 27. 0.06006006 ... 28. 0.270270270 


29. The sum of an infinite geometric series whose first term is 2 and 


ee « wh : 
whose common ratio is x is —. Find x. 
x 


30. The sum of an infinite geometric series whose first term is 36 and 
whose common ratio is x is —25x. Find x. 


31. For what value of x will the sum of the infinite geometric series 
x+x*+4+x34 ... be 3? 

32. Find x so that the sum of the infinite geometric series 
x+x34x°4 --- will be Z 


33. Find all possible values of x for which the sum of the series 
126 eax? +. «> is 24 


34. Suppose that the two infinite geometric series a, + ayy + ayr? + --- 
and 2a, + 2a,s + 2a,s? + --- have the same sum for some r # }, 
0<r< 1. Finds in terms of r and give an example of two series with 
this relationship. 


248 | Chapter 7 


Problems 


A 1. A ballis dropped straight down from a height of 50cm. It rebounds 
+ of its previous maximum height with each successive bounce. How 
far will the ball travel before coming to rest? (Count distances 
traveled up and distances traveled down.) 


2. A square piece of paper with sides of 40 cm is cut into four smaller 
squares, each with sides of 20cm: Three of these squares are placed 
side by side. The remaining square is cut into four smaller squares, 
each with sides of 10cm. Three of these squares are placed beside 
the bigger squares. The fourth square is cut into four equal smaller 
squares, and the process is continued indefinitely. What will be the 
length of the string of squares? 


3. A tortoise moving along a straight line traveled 2m in 1 min. In the 
next minute, it moved 1m. In each succeeding minute, it traveled 
half as far as it did in the previous minute. If the tortoise went on 
traveling this way forever, how far would it go? 


4. Friction and air resistance cause each swing (after the first) of a 
pendulum bob to be 0.8 as long as that of the preceding swing. If the 
path of the first swing is 20 cm long, find the total distance traveled 
by the bob before it comes to rest. 


B 5. A rotating flywheel rotates 400 revolutions in the first minute. In the 
next minute it rotates 240 revolutions. In each succeeding minute, it 
rotates 2 as many times as it did in the previous minute. How many 
revolutions will the wheel make before coming to rest? 


C6. The segments joining the midpoints of the sides of an 
equilateral triangle are drawn, and the area of the 
triangle they form is removed from the original tri- 
angle. The segments connecting the midpoints of the 
remaining triangles are joined, and the areas of the 
triangles they form are removed from the original 
triangle. The remaining area is the shaded region in 
the diagram. If this process is repeated infinitely many 
times, how much of the original area will be left? 


7. In a right triangle with dimensions of 3cm, 4cm, and 
5m, perpendicular segments P,P, P,P;, P,P, and so 
on are constructed as indicated at the right. Determine 
the sum of the lengths of all the constructed perpen- 
dicular segments. (Hint: The new triangles formed are 
similar to the original triangle.) 


8. If |x| < 1, find the sum S of the series 1 + 2x + 3x7 4+ 4x74 --- 
(Hint: Consider S — xS.) 
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9. A “snowflake” curve is constructed as follows: The 
sides of an equilateral triangle are trisected, and the 
middle third of the trisection serves as a base for a new 
equilateral triangle. This segment is then removed 
from the figure. The process is continued. If the side 
of the initial equilateral triangle is of length 1, what is 
the area enclosed by the snowflake curve if the process 


is continued without end? 


10. Show that the figure described in Problem 9 has no 
perimeter, that is, that the curve is of unbounded 


length. 


Self-Test 3 


VOCABULARY convergent infinite sequence 

(p. 241) 

limit of an infinite sequence 
(p. 242) 

divergent infinite sequence 
(p. 243) 

nondecreasing sequence 
(p. 242) 

nonincreasing sequence 
(p. 242) 


bounded sequence (p. 242) 

partial sum of an infinite 
series (p. 245) 

sum of an infinite series 
(p. 245) 

convergent infinite series 
(p. 245) 

divergent infinite series 


(p. 245) 


In Exercises 1 and 2, the nth term of an infinite sequence is given. 
Give @,, @), a3, and a, for this sequence, guess the limit L, and 


give an expression for |L — a,| in terms of n. 


Obj. 1, p. 247 


Obj. 2, p. 241 


Convert to a fraction by writing as an infinite geometric series and 


finding the sum. 


5. 0.444... 6. 0.545454... 


Check your answers with those at the back of the book. 
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Chapter Summary 


1. 


An arithmetic sequence, or arithmetic progression, is any sequence in 
which each term after the first is obtained by adding a fixed number, 
d, called the common difference, to the preceding term. For an 
arithmetic sequence, you have 


C—cnt a anda, —a, + (mi — i)d form = 1, 2,3,.... 


The terms between two given terms of an arithmetic sequence are 
called arithmetic means between the given terms; a single arithmetic 
mean between two numbers is the average, or the arithmetic mean, of 
the two numbers. 


The sum of the first 1 terms of a given sequence is the associated 
series, S,. For an arithmetic series, you have 


n n 
S. = ol +a,) = -g [2a ae (7a = iyel 
You can use the summation sign to abbreviate the writing of a series, 
using an index to indicate the range of summation. Thus, 


a, +a,+ sae +4, = > 4G. 


A geometric sequence, or geometric progression, is any sequence in 
which each term after the first is the product of the preceding term 
and a fixed number, r, called the common ratio. For a geometric 
Seucicemalnaveds =, -randa, =a," ',n =1,2,3,.... 


. The terms between two given terms of a geometric sequence are 


called geometric means between the given terms. A single geometric 
mean between two numbers is called a geometric mean or mean 
proportional of the two numbers; the geometric mean of two positive 
numbers is usually defined to be positive, and of two negative 
numbers to be negative. 


A series whose terms are in geometric progression is called a geo- 
metric series. For a geometric series, you have 
a, —a,r" a, —ra 
Ss, = = tt, r#\. 
l—r l-r 
An infinite sequence has a limit L if you can make the error of 
approximation, |L —a,|, less than any positive number, however 
small, by choosing n great enough. Any infinite sequence which has 
a limit is said to converge, or to be convergent; if the sequence does 
not converge, it is said to diverge, or to be divergent. 


. Axiom of Completeness: Every bounded, nondecreasing (or nonin- 


creasing) sequence of real numbers converges, and its limit is a real 
number. 
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n 
10. For any infinite series a, +a, 73) +@ -)..., 35 )=— ya iS 
= Il 


called a partial sum. If the sequences), S,,:.-, S,, . +. ol panual 
sums converges to S, then the infinite series is said to converge, or 
to be convergent, and its sum is defined to be S. 


11. For an infinite geometric series with |r| < 1, you have the sum 


ees 
‘a 1-7; 

Chapter Review 

1. Give the fourth term of an arithmetic sequence with first term 16 and 7-1 
common difference —2. 
a. 24 bee c. 10 d. 8 

2. Find the value of a, for an arithmetic sequence in which d = 7 and eee 
ay = 82. 
a. 12 b. 5 cals d. 157 

3. Insert two arithmetic means between 6 and 18. 
a, 9, 13 b. 10, 14 co IU Be d. 10, 16 

4. In an arithmetic series of 7 terms, a, = —4 and a, = 14. Find its 7-3 
sum. 
a. 68 b. 70 c. 10 d. 35 


15 
5. Find the value of Ss Gk. 


k=1 


a. 345 b. 240 c. 47 d. 360 

6. Give the fourth term of a geometric sequence with first term 32 and 7-4 
common ratio 4. 
a. 256 b. 2 c. 4 d. 128 

7. Find the common ratio for a geometric sequence in which a, = 54 7-5 
and a, = —3. 
a. —4 b. 4 C5 d. —4 


8. Insert two geometric means between 4 and —32. 


a. —8, 16 b. 8, —16 CuO; 0 d. 8, 16 
9. Find the sum S, for a geometric series in which a, = 8 and r = }. 7-6 
a. 15 b. 16 c. 154 d. 31 
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10. 


: 11. 


— 


os 


De 


oh 


6 
Find the value of ~ 12(-$"! 


(Sil 
b. —64 ©, 7 


0) 

aA 
oolua 
ols 

ee 
ze 
Be) 


Guess the limit of the sequence a, = 2 — (4)’. 
a. 14 lcs 2 eZ) d. 0 


Find the value of 82h}. 


i 


a. 24 b. 8 c. 64 Gk, iz 
Convert the nonterminating decimal 0.181818... to a fraction. 
a. b. 4 c. 4 d. 4 


Chapter Test 


1. 


11. 


12. 


Determine the first four terms of an arithmetic sequence in which 
a, is 9 and the common difference d is —4. 


. Give a rule for finding successive terms of the arithmetic progression 


—11, —2, 7, 16. 


. Find a,, for an arithmetic sequence in which a, = 5 and d = 6, 
. Insert three arithmetic means between —6 and 6. 


. Find the value of the sum S, for the arithmetic sequence 


Ore G) Boe 56 


7 


. Find the value of SS (ic— |). 


k=1 


. Find a, for a geometric sequence in which a, = 8 and the com- 


mon ratio r is 2. 


. The population of a city is observed to increase by 10% a year. What 


will be the population of the city at the end of the third year after a 
census year in which its population was found to be 20,000? 


. Insert two geometric means between —2 and 128. 
10. 


Find the sum of the geometric series for which a, = 8, r = —2, and 
i = (os 


and its limit L is 


If the nth term a, of an infinite sequence is ot 
82 + 1 


3, find as, |L — a,|, and the general formula for |L — a,]|. 


Write the decimal 0.272727 ...as a fraction. 


7-8 


[9 
76 


7-8 
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pho 
pnol 


) 
2} 


his loggerhead turtle, a member of an endangered species, was 
tographed at the Steinhart Aquarium in San Francisco. 


Radicals and 
Irrational Numbers 


Power Functions, Roots, and Radicals 


OBJECTIVES for Sections 8-1 through 8-3: 

1. Use power functions in solving variation problems. 

2. Determine all real nth roots of a given real number. 

3. Determine all rational roots of an equation with integral coefficients. 


8-1 Power Functions and Variation 


A function f defined by an equation of the form 
jo) = x” 


is called a power function. Figure 1 shows the graphs of power func- 
tions for the values n = 1, 2, 3, and 4. 


Figure 1 
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A comparison of the graphs in (a) and (c) of Figure 1 indicates the fact 
that when n is odd, the graph of y = x is symmetric with respect to the 
origin. Thus when the function contains the ordered pair (a, b) it also 
contains the pair (—a, —b); a function with this property is said to be an 
odd function. 

When » is even, as in (b) and (d) of Figure 1, the graph is 
symmetric with respect to the vertical axis. Thus when the 
function contains (a, b), it also contains (—a, b); such a 
function is called an even function. / 


Closely related to the power function is the function 
defined by 


yj ax Nn > Ora. 


This function is termed a variation. We say that y varies 
directly as, or is directly proportional to, the nth power of x, 
and that a is the constant of variation, or proportionality. 
When # = 1, the function becomes the direct variation 
y = ax (see page 89): 

Figure 2 shows a comparison of the graphs of y = 3x? 
and y = —2x? with that of the power function y = x2. 


The concept of variation arises frequently in problems Figure 2 
related to the physical world. 


EXAMPLE 1 Thedistance that a body near the earth’s surface will fall from rest varies 
directly as the square of the number of seconds it has been falling. If a 
boulder falls from a cliff a distance of 176.4 m in 6s, approximately how 
far will it fall in 4s? 


SOLUTION Let d = distance (in meters), t = time (in seconds), and a = constant of 
variation. Then the problem can be solved by either of the following 


methods. 
Method I Method II 
a d, = auae, a = a(t,)? 
176.4 _ 44.1 | d, d, 
176.4 = a(6)2; = —_— = — =—— 
er = (Cyt = Ge 
d= AG 176.4 d, 
"65 ae 
When t = 4, 
176.4 x 16 
d = 4.9(4)? = 78.4 = ae 78.4 


.. the boulder falls approximately 78.4m in 4s. Answer. 
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Oral Exercises 


State (a) whether the function is even, odd, or neither and (b) whether 
its graph is symmetric to the y-axis, the origin, or neither. 


a 
1. f(@®) = —x* 2. f(x) = 4x3 +1 ges 


ay =x? + 1 Bee) = |x! 6. () =-14 


Written Exercises 


In Exercises 1-6, graph each pair of equations on the same set of 
axes. Be sure to label each graph clearly. 


Pye = x", yy = =x? Paya ax Ya 2X 2 = iy = x 
4 3 2 3 2 
4 = x1, ae 5. ae, =e 6 =e = 


Find the value of a for which the point with the coordinate pairs given 
lies on the graph of the equation. 
7. (3, —8); y = ax? See 2) ya 9. (—2, —6) $y =ax3 


10. @, 3); y = ax? i. G, —4); y =ax3 12. (-4,); y = axt 


In Exercises 13-16, assume y varies directly as x. 
13. If y is 6 when x is 2, find y when x is 4. 

14. If y is 8 when x is —4, find y when x is 6. 

15. If y is ? when x is 4, find y when x is —2. 


16. If y is —6 when x is 3, find y when x is }. 


In Exercises 17-20, assume that y = ax*z*, a 4 0. (We Say that y 
varies as the square of x and the cube of z.) State what happens to the 
value of y under the given conditions. 

17. The value of x is doubled; the value of z remains the same. 

18. The value of z is halved; the value of x remains the same. 

19. The values of both x and z are doubled. 

20. The value of x is doubled; the value of z is halved. 


21. If f(x) is an even function and g(x) is an odd function, is f(g(x)) an 
even or an odd function? Prove your answer. 


22. If f(x) and g(x) are both odd functions, is {(g(x)) an even or an odd 
function? Prove your answer. 
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Problems \ ) 


a. 


ay 

A 1. Overa fixed period of time, the energy developed by an electric circuit 
of a fixed resistance varies directly as the square of the current. If the 
circuit develops 30 kWh in the given time period when the current is 
10A, how much energy will it develop when the current is 15 A? 


2. The power required to propel a boat varies as the cube of its speed. If 
a certain motorboat requires 400 kW to run at a steady speed of 10 
km/h, how many kilowatts are needed to run the boat at 20 km/h? 


3. In structural engineering the maximum deflection of a flat rectangu- 
lar plate varies as the fourth power of the width of the plate. If the 
maximum deflection is 0.008cm for a plate 2m wide, what is the 
maximum deflection for a plate 5m wide? 


4. The power of a capacitor in an electric circuit varies directly as the 
square of the voltage. If the power is 0.0968 W when the voltage is 
110 V, what is the power when the voltage drops to 100 V? 


5. The mass of a spherical drop of mercury of diameter 0.4 cm is 0.456 g. 
If the mass of a drop of mercury varies directly with the cube of its 
diameter, what is the mass of a drop of diameter 0.2 cm? 


6. The kinetic energy of an 1100 kg car moving at 90 km/h is equivalent 
to about 0.1 kW-h of electricity. If the kinetic energy varies as the 
square of the velocity, what is the kinetic energy, to the nearest 0.1 
kWh, of a car moving at 100 km/h? 


B_ 7. The radiancy (energy radiated per unit time per unit area) of an object 
that absorbs all the radiation that falls on it varies as the fourth power 
of the Kelvin temperature of the object. If such an object at 300° K 
has a radiancy of 405(J/s)/m2, what is the radiancy of the object at 
100° K? 
8. One of Kepler's laws of planetary motion states that the 
square of period of revolution of a planet varies directly 
as the cube of its distance from the sun. Use the infor- 
mation given about the planet Mercury to find the value 


of the constant k in the formula T? = kr3 expressing this e 
relationship. The period T of a planet is expressed in O 


days and its distance r from the sun in gigameters. (A at 

gigameter is equal to 1,000,000,000 m; its symbol is Gm.) 5 / —— 
Mercury is about 64 Gm from the sun and has a period LW 

of revolution of about 102.4 d. =n 


9. The square of the period of revolution of an artificial earth satellite 
varies directly as the cube of its distance from the center of the earth. 
A satellite 20,000km from the center of the earth has a period of 
revolution of 8h. What would the period of a satellite 80,000 km from 
the center of the earth be? 
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s 
8-2 The Real nth Roots of a Number 


‘By observing the graphs in Figures 3, 4, and 5 of the power functions 
Pe einlecioy (jy x", (2) ex) = x7, and (3) h) =x*, youcan answer 
questions such as the following about the members of f, g, and h. 


(1) How many values in the domain of f are paired with the value 
f(x) = 9 in the range? That is, how many values of x satisfy the 
equation x? = 9? 


(2) How many values in the domain of g are paired with the value 
g(x) = —8in the range? That is, how many solutions are there of the 
equation x3 = —8? 


(3) Are there any real values of x such that the pair (x, —2) € h? That is, 
are there any real values of x that satisfy x* = —2? 


Figure 3 Figure 4 Figure 5 


The abscissas of the points shown by red dots on the graphs in Figures 
3 and 4 indicate the values of x that satisfy the equation given in each 
case. In Figure 5 you can see that, since —2 is not an element of the 
range, there is no pair (x, —2) in h, and hence there is no real solution to 
a = —2. 

Each solution of the equation x” = b, for n a positive integer, is called 
an nth root of b. Thus, 3 and —3 are the 2nd roots (or square roots) of 
9, and —2 is the 3rd (or cube) root of —8. ; 

The facts concerning the real nth roots of b, as suggested by Figures 3, 
4, and 5, are summarized in the following table. 


Number and Nature of Real nth Roots of b 


re 


one positive root | 
n even one negative root no real roots one root, namely, 0 
n odd one positive root one negative root one root, namely, 0 


Radicals and Irrational Numbers | 259 


The symbol \/b (read “the mth root of b”) denotes the principal nth 
root of b, that is: 


1. The nonnegative nth root of bif 2 iseven and b > 0. For example, we 
write 


36 = 6, — 36 = —6, YO =0. 
2. The single real mth root of b if n is odd. For example, 
V8 =2, -V8 = -2. 


Notice that we are talking about only the rea/ nth roots of b; that is, in 
the set of real numbers, \/—16 is not defined. 

The symbol Vb is called a radical; b is the radicand and n the index. 
(The index 2 for the square root is usually omitted.) Always be careful to 
include all of the desired radicand under the radical sign. Thus, 


36 — 9 = 27 = 33, whereas V36—9=6-—9= -3. 
Notice that W278 = —2, but Via = 2, because a radical of 


even index denotes a nonnegative root. In general, 
Vb" = b if n is odd, 
and 


Vb" = |b| if n is even. 


Oral Exercises 


State the value of the indicated principal root, or state that the expres- 
sion is not defined as a real number. 


il, 3 2 V8 a 4/225 
ce am 6. V0 a 


9. V(—3) i= ea, 11. /—(—6)? 


Is the statement true for all real numbers? If it is false give a counter- 
example. 


13. Va? =a 14. Va? = V(—ay? 


Written Exercises 


Express each radical as a decimal to the nearest tenth by using Tables 
3 and 4 in the Appendix. 


iL. va 2 Oe 3. 725 4, Jil 
6. 0.81 1 2a & Vier 9. \/—670 
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Solve over the set of rational numbers. 


EXAMPLE 1 1.44x?—1=0 
SOLUTION 1.44x7 -1=0 
ales 


x? = phy = Ta 
.. the solution set is {2, —2}. Answer. 
me 4x* = 36 12. 1.96x7-1=0 13. x4 — 16 =0 fa 25> = 
hoes 4 —() 16. 327 —=0.024 17. 125e9— 5 =0 18. 32x° + 1=0 


Find all real values of the variable for which the statement is true. 


EXAMPLE 2 V(x — 4)? =x—-4 


SOLUTION Since (x — 4)? denotes a nonnegative number, the equation is true if 
and only if x — 4is nonnegative; that is, x —4 >0,orx >4. Answer. 


19. Vx —7=0 20. Vx +22 =x4+2 2. Vy—- De =y-1 
22. W(x — 15)? = |x — 15] 23. Wx —5=0 244. V9 —x7ER 


Determine the solution set over &. 
5, /a—12=4 26. V(x + 2)? =3 27. Vx? =x +6 


28. Prove: If x >0, y>0, then Vx?+ y?< x+y. (Hint: Assume 
Vx? + y? > x + y and show that this leads to a contradiction; see 
Exercise 34 on p. 49.) 


29. Show that if Vx? + y?=x + y, then x =Oory =0. 


8-3 The Roots of a Polynomial Equation 


A rational number has been defined (page 192) as any number that can 


be represented in the form @’ where a and b are integers, b 4 0. 


b 
You know that V/4 is a rational number because V4 = ?, but what 
about \/5? Since /5 isa root of the equation x? — 5 = 0, we can answer 
the question by using the following theorem concerning the rational 
roots, if any, of such a polynomial equation. (Note first that the leading 
coefficient of a polynomial is the coefficient of the term of highest 
degree.) 
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aA 
AVVOV 


T 


coefficients. If the equation f(x) = 0 has arational root P that is in 


lowest terms, then p must be an integral factor of the constant term, 
and q an integral factor of the leading coefficient, of f(x). 


EXAMPLE 1 If f(x) = 4x3 + 4x? — x — 1, list the possible rational roots of f(x) = 0; 
; then find which, if any, actually satisfy that equation. 


SOLUTION The numerator of any rational root a must be an integral factor of —1, 
q 
and the denominator an integral factor of 4. That is, p © {1, —1} and 


q © {1, —1, 2, —2, 4, —4}. Hence the possible rational roots P are 
q 
aes, |. 


Next, check each possible value for Pin f(x) to see which, if any, satisfy 
q 


f(x) = 0. 


f@ = -#; )=0; fers: 
K-D) == A=) =0; A—1p] 0: 
the rational roots of 4134+ 4x?—x—1=0 are 4, —4 and 
—1. Answer. 


EXAMPLE 2 If f(x) = x? — 5, determine the rational roots, if any, of f(x) = 0. 
SOLUTION A rational root 2 must satisfy p © {5, —5, 1, —1} andg € (Ry 
q 
Hence ae {5, —5, 1, —1}. Checking in f(x): 
[Oy SJ) = 204 0; 
fd) =f(-)) = -44 0. 
*, x? — 5 = 0 has no rational roots. Answer. 
Real numbers that are not rational are called irrational numbers. 
Example 2 establishes the fact that \/5 and — V5, which are the roots of 
x? — 5 = 0,are irrational numbers. In general, for any positive integer b 
and any integer m > 1, you can show, by considering the equation 


x” = b, that V/b is an irrational number unless b is the nth power of an 
integer. 
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Example 3 below illustrates the following fact: The sum, difference, 
product, or quotient of a rational number and an irrational number is an 


irrational number. (Exceptions: 0°x and wh where x is irrational.) 
& 


EXAMPLE 3. Determine whether 2 + 3\/5 is a rational or an irrational number. 


SOLUTION If 2 + 3\/5 is a rational number, there must be integers a and b, b £ 0, 
such that 


or V5= 


a — 2b 
3b 
number. But we know that \/5 is an irrational number. Thus we have 
been led to a contradiction, and accordingly, our hypothesis that 
Dal 35 is a rational number must be false. Hence 2 + 31/5 is 

irrational. Answer. 


Since a — 2b and 3b are both integers and b £ 0, is a rational 


Oral Exercises 


State the possible rational roots of the given equation. 


i —s() 2x«34+9=0 3 22 =—=Se —7 Sl 
42a? = x + 1 = 0 Se | = 0) 64° — 3c or) 
Hs NO 4b she! — se ej] = 0 GS Be = Tees ob ge = GB SH 9, kee aw ta’ 


Written Exercises 


In Exercises 1-10, show that the number is a root of the given equa- 
tion. Then use the method of Example 2 to show that the equation 
has no rational roots, and therefore that the given number must be 
irrational. 


1. 2; x7 —-2=0 WD. V5; x3 —5 =0 3. V6; x27 —6=0 
4. —V4;,23+4=0 5. V—4; 23 +1=0 6. V3; 2x2 -9 =0 


Use the method of Example 3 to show that the given number is irra- 
tional. Use the results of Exercises 1-3 above. 


/2 
eS 8. a 9. 20/5 
vec 7 /6 2 6 == | 
Mm 7=15 Re 11. ss (2: a 
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Find the rational roots of the given equation by trying each of the 
possible roots as a value for x. 


13. x3 4+x%+2=0 14. x3 — 3x7 + x%-—3=0 

i, fe Be Se = I) 60° — 38x" 4 

17.4 — oe) 18. x4 — x3 — 5x? -x —6=0 
19) 2K? = x? x 0) 20. 3x3 —x*+ 3x —1=0 
Qe 2x? + 7x? = 2 3 =H 22. 3x4 —x3 4+ x27-x-2=0 
2 — or 0 246x* — 5x° — 1547 


25. This exercise is a partial proof of the theorem on page 262 so the 
theorem itself cannot be used in the proof. 
a. Prove that if 7 is an integral root of ax? + bx? + cx +d =0(a,b, 
c, and d are integers) then n must be a factor of d. 


b. Prove that if # is an integer and L is a root of 
n 


ax? + bx? + cx +d = 0 (a, b,c, and dare integers) then n must be 
a factor of a. 


26. Prove that if t is an irrational number, then for any rational numbers 
a and b, a £ 0, the number at + b is irrational. 


Self-Test 1 


VOCABULARY power function (p. 255) 
odd function (p. 256) 
even function (p. 256) 
variation (p. 256) 
constant of variation (p. 256) 
nth root of b (p. 259) 
radical (p. 260) 
radicand (p. 260) 
index of a radical (p. 260) 
leading coefficient (p. 261) 
irrational number (p. 262) 


1. If y varies directly as x3 and y is 3 when x is 2, find y when x = 4. Ob). 1200 
2. Determine the value of (a) /(—14)?; and (b) V8. Obj. 2, p. 255 
3. Solve 5x? = 40 over the rational numbers. 

4. Determine all rational roots of the equation x3 — 7x — 6 =0. Oley €) fa, AEs 


Check your answers with those at the back of the book. 
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dyceys — 
in Meteorology 


Meteorology is the study of atmospheric phenomena. In 
addition to weather forecasting, there are many other 
specializations in the field, such as climatology (the study 
of average weather patterns), the design of meteorological 
instruments, and the study of the chemical composition 
and physical properties of the atmosphere. 

Meteorologists work in a variety of situations. In many 
countries government and military weather stations em- 
ploy a large number of meteorologists. The operations of 
commercial airlines, aerospace industries, and insurance 
companies rely upon weather information and other at- 
mospheric data. A number of meteorologists teach and do 
research at universities. The knowledge and skills of me- 
teorologists are also needed in the field of air pollution 
control. 


EXAMPLE Thermal wind in the atmosphere results from 
temperature differences within a layer of air. To find the 
direction and speed of a wind at a particular altitude 
above the ground, meteorologists find the sum of the 
vectors (see Section 16-5) representing the thermal wind 
and the wind at the surface. 

If the wind at the surface is from the south at 10km/h 
and the thermal wind between the surface and an altitude 
of 5450 m is from the west at 15 km/h, what is the velocity 
of the wind at an altitude of 5450 m? 


SOLUTION The diagram at the 
right is a vector representation of 
the speed and direction of the 
winds. Use the Pythagorean The- 
orem (page 40) to find the speed 
of the resultant wind, w: 


i — O00 225 
w? = 325 
Ww = We2S 

= 5V13 


w = 18.0km/h 


yy 10 km/h 
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Satellite pictures 
(above) of the atmos- 
phere help to predict 
the weather. Teletype 
machines (below) pro- 
vide the latest weather 
reports. 


Numerals for Rational and 
Irrational Numbers 


OBJECTIVES for Sectious 8-4 through 8-6: 

1. Express a ratioual wuuber by a terminating or repeating decimal numeral, 
and express such a numeral as a fraction. 

2. Represeut a given number in standard uotation. 

3, Estimate products aud quotieuts. ; 

4. Fiud rational aud irrational unubers between any two given real uuntbers. 


8-4 Decimal Numerals for Rational Numbers 
To find a decimal numeral for a rational number, first express the 
number as the quotient of two integers and then perform the indicated 


division. 


EXAMPLE 1 Express as a decimal numeral (a) 13; and (b) 4. Check your answer in 


part (a). 
SOLUTION a 12=WU=11+8 b. 4 =1 +22 
1.375 0.0454545 
8) 11.000 22)1.0000000 
8 88 
30 ~ 120 
= 110 
60 100 
a _88 
40 120 
= 110 
0 100 
88 
120 
110 
10 
Check: 
1375 =14+7%+4+%4+ 
Z 1000 + 300 + 70 4+ 5 
1000 
See — 11 
— 1000 — 8 
13 = 1.375. Answer. 


You can see that in Example l(a), the division process effectively 
terminates when the remainder 0 occurs, since thereafter only 0’s appear 
in the quotient. Accordingly, the decimal numeral for J is called a 
terminating decimal. 
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In Example i(b), however, the remainder 0 never occurs. As a result, 
the quotient consists of an endlessly repeating block of digits, or repe- 
tend: 45. The decimal numeral for 54 is an example of arepeating (or 
periodic) decimal, which we usually denote as follows: 


3; = 0.045 
The bar indicates the block of digits that repeats without end. 
Example 1 illustrates the following facts concerning the result when 
an integer p is divided by a positive integer q: 
1. The remainder at each step in the process may be any element of 
HOM 2.2.4 g — 1}. 


2. After only 0’s are left in the dividend, within at most g — 1 steps cither 
0 occurs as a remainder and the division process stops, or one of the 
possible nonzero remainders recurs, initiating a repeating sequence 
of dividends in the algorithm process, and hence a repeating block of 
digits in the quotient. 


3. If the repetend is 0, the quotient is a terminating decimal; otherwise, 
the quotient is a repeating decimal. 


The decimal representation of any rational number P either ter- 


minates or has a repetend of fewer than q digits. Conversely, every 
terminating or repeating decimal represents a rational number. 


| 


You can use either of the following two methods to convert a repeating 
decimal to a common fraction. Method I, first presented in Section 7-8, 
uses the formula for the sum of an infinite series. Method II involves 
multiplying the repeating decimal by 10" where v is the number of digits 
that repeat. 


EXAMPLE 2. Express 0.378 as a ratio of two integers. 
Method I 


SOLUTION Use the formula on page 246 for the sum of an infinite geometric series. 


0.378 = 0.378 + 0.378(.001) + 0.378(.001)? + ---, 


so that 
—— 0.378 and r = .001. 
a 0.378 - 0.378 _ 42 


is = = — a CO Answer:. 


i—r 1-—.001 99 111 
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Method II 


Let N = 0.378. 
1000N = 378.378 
N= __ 0.378 
1000N — N = 378 
999N = 378 
= ae = =. Answer. 


Oral Exercises 


State (a) the first three terms of the representation of the repeating 
decimal as an infinite series; and (b) the common ratio of the series. 


EXAMPLE 0.34 


SOLUTION 0.34 = 0.34 + 0.0034 + 0.000034 +... 


ie ORS 2° 04 3. 0.08 
B17 6. 0.358 7. 0.1725 


Written Exercises 


Express as a decimal. 


1. 


aon pe 3 > 
16 40 6 
49 6 = eee 
75 7 37 


Express the given decimal as a fraction in lowest terms. 


9. 
13. 


We 


26. 
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0.325 10. 0.0046 11. 3.028 
0.18 14. 0.57 15. 0.296 
Ly 18. —2540 19. 0.583 
. 2.037 22. 1.2027 Ge -1.79 


{ 
. Show that any repeating decimal of the form eae (3-digit repetend) 


can be represented as a fraction P in lowest terms where q is an 
q 


integer of at most 3 digits. 
Show that if a fraction in lowest terms can be represented by a 
terminating decimal, its denominator can have only powers of 2 and 


5) 2G ACIS. 
s 


\- 


- common ratio: 0.01. 


. 0.018 


8. 0.04563 


16. 
20. 


. —5.0036 
3.09 
—1.681 
. 0.14864 


8-5 Standard Notation 


We use integer powers of 10 in representing any nonzero real number in 
standard notation. Such a number is given in standard notation (also 
called scientific notation when used in the expression of measurements) 
provided it is named as a product, 


a x 10", 


where 1 < |a| < 10 and n is an integer. As illustrated by Deci 

: : ; ecimal 
the last three examples in the table at the right, if 7 = 0 (so 
that 10” = 1), then the second factor ordinarily is not 

written, and if n 4 0 but a = 1, then the first factor ordi- 
narily is not written. 

In a numeral, each digit reporting the number of units of 
measure contained in a measurement is called a significant 
digit. Thus, 27.2 and 0.0103 have three significant digits. In 
each decimal numeral in the table, notice the red caret that 
is placed after the first significant digit in the numeral. By counting the 
number of places from the caret to the decimal point, you obtain n. Do 
you see that 1 is positive or negative according as you count to the right 
or to the left from the caret? 

You can easily compare numbers when they are represented in 
standard notation. 


EXAMPLE 1. 6.3 x 10° > 9.1 x 104, because 5 > 4. 
EXAMPLE 2 5.1 x 103 < 5.2 x 103, because 5.1 < 5.2. 


It is often convenient to break off, or round a lengthy decimal, leaving 
a numeral that represents an approximation of the number named by 


the given decimal. Using = to mean “equals approximately,” you may 
write 


248.13 = 248.1, 248.13 = 248, 248.13 = 250, 


as approximations of 248.13 to the nearest tenth, the nearest unit, and 
the nearest multiple of 10, respectively. In rounding, use this rule: 


To round a decimal, add 1 to the last digit retained if the value of 
the first digit dropped is 5 or more; otherwise leave the retained 
digits unchanged. 


Under this rule, the difference between a number and its approximation 
(the rounding error) is at most half the unit of the last digit retained. 
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Standard 
notation 


=o one 10! 
58 x 105 


3.207 
= 
om 


~~ 


— a 


For example, the statement 1.317 = 1.32 is equivalent to 
1.32 — 0.005 < 1.317 < 1.32 + 0.005, er 1 3ISi= 13i7 ees. 
You can round decimals and use standard notation to help you 
estimate products and quotients rapidly. 
EXAMPLE 3. Find a one-significant-digit estimate of A, if 
A = 2120 X 36.94 x 194 


365.3 
SOLUTION IE Round each number to ue _ 2000 x 40 x 200 
one-significant-digit approx- Ar i 
imation. ; 
3 1 
2. Express the approximation A = ET 


in standard notation. 
A ~2 x 4x 2 x 103+1+2-2 
4 


~.Az4 104 or 40,000 Answer. 


3. Compute and round to one 
significant digit. 


(To four decimal places, A is actually equal to 41,589.6064.) 


Oral Exercises 


State the given number using standard notation. 


Hee USES 2. 3420 3. 0.025 4. 786 


State the given number using decimal notation. 


5. 9.4 x 103 6. 8.85 x 107! 7. 6.15 x 10-2 8. 4.7 « 10° 


Round the given number to the nearest tenth. 


9. 6.77 10. 4.348 11. 0.65 12. 0.039 


State which of the numbers given is greater. 


13. 4.63 x 10° or 8.49 x 104 14.3.7 x 10° or 3:7 le: 
iomeevle< 107 or 5.1 x 1052 16. 2 x 107° or 20110 
ve 
y\Written Exercises 
Express each of the following in standard notation. 
A 1. 45,000 2. 0.0647 3. 0.00015 4. 382 
5, /zshs 6. 0.0105 7s 10°32 8. 0.006004 
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Express each of the following in decimal notation. 


9. 4.3 « 10% 10. 1.4 x 10-3 11. 5.69 x 10° 12. 3.11 x 105 
13. 8.08 x 107! 14. 7.003 x 1074 15. 4.625 x 10° 16 2.172 x 10°> 


Convert each number of the given expression to standard notation; 
then express it as a single numeral in standard notation. 


(60,000)(0.04) (0.2)(9000) (450,000)(2800) 
0.008 3,000,000 * (0.02)(0.00021) 
(0.0063)(240) 5 (0.33)(0.000028)(2000) (0.0018)( 1600) 
(4,200,000)(0.09) (0.088) "  (24,000)(12) 


Find a one-significant-digit estimate of the given number. 


ae (397)(0.00584) Bs (0.0647)(80,990) 
(8250)(0.973) (0.000448)(0.279) 
Be (0.00319)(0.0585)(702,000) Be 5.98 
0.000092 (1979)(0.206)(0.00258) 


27. Let a = 3.415 and b = 2.707. Write each as a one-significant-digit 
approximation to estimate a + b,a — b,a x b, anda + b. To check 
the reliability of the estimate, calculate the values of these expres- 
sions to four significant digits. For which operation was the estimate 
the least reliable? 


28. Repeat the process of Exercise 27 using other numbers. Make a 
generalization about using estimates. 


ON THE CALCULATOR =—— 


For very large or very small numbers, it is necessary for calculators to 
use standard notation. The readout usually leaves two spaces before the 
appropriate exponent of 10; the 10 itself is not shown, however. 


1 

EXAMPLE — 0.0000369 + 410,000 
SOLUTION 343 &)5 Jajtie)is se - i 

a —ii=9~x10'!. Answer. 
Exercises 
Evaluate. Express your answer in standard notation. : 
1. 1,234,000 x 62,000,000 2. 7,340 + 0.0015 
3. 9072 x 0.00098 4. 0.000048 + 10,368 


5. 821,000,000 + 6,420,000,000 , 6. 0.00751 x 0.00000049 


~ 


Radicals and Irrational Numbers | 271 


_— 


programming in BASIC 


In BASIC, answers that are not exact are rounded to six significant digits. 
Also, numbers greater than 999999 are rounded to six digits and expressed 
in a manner that corresponds exactly to the standard notation described in 
Section 8-5. 

Multiplying 54321 by 12345 exactly gives the product 670,592,745. The 
program : 


10 PRINT 54321*12345 
20 END 


gives the output 6.70593E+08. The “E+08"' means ‘'times 10 with the 
exponent positive 8."’ Thus, 


6.70593E +08 = 6.70593 x 10°. 


To discover how the computer expresses small numbers, try the following 
programs. 


Exercises 
1 10" FOR N=2en2e 2 \0- UST reso 
20 PRINT “1 /°NS =" /N Aim On |= 1040 
30 NEXT N 30 PRINT 5/D 
40 END AG) (ETP (Deore 0 
50 NEXT | 
60 END 


3. In the preceding program change line 30 to: 30 PRINT 3.14159/D 


Charles Babbage 
1792-1871 


Charles Babbage shortly after 1810 sought to revive math- 
ematical research in England. As a result, a group of 
young Cambridge mathematicians, of which Babbage was 
a leader, founded the Analytical Society. After more than 
half a century of waning interest in mathematics in Eng- 
land, the stage was set for renewed interest in mathemat- 
ics for the latter part of the nineteenth century. 

Babbage did not produce any outstanding new results in 
mathematics. However, he may be called a pioneer in the 
principles on which our modern computers are based. In 
1833 Babbage conceived a “difference engine.” In fact, it 
was a digital computer which would have been able to 
perform arithmetic operations and even store data using 
gears, wheels and levers. His “engine” unfortunately was 
never completed. 
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4 Decimals for Irrational Numbers 


The axiom of completeness (page 242) for the set of real numbers can be 
used to show that every real number has a decimal representation, and 
conversely. Since the rational numbers are the real numbers named by 
, terminating or repeating decimals, the irrational numbers must be the 
real numbers represented by the nonterminating, nonrepeating deci- 
mals. 

It is possible to find successive digits in the infinite 
decimal representing an irrational number such as \/2 by 
various methods. In the geometric method in Figure 6, 
where the interval from 1 to 2 is subdivided into tenths, 
you can see that 


4h 15: 


You can verify this algebraically as follows: 


(1.4)2 = (0/2)? = (1.5)? Figure 6 
Glo K 2K BMS 


Next, if the same interval were divided into hundredths and you could 
observe the location of 1/2, you would find, and again verify by com- 
paring squared members of the following inequality, that 


ieee? — 1.42. 


By further subdividing the unit interval into thousandths, ten-thou- 
sandths, and so on, you could obtain as many additional digits in the 
decimal for \/2 as you desire. In accordance with the usual rules for 
rounding, when you write \/2 ~ 1.414, you mean 


1.414 — 0.0005 < V2 < 1.414 + 0.0005. 
Notice that, for example, the decimal numeral 
Ool2IIII12 ...., 


which consists, from the decimal point on, of a succession of 2’s, sepa- 
rated first by one 1, then by two I’s, then three 1’s, and so on, is neither 
terminating nor repeating. The numeral, therefore, represents an irra- 
tional number. No such pattern is known for the decimal expansion of 
the irrational number v2. 

Using decimal representations, you can illustrate the following prop- 
erty of density of the set of real numbers. 


Property of Density 


Between any two real numbers, there is another real number. 
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In fact, between any two real numbers there are both rational and 
irrational numbers. 


EXAMPLE . a. Find a rational number between 4.5211 and 4.521. 
b. Find an irrational number between \/2 and 1.41515515551.... 


SOLUTION a. Tol 42g 4.521; .°. a rational number between 4.5211 and 
4.521 is 4.5212. 


b. Since by Table 3 in the Appendix you have \/2 < 1.415, you can see 
that 


V2 < 1.4150505505550.. . < 1.41515515551..., 
and 1.4150505505550 . . . is one such irrational number. 


Oral Exercises 


. State whether the given number is rational or irrational. 


1 3y2 2. 4.53 ee — Oe 
v2 5 va 
een ies 5. 6. 64 
2.09 17 
7. 0.0145145145... 8, 2313iieiias |. . 9. 6.5757757775 .. . 


10. The sum of the numbers in Exercises 8 and 9. 
11. The product of the numbers in Exercises 1 and 4. 


12. The decimal consisting of the positive integers written in order: 
0.12345678910111213... 


13. The decimal consisting of 1's separated by successive odd numbers 
of zeros: 0.1010001000001 .. . 


Written Exercises 


State which number is greater. 


~A 1. V3 or 1.732 2. V/2 or 1.26 3. V3 or 1.225 
4. \/9 or 2.08 5. V3 or 1.291 6. V8 or 0.95 


Between the two given numbers find (a) a rational number and (b) an 
irrational number. 


7. 1.4 and 1.5 8. —75 and —3 9. 3 and 0.68 
B 10. 0.23 and 0.24 11. 1/2 and 1.41 12. \/5 and 1.712 
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13. 


14. 


15. 


16. 


7 


Suppose a, b, c, and d are positive integers such that ad = be + 2. 
Find a rational number between @ and ai (Hint: Find a common 
@ 


denominator.) 


Use the method of Exercise 13 to find a rational number between # 
and §. 

Find an irrational number between Zand \/3. (Hint: See Exercise 
14 above.) 


Develop a formula for an irrational number between any two positive 
: ; 2 : 
rational numbers. (Hint: Show thata + =n? — a)is between a and 


b whenever a < Db.) 


Explain why the set of rational numbers has the property of density; 
. 2 r : 
that is, between any two rational numbers Pp and — there is another 
q s 


rational number. 


“Self-Test 2 


VOCABULARY J terminating decimal (p. 266) 


hepevend (p. 267) 

repeating decimal (p. 267) 
rounding error (p. 269) 
standard notation (p. 269) 
significant digit (p. 269) 
property of density (p. 273) 


1. Express jf as a terminating or repeating decimal. 


2. Express 0.297 as a fraction. 


Express in standard notation. 


3. 4782 4. 0.00783 
5. Find a one-significant-digit estimate of 


(38.778)(0.0345) 


(997)(0.711) 


6. Find a rational number and an irrational number between 3 and 


0.45. 


Check your answers with those at the back of the book. 


Obj. 1, p. 266 


Obj. 2, p. 266 


Obj. 3. p. 266 


Obj. 4, p. 266 


Radicals and Irrational Numbers | 275 


Operating with Radicals 


OBJECTIVES for Sections 8-7 through 8-10: 

1. Use properties of radicals to simplify algebraic expressions. 

2. Solve equations involving radicals. 

3. Solve quadratic equations by completing the square aud by using the quad- 
ratic foruula. 


8-7 Properties of Radicals 


Notice that 
V8-27 = 216 =6, ~— and V8- \/27 = 2-3 =6, 
and therefore 


V8-27 = V8- V/27. 


Likewise, 


and therefore 

/o4 vod 

16 16 
These examples illustrate the following theorem concerning certain 
properties of radicals. 


Theorem. For all a, b, Va, and Vb E Q: 


|. */ab = t/a? a _ Va yy 0 
Vann nines fF aa) 


PROOF OF 1 


First, note that \/ab denotes the principal nth root of ab. 


L. (Va> Vb)" = (Vay + (by = a+b (Why?) 

Z Va- Vb is an nth root of a:b. (Why?) 

3: If nis even, then a and b must both be nonnegative and accordingly 
the principal nth root of each of these numbers is nonnegative. 
Hence their product, \/a+ V/b, is nonnegative and must therefore 
represent the principal nth root of a+b, V/ab. 

4. If n is odd, and a-b>0, then Va- Wb > 0, and also Vab > 0. 
Hence Va- Vb = Vab. 
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The proof of the case in which n is odd and exactly one of a and b is 
negative, as well as Part 2 of the theorem, will be left as Exercises 34-36, 
page 279. 

If we let b =a in Part 1 we have Va? = Va: Va =(Va)*. This 
illustrates a special case (m = 2) of the following useful theorem con- 
cerning another property of radicals. 


Theorem. dm and n positive integers, 
x =) 


a = 


EXAMPLE 1 Evaluate (a) V/(—64)2; and (b) \/(81)3. 
SOLUTION =a. \/(— 64)? = (\/— 64)? = (—4)2 = 16 
Pe Oo = oh) = 3 = 27 


The following theorem enables you to replace the index of a radical 
with a lesser index. 


Theorem. For k and m integers and all b and ‘Vb € @, 


For example, 


1/36 — "1/36 = V 36 = Wo. 
The theorems of this section, together with other number properties, 


enable you to simplify a radical of index n according to the following 
criteria: 


1. The index is as small as possible. 


2. There are no radicands containing a fraction or a negative cxponent, 
or radicals appearing in a denominator. 


3. Noradicand contains the nth power of an integer or polynomial other 
than |. 


The term rationalizing the denominator is often used to describe the 
process of transforming a term involving radicals and fractions into an 
equivalent term with the expression for the denominator free of radi- 
cals. (Sec Example 2(b).) 
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EXAMPLE 2 Simplify each expression: 


a. v/64x? be oo d. Ve Se 


SOLUTION a. -\/64x7 = \/64x% x = 2xV/x 
p 2 _2V 24 _ 2V2a _ V2a 
\2a Nan 2a a 
128 V/32V4V/b* 2/407 


© 


7 Vb v/b3 is b 
8 3} Qy3 3 
i. eos =e Saameee 


9  Bx3y3 Day 


\ Nat 
\ : : 


\ 


Oral Exercises 


Express each of the following in simplified form. 


1. WI8 2, WI5 ayy 27 4. 1/24 5/54 

6. a 7. ae 8. /4 9. \27 10. \/25-5 
Ae 

Written Exercises 

Simplify each of the following. 

1. 108 2. 384 3. VF 4. V2 

3. 27? 6. V(—32)4 | (hy, 8. V(—25)4 

9 VE 10. \/2 u. V8 12. 16+ v/125 


Simplify each of the following: then use Tables 3 and 4 in the Appendix 
to give approximations correct to the nearest hundredth. 


V 3 W750 
13, 5/112 14, eget ee 16. 1.62 
3 2 8 

17, \/135- \/50 18, \/320 19. JB VB 200/12 5/54 
Express each of the following in simple radicat form 

ped s/c! 
21 ae 22M Low 23. i 

b3 ‘ 2 2c? 
jeans f 23 an 26. V/8lp*q-8 
—— ae 
Vx? + 4 y—3 
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ae 27 28. V4r° + 4x44 
me ix — y) 2 — x(x — yy)? 30, VA Se a 
Vara +b)? Waka +b) 3 32) (2c) 3 4 2c? 


Prove each of the following statements. 


Mesa. If \/a> + bi =a +b, a Palmore then a =O0°or os = 0. (Hint: 
Cube both sides.) 


34. Vab = Vavb; n odd, and exactly one of the numbers a, b negative. 
(Hint: First show that VWab and \/a\/b both denote nonpositive 


" 
is = es eo 36, (4 “e dd; <0 
= 2 (= "77 odd — : 
b ~ UB b V/b b 


37. Wb” = (\/b)"; V/b denotes a real number, 1 a positive integer. 


Problems 
2 1. The power Pin watts of a circuit with a total resistance R is related to 
NU the current J by the equation~60- rpOrhe powcr is expressed in oe 


watts (W), the resistance in ohms (2), and the current in amperes (A) _ 
Pe current will be produced in a circuit with a total resistance of 
02 if the power output is 1200 W? 


2. An object propelled horizontally at a velocity 14 froma 
height /: will hit the ground v, jah meters from its 


starting point if air resistance is neglected. How far h=2.1m 

will a baseball that is thrown horizontally at a speed of 

40 m/s from a height of 2.1 m travel before hitting the 

ground? x 


3. The frequency fof a string on a musical instrument is given by the 
5 

equation f = ug jae w here Lis the length olf the string, F is the 
Zig Sai 

tension on the string, and #77 is ite mass of the string. Fis expressed 

in newtons (N), and fis expressed in hertz (fz), or vibrations per 

second. What is the frequency ol the D-string ona violin if tt has a 

length of 45 cm and a mass olf 0.9 g, and is under a tension of 140 N? 

4. The resonant frequency fofa circuit with inductance L and capaci- 

a | 

27 ne 

quency is expressed in hertz (Hz), the capacitance in larads (F), and 

the inductance in henrys (H). Find the resonant frequency of a 

circuit containing an inductance of 1.25 xX 10 ? Handa capacitance 

Oluetcuie) °F 


tance C is given by the equation / = The resonant fre- 
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ar 


5. What is the radius of a sphere whose volume is 264 cm3? (V = 4ar3; 
use 7 = 4.) 


6. The speed of sound in air varies directly as the square root of the 
Kelvin temperature. If the speed of sound is about 340 m/s when the 
temperature is 289° K, what is its speed at 300° K? 


7. Find the side of a cube whose volume is the same as the volume of 
a sphere of radius 1. (See Exercise 5; use 7 = 42.) 

8. Find the side of a cube whose surface area is the same as the lateral 
area of acone of height 1 and radius 1. (Lateral area = crvV/r? 4+ h?; 
use a = 314%) 


9. According to Kepler’s third law of planetary motion, the cubes of the 
average distances of the planets from the sun are proportional to the 
squares of their times of one revolution around the sun. If Mars is 
one-sixth as far from the sun as Saturn, find the ratio of their times of 
revolution. 

10. According to the theory of relativity, at high speeds the mass mm of an 
object is given by the equation 


M19 


= 
vo ce 


where #71, is the rest mass of the object, vis the velocity of the object, 
and c is the speed of light. By what factor is the mass of an object 
increased at 3 the speed of light? 


i 


8-8 Operations with Radicals 


A sum of radicals can be simplified in accordance with the following 
rules: 


1. First simplify each radical in the sum. 
2. Then combine radical terms containing the same index and radicand, 
using the distributive law. 


EXAMPLE 1 Simplify aV/l6a + 3\Va> — av/2401. 
SOLUTION avVl6a + 3V/a> — aV/2401 =av/2*-a + 3V/at-a —avV7F 
= 2av/a + 3av/a — 7a 


= 5a\/a — 7a 
= a(5svVa — 7). Answer. 


To simplify a product or quotient involving radicals, you can use the 
theorems in the preceding section. 
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EXAMPLE 2. Simplify (a? — 1)(/a + a). 

SOLUTION (Va? —1)(Va +a) = V@ +aVa? — Va—a 
=a+ta(Va)?— Va-a 
=a(V/a)? — Va 
= Vala v/a — 1). Answer. 

EXAMPLE 3. Rationalize the denominator of ——~—_. 

Vie 


SOLUTION Plan: Use the formula for the difference of squares, 
(a — b)(a + b) = a? — b?. 


a a(n 2) _ Vx +2) 
Pe Oe - 20RD x—4 


Using radicals, you can factor certain quadratic polynomials which are 
irreducible over the set of polynomials with integral coefficients. 


EXAMPLE 4 Factor x? — 18 completely over the set of polynomials with real coeffi- 
cients. 


SOLUTION = x? — 18 = x? — (1/18)? = (x — V/18)\(x + V'18). 
Sea 30/2) x + 3/2): 


Oral Exercises 


State the factor by which you would multiply the numerator and de- 
nominator of the rational expressions in order to rationalize them. 


1 Oe 17 y 


(, —— i 3 — ———— 
Sean? 2 Ve 2 oe ee ye ka yee 


Written Exercises 


empty each expression. 


1/3 — 27 2, 20/18 4235750) 

Be 20) 2/45 = 31/80 4, 2\/8 — 4/48 — V2 

5. 3/16 + 2\/54 — 1/2000 6. /0.024 + 0.081 + 101/0.003 
7k 3V/16a3 — aV/25a + Va3 8. \/48x° — x\/27x4 — 3x2\/19202 
9. 2x 1/98x3 — 1\/200x5 + V/121x 10. 2\V/8ix? + V/375x8 — 2\/3x5 


4 Ve 
M3 10(2./5 — 34/20) a Ve(—2+ =) 
\ 
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ni > 


13.) va(3v3 - 1) 14. (V7 — VIDCV7 + VID) 


V5 
15. (3 — V5)? 16. (2/6 — 3/2)(2 V6 + 3/2) 
17. (2/7 + V3)? 18. (3/5 — 2)(/5 + 3) 
19. (4 + 2V2)(V/2 — V8) 20. (V/2 — 2W/3)(V/9 + 34) 
/6 

21 = 2» 

52 54+ V3 

- 2 

y,| Mica 3 

V2 +7 2/5 =A 
ey 2 = 1/4 2 26. (1/5 = Va@ 25 = bea 
On (va + Vb)C/a2 = ab + 1) 28. (Wx? + Way) Vay — Vy) 
29. (a? + Vab)(Va — v/b) 30, (\/ed = een" a) 
e 3 a5 2Vx+3 

yi i 

Factor completely over the set of polynomials with real coefficients. 
33. 2x? — y? 34. 9a? — 5 35, x? 4 2x3 os 
36. 5x2 — 2xvv/10 + 2y? 37. b> —7 38. c2 + 3 


39. Prove that the set of all numbers of the forma + b\/2, where a and b 
are rational numbers, is closed under multiplication. 

40. Prove that the set of all numbers of the forma + b\/2, where aand b 
are rational, is closed under division. 


41. Factor x* +1 over the set of polynomials with real coefficients. 
(Hint: x* 1 =] Ge? = 2 aa 


8-9 Equations Involving Radicals 


To solve an equation in which one term contains a variable in a radicand, 
you first isolate that term on one side of the equality sign. Then you can 
raise both members to the power of the radical index, and solve the 
resulting equation. 


EXAMPLE 1 Solve y + Vy —2 —4=0. 


SOLUTION ytvVy — 2a 
ce eee @ 
(y — 42 =(— vir — 2)" (2) 


y? — 8y + 16 =y —2 
y? — 9y + 18 =0 
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(y — oy — 3) = 0 
y=6y=3 


Check: 


Bory =6:6- vo—2—4=0 For y=3:3+ V3 —2-—420 


6+2=440 


.. the solution set is {3}. Answer. 


Can you explain why an extraneous value appeared, that is, why the 
squared Equation (2) is not equivalent to the given equation? Think of 
the equation x = 3 and the equation obtained by squaring both mem- 
bers, x* = 9; the latter has two real solutions, x = 3 and x = —3, while 
the former has only one, x = 3. 

In general, for two functions P(x) and Q(x), and n a positive integer, 
the solution set of the equation P(x) = Q(x) is a subset of the solution set 
of [P@)]” = [Q(x)]". The following theorem summarizes the facts. 


Theorem. For 1 a positive integer and a and b € &: 


‘l, lt @ = fa, nem ae = 1, 
Dt a” =6" and 7 is odd, then @ = b. 


3. If a" = b” and n is even, then a = +b. 


id 


—— 


If more than one term in an equation contains a variable in a radicand, 
you may have to repeat the process of isolating a radical term. 


EXAMPLE 2 Solve Vx — 3 = V2 — Vx over &. 
SOLUTION VS 2 — Vx 
(Vx = 3)? = (2 — Vx)? 
X—3=>2-—-2V2x4+%xXx 


=—5 = —2V2x 


B 
Viz V2 -—5vi 

ty 2 tea 2 
yey 2 


.'. the solution set is #@. Answer. 


34+1-4=0 
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Example 2 illustrates the fact that the solution set of P() = Q(x) may 
be empty even though [P(x)]" = [Q(x)]" has one or more real roots. 
Actually in this case you can tell by inspecting the given equation that 
there can be no real value of x for which P(x) = Q(x). 


Oral Exercises 


In Oral Exercises 1-9, (a) state any restrictions on the variable; (b) 
explain how you would solve the equation, but do not solve it. 


We 2 2) 2, 3— yaey =0 3. on = 
4. /2p +1 =3 5. V3d+1-6=4 6. =e Se 
moe 4s — 10 8. 2\/4m = 4 9. Vb? +16 —b =2 


Written Exercises 


Solve over @. 


1-9. Solve Oral Exercises 1-9. it, Bwe +9 Set jl 

i. 7 = Bis =5 34 77 —r=4=r 

ia: Vd? 22 —3=0 14. 2/71 —1-—5 =0 

15. 2x = V/8x — 3 16. 3\/3y — 3 = 2y 

7 vk 7S Vee [suey = — We awe 

19. Vr —6=34+ Vr iy a 8 A Sh 

21. Vx +1=yx+6-1 22a 4 5 + 7/8 — es 

2, WE Sb Il eS We ES = | WE svi Bye to — wee db 3 = Il 

AB, Wee 46 jl — we 46 D = jl 26. Vx + 104+ V2x¥ +4-—8=0 

27. x Vx = 8 2xVx+t1lax+3 

2S, 2 30) ee = az 1 
vx —1 VA 3 
a Bese = SB 

a) eee. ya eee se 
V2x — 3 V2x — 2 


33. Prove: If r and s denote real numbers and r? = s3, then: 

a. r and s are both 0, both positive, or both negative. 

I, PSS 

[Hint: Use the result of part (a) and 73 — s3 =(r — s)(r?_ + rs + 57)] 
34. Prove: If r and s denote real numbers and r* = s4, then: 

a. ry and s are both 0 or both nonzero. 

bf 2S Or r= SS 

[Himt; Use the fact that 7? — 54 =G7 = Ge) 
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programming in BASIC 


Exercises 


1. Write a program that will print the roots of a quadratic equation by using 
the quadratic formula. Be sure to include a special print-out if 


pa dac < (). 


2. Modify the preceding program to test whether or not b? — 4ac is a 
perfect square. If it is not, print an intermediate step like this (for 3, 9, 1): 


R1 (-9 + / 69) /6 = —.115563 
R2 = (-9 — / 69) / 6 = —2.88444 


(If you wish, you can mark over the first / to make a square-root sign.) 


Yo 


ie ¥ 
‘a / p> 


8-10 The Quadratic Formula 


You learned in Section 6-4 how to solve a quadratic equation of the form 
ax* + bx +c =0,a # 0,in which the left-hand member can be factored 
over the integers. For example: 


x? —36=0 | 2x? —5x +2=0 
(x + 6)(« — 6) = 0 | (2x — I) — 2) =0 
i= Oore = —6 | K=FoOr<=2 


You can see by inspection that the quadratic equation 
3y? + 9y + 1 = Ocannot be solved by factoring the left member over the 
integers. If, however, we could put the equation in the form 


(ee aaah =e (d and f € &,f > 0), 


it could be easily solved. We rewrite the equation as (x + d)? —f=0 


and factor it as [(x + d) — Vfl[(x + d) + Vf] = 0. The factored equa- 
tion is easily solved as follows: 


x+d=+v/f 
= = Vf 
EXAMPLE 1 Solve (x — V3)? = 12. 
SOLUTION (x — V3)? = 12 
x— V3 = sey 12) 
eS V3 Sue 2V3 


x=3V30rx= =a) 3. 


.. the solution set is {3\/3, — V3}. Answer. 
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Ve ort 


To transform any quadratic equation 


(1) bee Se ope ie = () (a, bande © Gira 
into the desired form (x +d)? =f, or 
(2) A? a Dae 
let us first rewrite (1) equivalently as 
b c 
2 og eee 
_) a a 


Next, by equating the coefficients of x in Equations (2) and (3), we can 
find an expression for d, and hence for d2, in terms of a and b. We can 
then express the left member of Equation (3) in the desired form 
(x + d)?; that is, we can complete the square in that member, as follows: 


ie 2. so qf = eee and ea em 
a 2a 4a? 


2 
Add a to both members of Equation (3): 


2 ue é b2 
4 = 
ve 4a 4a? 
b \? oe 
(9) - ty ~ 4a? 
Dae tac 
uP) ny 4a? 
(7) e b e VD — 406 
ieee cua 2a 
(8) il =p se Wij? = Cie 
a 2a 


Equation (8) is known as the quadratic formula. You can see from the 
quadratic formula that for x to be a real number, it is necessary that we 
have b? — 4ac > 0. 


EXAMPLE 2 Solve 3y? + 9y + 1 = 0 by (a) completing the square, and (b) using the 
quadratic formula. 


SOLUTION a. 3y? + 9y4 1 = Olea) ne ee 


9 
a 


ne 
y° ales 
yr t+3y+F=—f43 
Sk 
G+)? = eee 
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A 


bs @=HAb=9,€ = ik 


—9>+ vV8l1 — 12 

— 
~ & * 
— 34169. 


’. the solution set is {—3 + 4/69, —3 — 4\/69}. Answer. 


Oral Exercises: 


_ State the number that must be added to both sides of the equation in 


plete the square. (See Example 2a.) a ae 
1. x? —6x = -1 2a 0x ey 3y = 3 
4.17-24=4 5.7? 4+¢r= -2 6. nm? —3n =2 


State the values of a, b, and c (for a > 0) that would be used in the 
quadratic formula. 


17. k2 — 4k = 3 8. 2y? = by + 3 9, 5 = 4x — 2x? 
lo loyve = 1 = 20v il, Qe2 2 Be Ge 24 


Written Exercises 


Solve by the indicated method: give irrational answers in simple radical 
form. In Exercises 1-9, solve by completing the square. 
1-6. Solve the equations in Oral Exercises 1-6. 
7, 2u? — 64 —1=0 8 3v?+2v—4=0 9. 447 — 10v +3 =0 


Solve by using the quadratic formula. 


10-15. Solve the equations in Oral Exercises 7-12. 
16. 3 — 4k? = 6k 17. jn? =34n —4 I, Gre 7) 


Solye by any method. 


19. 3x + 1)? —-5 =0 20. 4x? = 6x — 4 ee) 
2a? ak - 
elesx? + 3x —1=0 rp a | 
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Solve by any method. 
i 


Se = Me Je = = 
B Ser) 2x — 3 ea = 
253 2 <2 ZS 26. as i 3 ee 
x-—1 ns x—2 x+2 
7 = 1) = 4 = 10 282 (25-1)? — 82x — 
(Hint: Solve for x — 1 first.) 
C29. 44 = 2 = 300 — 2? — | 0 


31. Factor x* + 4 over the real numbers. (Hint: See Written Exercise 41 
in Section 8-8.) 

32. Solve the equation: 2x — x? = (x — 1)? 
Hint: 2x —x* = 1 —6*— 2a 


Problems y, 


Express irrational results in simple radical form. Give only answers that 
are physically possible (e.g. distances cannot be negative). 


A 1. One diagonal of a rhombus is 5 cm longer than the other. The area of 

‘ the rhombus is 75cm?. Find the length of the shorter diagonal. 
(Recall: The diagonals of a rhombus are perpendicular and bisect 
one another.) 


2. One leg of a right triangle is 3cm longer than the other. The hypot- 
-enuse is 2cm longer than the longer leg. What is the area of the 
triangle? 

3. A rectangular box has the same height as a cube. The width of its 
base is 2cm more than the side of the cube. The length of its base is 
3cm more than the side of the cube. If the box has a volume 45 cm? 
greater than that of the cube, find the length of a side of the cube. 


4. Two cylinders have the same volume. The radius of the second is 
4 cm greater than the radius of the first, and the height of the second 
is half that of the first. What is the radius of the first cylinder? 
(Veyinder = 777H.) 

5. The ratio of the volumes of 2 rectangular boxes with square bases 
and equal heights is 3:4. Each side of the base of the larger box is 
2 cm longer than the side of each base of the smaller. What are the 


areas of the two bases? 
Ground 


6. A rectangular lawn 40m by 50m is to have a rough cover 
ground cover planted along its outer two edges. If 
there is enough ground cover to plant 225 m?, what 
should the width (x) of the strips planted with the 

ground cover be? 


Pm. 4 
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7. Ellen French can walk home from work by either of two routes. One 
takes her along two adjacent sides of a rectangular park whose 
length is 80m more than its width. The other route is a short cut 
along the diagonal of the rectangle. If the diagonal route is 100m 
shorter than the other, what are the dimensions of the park? 
8. A machine part is to be made of metal in the shape of a 
lind ith ical d ion in it. The d - 
cylinder with a conica Suen in it. The depres aos 
sion will be of the same height as the cylinder. The i 
volume of metal is to be 727 cm}, the height of the 


6cm 
cylinder is to be 6cm, and the upper surface of the 
part is to be a ring-shaped region of width 3cm. What 
should the radius of the cylinder be? (V,,,, = 4arh) 
9. A rectangle is inscribed in an isosceles triangle so that | 
one side of the rectangle rests on the base of the tri- 
angle. If the triangle has a base of length 4m and an om 
altitude of 6m, for what values of the height of the |i \ | 
rectangle will its area be 5 m?? 
kK 4m—~> 
10. The shorter base and the altitude of an isosceles trapezoid are equal, 
and the nonparallel sides are each of length 4 cm. For what values of 
the altitude will the area of the trapezoid be 12 cm?? 
Self-Test 3 
VOCABULARY _ rationalizing the denominator completing the square (p. 286) 
(p. 277) quadratic formula (p. 286) 


\ Noe 


Express in simple radical form. ee 
tee / 24 4/54 5/150 2, x/Wenty ry sat Chiat pac7e 


4+ V5 
B23 — 5)(/3 + 2) 4. 75 


Solve over @. 


i 2 ; 
wot 3 5 =? 6 V7—x= V2—-—x«4+1 Obj. 2, p. 276 


7. Solve by completing the square: 2x? — 6x + 3 =0 Obj. 3, p. 276 
8. Solve by using the quadratic formula: 3x? — 8x — 7 =0 


Check your answers with those at the back of the book. 
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Chapter Summary 


1. The graph of the power function defined by p(x) = x" with n an even 
positive integer, is symmetric with respect to the vertical axis and has 
a minimum point at the origin. If n is an odd positive integer, the 
graph contains the origin and is symmetric with respect to the origin. 

2. Whenever a function is specified by an equation of the form y = ax”, 
a # 0, we say that y varies directly as x" or that y is directly propor- 
tional to the nth power of x. 

3. For’every positive integer n, any solution of x" = b is an nth root of 
b. The radical \/b denotes the principal nth root of b. If n is odd, 


Vb" = b; if n is even, Vb" = |b]. 


4. If arational root of a polynomial equation in simple form with integral 
coefficients is expressed in lowest terms a with q 4 0, then p must 
q 


be an integral factor of the constant term and q an integral factor of 
the leading coefficient. Any other real root of the equation is an 
irrational number. 


5. The property of density of the real numbers asserts that between any 
two real numbers, there is always another real number. 


6. A number can be represented by a terminating or a repeating deci- 
malif and only if it is a rational number. The fraction in lowest terms 
equivalent to a repeating decimal may be found using the formula 
for the sum of an infinite series. 


7. If 7 is a positive integer, and a, b, and \/b denote real numbers, then: 
Vab = Vav/b and , Zak b#0 
1 ono 


If m is also a positive integer, Vb = (Vb). 

8. You can write the sum or difference of radicals having the same index 
and the same radicand as a single term by using the distributive 
property. You can write the product or quotient of radicals having the 
same index as a single term by applying the product or quotient 
property of radicals. 


9. To solve an irrational equation, isolate a radical as one member and 
raise each member to the power corresponding to the root index. 


10. The quadratic formula, 


—b+ Vb? — 4ac 


_—— 
2a 


enables you to solve any quadratic equation of the form ax? + 


bx +c=0,aF0. 
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Chapter Review 


10. 


11. 


12. 


13. 


14. 


. For what value of a will tne point (—3,54) lie on the graph of 8-7 
p= an? 
a. 27 b. 2 c —2 d. —27 
. Evaluate — Vi. 8-2 
AL él b. ce. —+ d. 4 
. Find all the rational roots of x3 — 2x — 4 = 0 by trying each of the 8-3 
possible roots as a value for x. 
go Z b. —2 c. —4,4 d. 1, —2 
. Express 4 as a decimal. 8-4 
a. 0.275 b. 0.25 c. 36 d. 0.275 
. Express 0.481 as a fraction. 
a. Toh b. 43 c. 38h d. 8 
. Express 0.00342 in standard notation. 8-5 
a. 3.42 x 10-3 acai c. 34.2 x 10-8 d. 342 x 10-4 
. Express 4.657 x 10? in decimal notation. 
a. 4657 b. 465.7 c. 4.657 d. 46.57 
. Is 2.151515... a rational number or an irrational number? 8-6 
a. rational b. irrational c. neither 
. Which number is a rational number between 1.4 and \/2? 
a. 2 b. 1.33 © ils d. 1.41 
Express 1/48 in simplified form. Gay 
a. 4/3. b. 24 c. 16V3 d. 8 
x 
Express [a in simple radical form. 
al, ge ue b ae & ae d 
b? TP b en 
Simplify 8/18 — 2/50. 8-8 
a. 634 bel6/2 — 10 c. 6/68 d 14/2 
Solve 8 — \/3t = 5 over &. 8-9 
a, {9} b. {-—3} c. {—9} dq 3} 
Solve? — 2x — 2= 0 over Q. 8-70 
" ale | b. (1,2) « QVIT, 317} 
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Chapter Test 


1. If y varies as x3 and y is 32 when x is 4, find y when x is 6. 


2. The power required to run a boat varies as the cube of its speed. If 
a certain boat requires 300 kW to run at a steady speed of 12 km/h, 
how many kilowatts are needed to run the boat at a speed of 
24 km/h? 


3! Solve y? — 6.25 = 0 over R. 

4. Find any rational roots of x3 + x? — 5x —2 =0. 

5. Express as a decimal: a. 733; and b. §. 

6. Express .327 as a fraction in lowest terms. 

7. Express 0.001105 in standard notation. 

8. Find one-significant-digit estimate of eee 


9. Determine whether 6.75 is greater than or less than \/48. 


10. Find (a) a rational number and (b) an irrational number between 
1.415 and 1.43. 
5250 


11. a. Simplify a 


b. Then, use Tables 3 and 4 in the Appendix to give an approximation 
correct to the nearest hundredth. 


25x34 


12. Express , z 
u 


in simple radical form. 


13, Simplify: a.’ (0/2 — 9/62) and 6) 


V6 
14. Solve x —3 — V6x +9 =0 over &. 
15. Solve x? — 8x = —11 by completing the square. 


16. Solve x? — 4x + 1 = 0 using the quadratic formula. 


Cumulative Review (Chapters 5-8) 
1. Which point lies in the yz-plane? 
a. (1,2, 3) b. (1, 0, 3) ce. (0, 1, 3) d.(1,3,.0)} 


2. Given the graph of 2x + 3y = 18. Write a linear system of equations 
whose solution set is the trace of the given graph in the yz-plane. 


i) b. y = 4x C. Xiao dy — 10 
B= a 1) y=0 x=0 
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8-7 


8-6 


8-7 


8-10 


Review Item 3 refers to the following system of equations: 


10. 


WW 


WV, 


Me, 


se + 3z=8 
x + 2y = (i) 
6x — 10y — 9z = —10 


. Which determinant is Die 


a. [1 0 3 b. | 1 8 3 c. 0 Ce a 
1 2 0 1 0 0 2 @) il 
6 -—10 —9 6 —10 —-9 —10 —9 6 


. Write as an equivalent expression containing only positive expo- 


memis: (3402y2) *(1x°y3z7)-3, 
24 ay? z° ey 
a x2y8z * 194476 ee 2xMyl2 ) piles 


. Factor the polynomial 3x? + 18x — 120 completely. 


a. 3(x + 4)(% — 10) b. 3(x — 4)(« + 10) c. (3x + 12)(x — 10) 
i 3) 


. Simplify —————— 
Rent 0 x 4 3 
a. pea b. pe aXe (G, 13 d. 1 
x?+ 6x +9 x? + 6x + 1 x+15 x+3 
. Find the value of a, of an arithmetic sequence with a, = 7 and 
d= —5. 
a. —13 b22 ea2t d. —8 
. Find the common ratio of a geometric sequence in which a, = 36 
and a, = —3. 
a. —}+ b. —4 Cs d. 4 


. Find the sum S, for a geometric series in which a, = 4 and r = 3. 


a. 484 b. —242 c. —484 d. 160 


8 
Find the value of > SG— 2). 


j=l 


a. 70 b. 100 c. 60 d. 92 
Express 0.235 as a fraction. 

a. $y b. 333 c. #85 d. 
Express \/120 in simplified form. 

a. 60 b. 4/15 c. 106 d. 2\/30 


Sovex. — 7 + Il =]O over @. 


Pe 5 3 — 5} b. {2.5} c. | 5 
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(eS mae, (ate =a 5 
oe pa 


a i= 


—_— 


The Shiva Laser system at the Lawrence Livermore Laboratory is a 
prototype of a new system of energy production. 


O 


Complex Numbers 


and Polynomial 
Functions 


iae Set Of Complex Numbers 


OBJECTIVES for Sections 9-1 through 9-5: 

1, Simplify a square-root radical whose radicand is a negative witrber. 

2. Find the sum, differeuce, product and quotieut (divisor uot zero) of two giver 
complex unimbers, 

3. Use the discriminant of a quadratic equation to deterinine the nature of its 
roots. 

4. Use relations between the roots and coefficieuts of a quadratic eqnatiou to 
determine the sniu and product of the roots wheu the eqnation is given, and 
vice versa. 


9-1 Imaginary Numbers 


Over the set of positive real numbers, the linear equation 
a a) 


has no solution. When you extend the replacement set of x to contain 
negative as well as positive numbers, however, the given equation has a 
single solution, namely, —1. 
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x»: —_, Rms 


Over the set ® of all real numbers, the quadratic equation 

eee fl se () 
has no solution. Can we extend the replacement set of x to contain new 
numbers which will satisfy this equation? About four hundred years 
ago, mathematicians proposed the introduction of a number, 7, with the 
_ property that 

i? aL j| = 
or 


= — 


Thus, 7 is a solution of the equation x? + 1 = 0. 
The fact that 72 = —1 suggests that you write 


V—-l=i an 


La i oP ~ 
and call i ‘a square root of —1. 


By requiring that multiplication continue to have the commutative 
and associative properties, you can discover how to multiply real num- 
bers and i. Study the following examples: 


EXAMPLE 1 a. 3-i =3i b. 4(5i) = (4: 5)i = 207 
c. 21(—3) = 2(—3)i = —6i 
d. 7)@Qi) = 72 2G-1) S14 aS) Se 
€&. (=)@) = = = —EC ie 
f. (32)? = (31)(37) = 3772 = 9(-—1) = —9. 


Since for any r > 0, (Vr i)? = (V/?i? = r(-1) = — 9, 


it is natural to make this definition: 


For every positive real number r, V—r = ir. 


EXAMPLE 2) V/-12 = V12i = 2¥V3i, or 2iV3. 


The last form of the answer in Example 2 is often used to avoid the error 
of writing /3i for V3i. 

The preceding suggests the following fact: For every nonzero real 
number b, bi is a number whose square is —b?; that is, (bi)? = —b?. For 
b # 0, we call bi a pure imaginary* number. The number ? js called the 
imaginary unit. We define 0-i to be 0. 


*The term “imaginary” is an unfortunate relic of seventeenth-century uneasiness about 
these numbers; it does not imply any doubt about the existence of the numbers. They are 
in fact of great importance in many branches of mathematics. 
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Do you see that the product of a nonzero real number and a pure 
imaginary number is a pure imaginary number, but the product of two 
pure imaginary numbers is a real number? When you simplify succes- 
sive powers of 7, you find the values repeating in cycles of four, accord- 
ing to the pattern i, —1, —i, 1. 


iizi P=f-i=leisi 
t— — | i= 74-72 —~]--—J] = —1 
0° ego; == ‘t= —-i i7=—74-7=]1+--1 = -—i 
oe i =i4-74=1-1=1 
Notice also that i(—7) = (—i)i = 1. Thus, i and —i are reciprocals; 
that is, 


-=-i and — =i. 


You can use this fact in computing a quotient in which the divisor is a 
pure imaginary number. 


<8 
Beemer I; 
8i 8 i 4 4 
12 12 1 5 
Dee e , — 1278 = 12 at 


To simplify a square-root radical whose radicand is a negative 
number, take these steps: 


1. Express the radical as the product of a real number and 7. 


ter 8) to simplify this product. 


2. Then use the properties of the real roots of real numbers — 


\e 


—=—_ = =e =| 
EXAMPLE 4 \V/—25 + V—20 =iV/25 + 7/20 
=514+2V5i 


= (5 + 2/5)i. Answer. 
Notice the use of the distributive property in Example 4. 


EXAMPLE5  \—2: V¥—50 


iV/2-i\/50 
= \/72-50-i2 = \/100-(—1) = —10. Answer. 


Notice that if you wrote Y—2- ~—50 = V—2: —50 = V100 = 10, 
you would be applying properties that have been proved only for 
radicals denoting real numbers, and you would in fact obtain an incor- 
rect result. This is why it is important to follow the order of operations 
indicated above. 
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ut 


3 3 3 3i 
Vie 2/50) Ve 2V3 
3i- V3 3V3i = - VB i 


23+ V3 ea 2 


i. Answer. 


Oral Exercises 


Express each of the following as a real number or a pure imaginary 
number. 


Peo 2. (—3i)? 3. V—16 4. V-11 
So: —18 6. —27 7, 31 —5 8 5V—4 
eae 81 = io 
ple 11. 12 
ee i yi 2 3 
13, (—4i)(—5i) 14, (—4- V—9 15. Once) 16. =" 
2 6 10 —15 
17. = 18. —~ 19. 20. : 
i = —51 3i 
7 ies 22 25. ctae gk leh 
25. State an expression for f(7) that will make the equation i/™ = i true 
for all positive integers n. (See Exercises 21-24 above.) 
. aN 
¢ Re 
\ Gas 
Ge 
Written Exercises 
Express each of the following in simplest form as a real number or a 
pure imaginary number. 
Heit! eee 3 4073 
wom 72 6. V—75 7. 5V —48 8. —3/—98 
9. V—-3 10. V—2 11. —V-3 yy 
V—-12 2V —50 
13. 2V¥—6° V¥—10 14. 3V—15-2V—20 (15. 16. —— 
V—-3 V-—2 
4 2V5 3 
17 18. v3 19. us 20. ue 
5 V=7 Sy) —2i 
107 5 —+4 5 
21, ‘ , =a ei et 
3 a 22 3 23 Ze, 24 710 
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25. 2V—-18 + 3V-2 26. 3V¥-5 —2V—-45 27. V—-75 + V—-147 


eee? i’ + 78 Oo ees A pls ele ine ees ee 
q 1 if 


31, V—2-— V-2 32. 2V-44+ V-3 33. 4/-4, —2V-4 


34. Prove that if p is an integer and p, gq, r, s,... form an arithmetic 

sequence with common difference 4, then the sequence 7?, 7%, i’, r r 

is, ... iS geometric with common ratio 1. \ 

: ; : , : \ 

Seeerove that if p is an integer and p, q, r, s,... form an arithmetic . 

sequence with common difference 2, then the sequence 7?, 7%, 7’, SZ. 

is, ... iS geometric with common ratio —1. ee 
36. Give the solution set of the equation x? + r? = 0. fa \ 


9-2 Complex Numbers; Addition and Subtraction 


The real numbers together with the pure imaginary numbers form a set 

in which you can compute products (Section 9-1). But to be able to add 
two numbers in this set, such as 2 and 7/ you have to invent another new ii 
number, namely, 2 + 7i, which is neither a real number nor a pure 

imaginary number. In fact, to assign a sum to any real number a and 

any pure imaginary number bi, you have to invent a number " 


@ de 1 


which is called a complex number. If b 4 0, a + bi is also called an 
imaginary number. You call a, the real part, and b, the imaginary part, of 
a+ bi. 

We shall use the letter C to refer to the set of all complex numbers. In 
€, equality of numbers is defined as follows: 


—— 


If a, b,c, and dare real numbers, then a + bi = c 4+ diif and only if 


a=cand b=d. | 


Notice that 9 + 6f 4 6 + 97, because 9 # 6. 

By identifying the real number a with the complex number a + 0, you 
can say that every real number belongs to ©. Similarly, from the agree- 
ment 0 + bi =i, it follows that every pure imaginary number is also a 
complex number. 
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—_ sr » 


ab 


To define the sum 
(a + bi) + (c + dt), 


we are guided by the requirement that the familiar properties of sums 
and products in ® continue to be true in @. For example, if the com- 
mutative and associative properties of addition are valid in @ and if 
multiplication in @ is distributive with respect to addition, then 


(5 + 31) + (4 + 24) =(5 4+ 4) 4+ (37 4 2%) 
=(54+44+(342)i 
7.543) +444 2) joes 


The previous example suggests the following: 


Definition of Addition in C 
If a, b, c, and d are real numbers, then 


(a+ bi)+(c+di)=(a+e)4+ (b+ ay. 


——- 


To simplify notation, the symbol a + (—b)i is often written a — bi. 
Thus, 


ee, a oe 
(3 — 57) + (-1 4+ 22) = (3 — 1) + (—5 4 2) = 2 - 31. 
Pee 


The following facts are true in C. (See Exercises 27 and 28 page 302.) 


1. The additive identity element is 0+4 01, or 0. For example, 
(6 + 7i) + (0 + 01) = 64 7%. 

2. For all real numbers c and d, the negative or additive inverse, of c + di 
IS =@ = Gis WHEE TS. 


=(@ 4. 6)) = =e = wh. 


For example, —(2 — 51) = —2 + 51. 

Because the relationship between addition and subtraction (page 20) is 
preserved in ©, you can use fact 2 above to obtain the rule for subtract- 
ing one complex number from another. You have: 


(a + bi) —(¢ +41) =(@ eae ec) 
..(a+ bi) —(€ 4a) == eee 


Complex numbers such as 2 + 37 and 2 — 3i are called complex con- 
jugates. Thus, for any real numbers a and b, the complex conjugate of 
a + biis a — bi; conversely, the complex conjugate of a — biis a + bi. 
We may use the notation z to denote the conjugate of complex number z. 
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EXAMPLE Find (a) the sum and (b) the difference of 7 + 5i and its conjugate. 
SOLUTION Let z =7 + 5i. Then its conjugate Z is 7 — 5i. 

eee = eee? — 5f) =(7 7S — 5 = 4 

ee ee 7 — 51) = (7 = 5 + Or = 10 


This example suggests the following theorem. Its proof is left as 


Exercise 29, page 302. 


Theorem. For all real numbers a and b: I 


(a + bi) + (a — bi) = 2a | 
(a + bi) + tat bi) = 2bi 


__| 


Therefore, the sum of a complex number a + bi and its complex 
conjugate is a real number; if b # 0, their difference is a pure imaginary 


\ 
number. \ i. 
~~ 


Oral Exercises 


In Exercises 1-8, state: 

a. the additive inverse of the number; 

b. the complex conjugate of the number; 

c. the sum of the given number and its complex conjugate; and 
d. the difference of the given number and its complex conjugate. 


ib Oey 2, Do 33d ae Oe Si 

pe l= bi 6. V3 —4i rh S 8. 31 

State the given sum or difference as a complex number. 

2 4 2) 10. (—3 + 21) + (1 — 67) 

Mena! 71) = (2 + 3:1) ae) 

Written Exercises 

If a= 5 — 8 of si (ea a 8] d= —4 
e=5+4 f=—$+ii =§-4 n= -% 

express each of the following as a complex number. 

la+b DG see 3,.a—c 4.c—d 5.c —b 

6.d—a 7e+f 8. f-—2 9h+ig 10.@—g 

Mee 1 7 ref 13.a+a@ ee 15. e —@ 

16. g—2 ap ii 18. 2 —d 19. b +f 20.¢+ @ 
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Let z, = a + biand z,=c +i. Prove each of the following state- 
ments. 


Aes By = 


22. z, + Z, is the complex conjugate of Z, + Z>. 


, is the complex conjugate of —z, + Z). 


fal 


23. z, — Z, is the complex conjugate of Z, — Z,. 
24. z, — Z, is the complex conjugate of Z, — z>. 
es, 1t z, = Zz, then z, is a real number 


~26. If c¢; = —Z,, then z, is a pure imaginary number. 
27. Prove: For all real numbers a and B, 
(a + bi) + (0 + 01) =a + bi and (ORa0D = @ + bt) Saar: 
28. Prove: For all real numbers a and JB, 
(a + 61) 4 =e: 
29. Prove the theorem stated on page 301. 


30. Prove: The complex conjugate of the sum of two complex numbers is 
the sum of their complex conjugates. 


9-3 Complex Numbers; Multiplication and Division 


Granted that the commutative, associative, and distributive properties of 
multiplication are to hold in ©, you can compute products of complex 
numbers by following the pattern for products of binomials over 
(page 177). Here is an example: 


(5 + 3i)(4 + 27) = 54 + 27) + 314 + 21) 

= (20 + 10i) + (127 + 67) 
(20 — 6) + (107 + 127) 
14 + 221. 


.. ( + 3i)(4 + 21) 


This example leads us to the following: 


| 


Definition of Multiplication in C 
If a, b, c, and d are real numbers, then 


(a + bile + di) =G@é— ba aaa be): 


In particular, for b = 0, this definition gives you the following rule for 
multiplying a real and a complex number: 


a(e + di) =ac + adi. 
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ism cemramm—nlbnce lid: c + d1, so that |, or 1-2 0n is the mazwi- 
tiplicative identity element in @. 
Notice that, by the definition of multiplication in @, 


een er =) = (a o-) 4 (—ab + ab)i =a? + b2, 


Hence we have the following result: 


; ] 


Theorem. For all real numbers a and b, 


(Cerone Op) — a? + b?, 


Therefore the product of a complex number and its complex conju- 
gate is a real number. 

Because equality, addition, and multiplication of complex numbers 
have been defined so that the properties of equality, addition, and 
multiplication for the set of real numbers (Chapter 1) are also valid when 
restated for the set of complex numbers, concepts and methods based 
on these properties apply in working with complex numbers. 

The following examples show how you can use the foregoing theorem 
to express the reciprocal of a complex number and the quotient of two 
complex numbers (divisor not zero) in the standard form, a + bi (see 
Exercises 22-23, page 304). 


EXAMPLE 1 Express the reciprocal of 2 — 57 in the form a + bi. 


SOLUTION Plan. Multiply the numerator and denominator of 5 u 5 


conjugate of the denominator. 


fe 1 Q 451) 245: 2am 
prey eer 51) (2451) 4425 — es 
2 eee 
= 59" 99 


i. Answer. 


ho 


EXAMPLE 2. Express = a x in standard form, a + bi. 
+ 41 


Le Ces 3G — 4i) 
fe ee ees) (7 — 4i) 
_ (Ue aes (=8 + 21) oe: 


SOLUTION 


49 + 16 65 


=2+ i. Answer. 


by the complex 
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Oral Exercises 

State the product in the form a + bi. 

14 54 — 57) 2 (Se 3 31) 3. 4a DGEe 2) 

4. (— V3 + 2i(— V3 — 2i) 5. —(4 + 2i)(4 — 2i) 6. (V5 — iV3)( V5 + i V3) 
7. (=2 + iV¥5)(—2 —iV5) 8. (V7 —4i)( V7 +41) 9. —(3 +1 V6)(3 — iV6) 


Written Exercises 


Express each of the following in the form a + bi. When possible, you 
may give your answer in the form a, bi, or 0. 


tls AGES oS a = 3) 3. (3 — 4i)? 
V2 2 i ye, 1 ued) Ls 
ea, pales al oon ga ve 
iD 
; (eee ies ie & 
2 2 él 7 | sy 
10. 2-1 11.2 = oe 14, 1 
5g) = 25 cee 
ie ; 
pecs! bat 14. ea) 15. oe 
a 344 2 2 \ y, 


Using the theorem on page 303, factor each of the following over C. 

16. x? +4 17. Sy? + 25 18. v2? +7 
19. 64a? + 12b2 20. 18x? + 10 21. 3z7 +8 
22. Show that for all real numbers a and b, not both 0, 


a) 2 Sea os 
a+tbi \ a2 =o" faa 
23. Show that for all real numbers a, b, c, d, where c and d are not both 
zero, 
Qi cle iby —ac+bd , be — ad . 
c+di c?id* | 7a 
24. Show that the complex conjugate of the product of two complex 
numbers equals the product of their complex conjugates. 


25. Factor x* + 1 completely over @. (Hint: Use the theorem on page 303 
first; then use the result of Written Exercise 4.) 
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9-4 The Nature of the Roots of a Quadratic Equation 


The quadratic formula developed in Section 8-10 can be used to deter- 
mine the soluton set of a quadratic equation over @. 


EXAMPLE 1. Solve x? + 3x + 5 = 0 over @. 


= 2 
BeMUTION x — —2= v2" —*e pee = 1, b = 36 = 5. 
65 Se eS Pe eee 
a — ij 2 
eee | Vi. 
2 ae 
Check: Substitute -; dh ay for x. 
3 V11 . 3 11 
eee 2 ta) *> 
Loa oy il eos SVL. = 
=(5 a) oe le 


Vit 


: 3 : 
Substitute — 5 ae oles 


9 11 tie 9 ZA 
EON OU. Re 
4 4 2 2 
‘ ‘ ‘ 3 iin ae 3 A/T 
.. the solution set is {-5 oa al a i}. Answer. 


The number b? — 4ac, which is named under the radical sign in the 
quadratic formula, is called the discriminant of the quadratic equation 
ax? + bx +c = 0. We denote it by D. 

If a, b, and c are real numbers, the discriminant indicates the nature of - 
the roots of the equation. 


— 


Theorem. For all real numbers b and c, and all nonzero real 
numbers a, the quadratic equation ax? + bx +c = 0 has: 

(1) two different real roots if b? — 4ac > 0; 

| (2) one double real root if b? — 4ac = 0; 


(3) two imaginary complex conjugate roots if b? — 4ac < 0. 


(SSS — 2 SS — 
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Ca ee 


Sh 


The discriminant also enables you to tell whether the roots of a 
quadratic equation with rational coefficients are rational numbers. If a, 
—b+ Vb? — 4ac 
a 
number if and onlv if Vb? — 4acis rational (Section 8-3). But Wb? — 4ac 
is rational if and only if b? — 4ac is the square of a rational number. 
Thus: 


b, and c are rational numbers, a # 0, denotes a rational 


A quadratic equation with rational coefficients has rational roots if 
and only if its discriminant is the square of a rational number. 


(Le 


a 


EXAMPLE 2 Determine the nature of the roots of 3x? + 2x —6 = 0. 
SOLUTION 3x? - 2k = 6 = 07g = — OO. 
D = b* —4ac = 2 4 


Since D > 0, there are two unequal real roots. 
Since D is not the square of a rational number, the roots are irrational 
numbers. Answer. 


In the domain of a function f, any value of x which satisfies the 
equation f(x) = 0 is said to be a zero of f. Notice that ‘zeros of the 
function f,” and “roots of the equation f(x) = 0,” are just different ways 
of referring to the same numbers. 


EXAMPLE 3 What is the nature of the zeros of 
(Ca y)ny = x? Saay5 + 512 
SOLUTION x? — 2x5 +5=0;a=1,b = —2V5,¢c =5. 
D = b? — 4ac = (225 ee 


Since D = 0, there is one real zero (a double zero). 
Although D is the square of a rational number (0 = 07), the real zero is 
an irrational number because b is irrational. Answer. 


If b? — 4ac > 0, then Vb? — 4ae > 0 Thus, ae? ox 4c = Ohasive 
different real roots because 


—b + Vb? — 4ac 4 —b — Vb? — 4ac 
2a 2a ; 


But if b? — 4ac = 0, then Wb? — 4ac = 0, and hence the roots of 
ax? + bx + c = 0 are real and equal: 


Sele) 
2a ~ 2a Be 
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We call a a double root of the equation. 


N 1 
If b? — 4ac < 0, then Vb? — 4ac is a pure imaginary number. In this | 
case, 
Vb? — 4ac = VV |b? — 4ac| i, 

so that the roots of ax* + bx +c = 0 are the complex conjugates: 

b Vb? — 4ac| . a b V |b? — 4ac|. 

mm 2a 2a 2a 
The roots of the equation in Example 1 on page 305 are complex 
conjugates. 
Oral Exercises 
Find the value of the discriminant D. Use the value of D to determine 
the number of real and complex roots of the equation. 
re 5% + 4— 0 2, Bee te ee baba 3. 4x7 + 8x +5 =0 
4x74 5x 4+9=0 5. 547 + 13x = 0 6. x? — 8x + 16=0 


Written Exercises 


For each of the following find the value of the discriminant D. On the 
basis of D, tell how many real and how many imaginary roots the 
equation has. If it has any real roots, tell whether these are rational. 


ie? oe 4 2 =0 2. 2x7 + 7x +4=0 
Bux? — 7x +2=0 4. 17x? — 1lx =0 
eee 4x 5 = 0 6. —2x7 + 8x —9 =0 
7a—3x- — 12 =0 Sx? = oe 0 
9. 9x2 + 42x + 49 = 0 10. 5x2 4 x —8 =0 


| 
Solve over the set © of complex numbers. 


1 5x2 + 2x + 1=0 PY eee 

13, B.-- 9xy 5 = 0 M4, 37 ob We — 3 = © 
15, x?22\/2 + 4x — 3\/72 =0 16. 2x2? —~x/742=0 
17. 9x? — x6\/2 +2 =0 18) x2\/3 — 7x +23 =0 


Determine thé value(s) of k for which the given equation will have 
exactly one real root. 


19. 4x2 — 8x + 3k =0 20, 30? ee Or 
Bil, 3? = fle to fe oJ Sl Gm 1 to fox oo Be = fl Sl 
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Exercises 23-25 refer to a quadratic equation of the form 
BR 26 oleae == 10) 


23. Prove: If a and b are nonzero rational numbers and c = 0, then the 
equation has two rational roots. 


24. Prove: If a and b are nonzero rational numbers and c is irrational, 
then the equation has no rational roots. (Hint: Assume the equation 
has a rational root and show that this leads to a contradiction.) 


25. Prove: If b and ¢ are nonzero rational numbers and a is irrational, 
then the equation has no rational roots. 


programming in BASIC 


Exercises 

1. Write a program that will test values of discriminants and give print-outs 
similar to the following: 
RUN 
INPUT A(<>0), B, C?1,1,-6 
( 1)Xt2 + ( 1)X + (—6) = O HAS TWO DIFFERENT REAL ROOTS. 
RUN 
INEUM AC SO) 1B, 21,25] 
( 1)Xt2 + ( 2)X + (1) = 0 HAS ONE DOUBLE REAL ROOT. 
RUN 


INEUN A(< >0), 8B, C71,3:5 
( 1)XT2 + ( 3)X + (5) = 0 HAS TWO IMAGINARY COMPLEX 
CONJUGATE ROOTS. 


2. Modify the program you wrote for the exercises on page 285 to print the 
roots like this if D < 0: 


Rl = —.5 + .866025I 


Ciel. | 
R2 = —.5 — .8660251 : 


3. Use a computer to check your work in Exercises 1-10 on page 307. 
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9-5 Roots and Coefficients of a Quadratic Equation 


Do you recall (page 186) that the compound sentence 
x= 3=0 or Mee = 0 


is equivalent to the equation (x — 3)(x + 2) = 0? In general, if any real 
or complex numbers r, and r, are the roots of a quadratic equation in x, 
then the quadratic equation must be equivalent to (x — r,)(x — r,) = 0; 


(eee rr, = 0. 


By transforming the equation ax? + bx +c =0,a £0, to = 


b 


eee & = 0, 
a a 


you can deduce (Exercise 23, page 310) the following property: 


Property of the Sum and Product of the Roots of a 


Quadratic Equation 


The solution set of the equation ax? + bx +c =0,a £0, is {r,, r,} 


if and only ifr, +7, = ~ 2 and = = | 
a 
} 
EXAMPLE 1 Is ewe the solution set of 4x? — 4x — 1 = 0? 
SOLUTION 4x2?—4%-1=0;a=4,b=-4,c=—-1; -2=1,£5 —1. 
_ eey2 oe ee 
ger ee me 
ee ee 
00 "o.2 pom =< aaa 
ie (ee ee is the solution set of 4x2 — 4x —1=0. Answer. 
EXAMPLE 2 Find a quadratic equation whose roots are 1 + ivy sand 1 24/3. 
SOLUTION (1 +iV3)4+ (1 —iv3)=2= -2 


(QQ 4iV3a0 —7V3)=14+3=4=£ 


a 
Let a = 1; then b = —2 andc = 4. “.x?—2*+4=0 Answer. 
Check: To show that the roots of x? — 2x + 4 = Oare 1 +7V3 by using 
the quadratic formula is left to you. 
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Oral Exercises 


State the sum and product of the given numbers. 


ies 2, 3) 2 2, Sey ee 2 SSE ey) — hy 
Apt n/3, F373 5. 3 oes — 1/5 6 — 27/3, eas 
State the sum and product of the roots of the given equation. 

7x? +44 +2=0 oe — 92x? ie = 0 

Ki ee 11. 4x? — 3x +9=0 12. 8x? —7 =0 


Written Exercises 


Write a quadratic equation having the given solution set. 


1. {3, —5} 2. {—2, —7} 3. {3} 
OG ee, © | ee 5. {43, —4V3} 6 (2 
(ae ey Oca) 8. (3 ay ees 2) 9. {24-6 2 — Gy} 
5 i HS 
10. [a i. (1 +p 1 eee = v3} 


In Exercises 13-21, determine a value for k so that the given conditions 
are Satisfied. 

13. One root of 6x? —\x + k = 0 is S 

14, One root of x7 — 2x = k SOs ie A, 

15. One root of 4x? + kx — 15 = 0 is 2. 


16. One root of 4x2 + kx + 13 = Ois as 


17. One root of kx? + 2x + 8 = 0 is twice the other. To, S / 


18. One root of 3x? — 6x + k = 0 is the reciprocal of the other. 4 a 


19. One root of kx? + x\/2 — 1 = 0 is the reciprocal of the other. 

20. One root of 2kx? + kx —2=0is —2. 

21. One root of 6x? + kx +(k +1) =Ois 4. 

22, Without solving the equation, find the sum of the reciprocals of the 
roots of 2x? + 6x —3 = 0. 


23. Use the quadratic formula to prove that if r, and r, are the roots of 
Ge soe co = 0, then ibis = 2 and %\7> = x 
a a 


we 
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Self-Test 1 


VOCABULARY pure imaginary number (p. 296) complex conjugate (p. 300) 


imaginary unit (p. 296) discriminant of 
complex number (p. 299) ax? + bx +c = 0 (p. 305), 
imaginary number (p. 299) zero of a function (p. 3%) 
imaginary part (p. 299) double root (p. 307) 
Express as a real or pure imaginary number. 
fen) 64 oe = > Obj. 1, p. 295 
Express in the form a + bi. 
3. (3 — 27) + (—5 4+ 37) 4. 71 — (3 + 41) Obj. 2, p. 295 
mo 21) 6. (311 + 1V2)4 


In Test Items 7 and 8, give the value of the discriminant and tell 

whether the roots are real or imaginary. If real, tell whether they 

are rational. 

7. 13x72 + 6x +1=0 8. 2x7 llx+5=0 Opj73) Pp. 295 


9. Give (a) the sum and (b) the product of the roots of the equation Obj. 4, p. 295 
a Oe? — (), 


10. Give an equation of the form ax? + bx + c = Owhose roots are 


=3 4 4/5 and =3. 


Check your answers with those at the back of the book. 


a= NODC inch a _ 
1894-1964 seo. 


Norbert Wiener was one of the outstanding mathemati- 
cians and scientists of the United States. Interrelation- 
ships among the various branches of thought had become 
very complicated, and Wiener’s creation of a new subject, 
called cybernetics, deals with these matters. Cybernetics 
is the theoretical study of control processes in clecronics 
and mechanical and biological systems, especially the 
mathematical analysis of the flow of information in such ~~ oe 
systems. 

Wiener showed great promise at an early age. He com- 2 
pleted his undergraduate studies at 14, and obtained his 
doctorate at 18 from Harvard University. His thesis was in 
mathematical logic. At 25 he joined the faculty of the 
Massachusetts Institute of Technology where he remained 
until his death. 


>) 


GIR. 
7) ny ~ 
§ 


ot. 
— ’ 
q 
1 


ne 4 
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were 7 


or ae 


Quadratic Functions and Their Graphs 


OBJECTIVES for Sections 9-6 through 9-8: 


_ 1. Find an equation of the axis of symmetry and the coordinates of the vertex of 
the graph of an equation of the form y = a(x — h)? +k, and determine 


wrether the vertex is a maximum or a mintmum point. 
2. Sketcf: the graph of a given quadratic function. 
Solve exiveme-value problems involving quadratic functions. 
4. Solve quadratic inequalities. 


w 


9-6 The Graph of y = a(x — hh)? +k 


A function f with domain ® and values given by a quad- 
ratic polynomial, that is, 


f = {@, y): y = ax? + bx +, a, b, c, amex = @, a F O}, 


is called a quadratic function, or a polynomial function of 
degree two, over ®. The graph of a quadratic function is 
called a parabola. (See Section 10-4 for an extended dis- 
cussion of parabolas.) 

The parabolas shown in Figure 1 are the graphs of the 
two quadratic functions 


{OQ =x and ox) =e 


Both are symmetric with respect to the y-axis. Notice that 
the minimum (lowest) point of the graph of g, (0, 3), is 3 
units above that of f, (0, 0). 

Now compare the graphs of f and g with those of the 
quadratic functions F and G in Figure 2, where 


EG) = —7x? and G(x) = —4x? - 4. 


Again, both parabolas are symmetric with respect to the 
line x = 0 (the y-axis). But in this case, the graph of G has 
a maximum (highest) point, that is, a point with greatest 
ordinate, which is 4 units below the maximum of F. 

In general, the graphs of 


oe ax and g(x) =ax2-+k 


are both symmetric with respect to the line x = 0. More- 
over, if k > 0, each point of the graph of gis k units above 
the corresponding point of the graph of f/; andifk < 0, it is 
|k| units below. 


312 | Chapter 9 


Figure 1 


x | f(x) x | g(x) 
= = \yea 
Oo} 0 Oo} 3 
pili elle: 


Next let us compare the graph of {(x, y): f(x) = ax?} with those of 
two other general quadratic functions, of the form 


p(x) = ax — h),a £0, 2 nies 

and —2/ 2 
o| 0 

q(x) =a(x —h)? + k,a £0. | 9 


3, we obiain.the graphs below. 


i x | P(x) 

ae) 0 2 

i 2 20 
=4x—2)2 48 ae 

x | Q(X) 

/ pix) =30 2 o| 5 
aie 8 

A | 


Figure 3 


By observing these three graphs, we can summarize the facts 
concerning the axis of symmetry and the vertex (the point of the 
graph that lies on the axis of symmetry) of the graph of 
Pea — 2)* 4k, 


roe 
The graph of the function 


(Gay) seat — hh)? +k,a £0} 


over @ is a parabola with the line x = h as an axis of symmetry and 
the point (h, k) as vertex. If a > 0, (h, k) is a minimum point, and 
the parabola opens upward; if a < 0, (i,k) is a maximum point, | 
and the parabola opens downward. 


— as SS ——, 


Oral Exercises 


For the graph of each of the following functions state (a) an equation of 
the axis of symmetry and (b) the coordinates of the vertex; (c) state 
whether tine graph opens upward or downward. 

1. {(x, y): y = —2(x — 3)? + 1} 2.. {eae = SG ea) = 7) 
Beco — 4x? + 6 4. g(x) = 4x 4+ 3)? 
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In Exercises 5-10, the first pair of coordinates given is the vertex of a 
parabola; the second pair of coordinates is another point on the 
parabola. Give the equation of the axis of symmetry and name a third 
point on the parabola. 


5. (0, —2); (3, 0) 6. (04 oe) 7\(3, 1) eee 
8. CG. 0); (3, 6) 9. (a, b); (a +.¢,d) 10. (¢ 4+ bc). (Gre) 
Bo 
: x 
KS : 


Written Exercises 


In Exercises 1-8, sketch the graphs of all three of the given functions 
on one set of axes. Be Sure to label each graph. 


1 (Gua): y S22}; (9): y Sa? + 2); (Cy): y=? 3) 

2. {(x,y): y = 2x7}; (x,y): ¥ = 20 ee) = 2G 

3. {x,y} vy = —@ — 2)? + 4); (8 Se)? — 
ee) (2) 


. f(x) = ax + 3)? — 1; gl) = 4x? — 1; AO — 4)? - 1 

. f@) = —(@ — 3)? + 2: glx) = 1 — 3)7 te — 3)2 2 

. f(x) = 2 + 1)? + 4; glx) = — 2 — 2)? + 4; Ate) = 2 — 4)? + 4 

. f(x) = —& + 9)? + 2; glx) = —(x + 3)? — 2; AG) = —@ — 3)? + 2 

. f(x) = 2 — 1)? +13 glx) = —4Hax — 1)? + «Ths AG) = —4x — 1)? + 10 


con OO UW 


In Exercises 9-22 find the function of the form y = a(x —h)? +k aes 

whose graph satisfies the given conditions. \A 

9. Has vertex (2, 1) and passes through the point (5, 19). i 

+0. Has vertex (—3, 4) and passes through the point (—2, 9). 

11. Has vertex (6, 1) and passes through the point (0, —8). 

2. Has vertex (—4, —4) and passes through the point (—1, —5). 

13. Has x = —3 as its axis of symmetry and passes through the point 
(—2, 8), and a = 1. 

14. Has x =4 as its axis of symmetry and passes through the point 
(2, —1), and a= =, 

15. Passes through the points (—3, 4), (0, —2), and (3, 4). 

16. Passes through the points (—2, 2), (1, 5), and (4, 2). 

17. Has an equation of the form y = (x + fh)? + 5and passes through the 
point (3, 9). (There is more than one answer.) 


18. Has an equation of the form y = 4(x + h)? — 10 and passes through 
the point (—2, 22). 


Ce 9 


19. Has x = 2asits axis of symmetry and passes through the points (1, 8) 
and (0, 17). (Hint: Solve a system of equations in a and k.) 


20. Has x = —1 as its axis of symmetry and passes through the points 
bei) amd (3, —5). 


21. Has the y-axis as its axis of symmetry and passes through the points 
(1, —5) and (—2, 1). 

22. Has x = 4as its axis of symmetry and passes through the points (3, 1) 
and (2, 6). 

23. Show that the point (4 + r,s) is on the graph of y = a(x — h)? + k, 
a # 0, if and only if the point (4 — r,s) is also on the graph. 


24. Show that the point (r, s) is on the graph of y = a(x — h)? + k,a £0, 
if and only if the point (2h — r,s) is also on the graph. 


25. Show that if the two distinct points (r,, 0) and (r,, 0) lie on the graph 


of y= a(x —h)? +k, then ea = hi. 


26. Graph the function f(x) = |x? — 4|. 


9-7 The Graph of a Quadratic Function 


To graph a general quadratic function over ® of the form a 
{x y): y = ax? + bx +.¢,a £0}, (1) 


it would be helpful if we could express it equivalently in the form 
described in the preceding section: 


{(x, y): y =a —h)? +k,a £0}. (2) 


We could then specify the vertex, (, k), and the axis of symmetry, x = h, 
in terms of the coefficients, a, b, c, in (1). Then by locating two or three 
more points we could draw the graph with reasonable accuracy. First let 
us consider an example. 


EXAMPLE 1 Specify the vertex and the axis of symmetry, and draw the graph, of the 
function defined by y = 3x? + 6x 4 1. 
yoo ax?+bx 


SOLUTION 1. Rewrite the given equation in the form rae r 


y = 3x? + 6x +1 
a ges 


(Solinion cominued on page 316.) 
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ue@ire 7 


2 
2. Add to both members the number Zain order to complete the square 
a 
in the right-hand member. 


y= Il 


¥ 


See ie 8 Il 


ted 5 
es (x + 1)?-1 
3. Then transform the equation 
into the desired form (2), O x 
on page 315. 
y=3[~ +1)? -1) +1 ' 
y = 3(x + 1)? —2 
9 = 30 — ee 2) 


Thus the axis of symmetry is x = —1, and the vertex is (—1, —2). 
Substituting 0 and —2 for x in the original equation, you find that (0, 1) 
and (—2,1) also are on the graph, which is sketched at the 
right. Answer. 


Using the method of Example | you can find the vertex and an 
equation of the axis of symmetry for the general case of the function 


f={Qy) y =a? reer = 0). 
First rewrite the equation as 


72 24 b 
¥ 76 eS eee 
a a 


a 


Completing the square, you obtain: 


re zy 5 
yneadl(e+ Bh -2 


- —b\\ _ b? — 4ac 
sae +#S*) 
Comparing Equation (3) with y = a(x — h)? +k, 


you have for equation x = h of the axis of symmetry: x = — z: and for 


2 
coordinates (h, k) of the vertex: (-2. ~ 2 Ae), The vertex is a 
a 


minimum or a maximum point according as a > 0 ora < 0. 
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A 


EXAMPLE 2 Specify the axis of symmetry and the vertex of f(x) = 2x? — 4x + 1. 
SOLUTION a=2,b= —4,c = 1. Equation of axis of symmetry: 


—— Lae = sel or x = Il. 
2a 4 
2 
Vertex: (-2. -R—sae), or (1 -18=8) = (1, —1). Answer. 
2a 4a 8 


The fact that the quadratic function f(x) = ax? + bx + c has exactly 
one extreme value (minimum for a > 0, maximum for a < 0) is useful in 


practical applications. The ordered pair (-2. - hau) specifies 
a 


4a 
the value of (x, f(x)) at the extreme point of the graph of f, Thus the 


2 
ordinate, a +c, at the extreme point is the extreme value of the 
a 


function, f(— +). 
a 


EXAMPLE 3 Findtworeal numbers whose sum is 18 and whose product is as great as 
possible. 


SOLUTION Let x be one number, and 18 — x the other. We want to find the value of 
x for which the function specified by the product of x and 18 — x, 


f(x) = x(18 — x), or fx) = —x? + 18r, 


assumes its maximum value. Here a = —1 and b = 18. The maximum 

occurs when x = == -+, or 9. Then the other number is 
a ——s 

18 — x = 18 — 9, or 9. .’. the two numbers are 9 and 9. Answer. 


Oral Exercises 


Tell whether the graph of the equation will have a minimum or maximum 
point. 


my = x? — 6x 25 = 2" oe ome 2 — 8 
4. y= —x? + 3x 5. y= 2x7 - 4 (yao — 3 


Written Exercises 


In Exercises 1-6, give the equation of the axis of symmetry and the 
coordinates of the vertex of the graph of each function and sketch the 
graph. 


1-6. Use the equations in Oral Exercises 1-6." 
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an Poe» 


«, 


* 


In Exercises 7-12, give the equation of the axis of symmetry and the 
coordinates of the vertex of the graph of each function and sketch the 
graph. 


Te GO) Soe Se ES Sx) =? 4 Gee 
Gite) = 2 = 45 =] 10ec(x) = 3x7 ieee 
11. f(x) = —2x? + 8k —5 12. ex) = 1? = 2a 


Find the quadratic function f containing the given ordered pairs. (Hint: 
Determine a, b, and c so that the given ordered pairs satisfy the 
equation y =e, = bX ac) 

\ 


Siw Ys, (20-3) 1300, 1) 3) nee 


For Exercises 17-20, put each equation inthe form y = a(x — h)? + k, 
and give the equation of the axis of symmetry and the coordinates of 
the vertex of the graph in terms of r and s. 

iy => — 5) (0 = pee se 


2 
oe ae 2a 20. y= = + rsx — rx? 


21. Prove that if the graphs of two quadratic functions have the same 
vertex and one other common point, then they can be defined by the 
same equation. 


22. Prove that if (5+ oP s] is a point on the graph of ax? + bx +c =y, 
a 


then so is (= = rs). 
20 


Problems 


A “1. Find two numbers whose sum is 16 and whose product is as great as 


{ 


\—_ possible. 


(2. Find the dimensions of the rectangle of greatest area whose perime- 


—1, —6), (2, 3), (3, 10) 16. (—2, —3), (—1, —1), (1, —3) 


— ter is 20cm. 
3. In the diagram, the left square is constructed on AB 


and the right square is constructed on BC. Determine A 


the length of AB so that the length of AC will be 24cm 


and the sum of the areas of the squares will be a #-24 cem—>| 


minimum. 
4. A dog kennel is to be constructed alongside a house 


from 60m of fencing. Determine x so that the greatest Fe Se 
area possible will be enclosed. 
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5. If an object is projected vertically upward with a velocity of 19.6 m/s 
from a height of 20 m, its height 4 above the ground in meters after 
ts is given by the equation h = 20 4 19.6 — 4.9t7. What is the 
maximum height the object will reach? 


6. Ina 110 V circuit having a resistance of 112, the power W in watts 
when a current J is flowing is given by W = 110/ — 11/2. Determine 
the maximum power that can be delivered in this circuit. 


7. A real estate firm estimates that the monthly profit p in dollars from 
a building s stories high is given by p = —20s? + 880s. According to 
this formula, what height building would be the most profitable? 


8. The velocity v of the object in Written Exercise 5 after t's is given by 
v = 19.6 — 9.8t. Solve this equation for t, and by substituting in the 
equation in Exercise 5, show that /: is a maximum when v = 0. 


9. A wire 40 cm long is cut into two pieces, and each piece is bent into a 
square. Where should the wire be cut if the total area of the two 
squares is to be a minimum? 


10. A limousine shuttle service operating between an airport and the 
center of a city charges a fare of $10 and carries 300 persons per dav. 
The firm estimates that business will decrease by 15 passengers per 
day for each increase of $1 in the fare. Find the most profitable fare 
to charge for the service. 


11. In the diagram at the right, AFED is a rectangle, 
“nC = 6, and AB = 10: 
a. Use similar triangles to find an expression for y in 
terms of x. 
b. Give an expression for the area of rectangle AFED 
in terms of x alone. 
c. Find x so that this area will be a maximum. 


9-8 Quadratic Inequalities 


Figure 4 shows the graph of the function = 
Nes yyy =~ — 4x + 1}. 

From the graph, you can see that the points with coordi- 
nates 2 — \/3 and 2 + _\/3 (the zeros of the function) sep- 
arate the other points on the x-axis into three sets: 

ea ic 2 4/3) 

pew oe x < 24-13} 

C= (en 2 4 1/3} Figure 4 
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Do you see that over any one of these subsets the value of x? — 4x + 1 
(that is, the value of y) is ahvays positive (the graph is above the x-axis) or 
always negative (the graph is below the x-axis)? 


82 = Aye ab |] SS Peo SE | << xe — Ax Ele) 


Thus, to test whether x? — 4x + 1 denotes a positive number or whether 
it denotes a negative number for every value of x in one of these subsets, 
you need only determine the sign of x? — 4x + 1 for any one value of x 
in that subset. 


EXAMPLE Find the solution set over ® of —x? + 3x + 5 > 0. 


SOLUTION 1. Determine the roots of —x? 4+ 3x +5=0. a= —1,b =3,c =5. 
ee = v3? = 4-DG6) _ -3= V29_ 3 v29 
= 2(—1) a =e ie ae 


cj Ae ape va2 
2 2 pas 2 


wo 


2. From each subset into which these numbers separate the set of real 
numbers, choose a number for which to evaluate —x? + 3x + 5. 


—5, negative 


5, positive 


—5, negative 


{x: —1? 4 ie 50) oe Answer. 


Oral Exercises 

State whether the given value of x satisfies the given inequality. 

(Vege tye Je Se pe pes Be Bye — {8 Ss (ip 4! 3. x7 —3>0; 
4.x? —7x > —5; —3 5. 4x — 8 Saray) 6. 0< x? — 8x + 16; —2 
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Written Exercises 


In Exercises 1-9: 


a. rewrite the inequality as one in which 0 is the right-hand member; 


b. find the roots of the related equation; 
c. sketch the graph of the related quadratic function; and 
d 


. solve the inequality by noting which part(s) of the graph lie above or 


below the x-axis. 


1. x? -9>0 ex = 25 <0 a 3x x? < 0 
ee or < 0 oa x > 6 (eS a 
pee ee 2 0) S 2 ee | 9. x7 4+2x>2 


In Exercises 10-11, write the inequality as a conjunction of simpler 
inequalities. Then sketch the graphs of the related quadratic functions 


to determine the solution set of the original inequality. 


Ome—s- x7 — 4 < () ex 4 3 


SS SS —————$<yEE 


Self-Test 2 


VOCABULARY parabola (p. 312) 
vertex (p. 313) 
axis of symmetry (p. 313) 


Test Items 1-3 refer to the equation y = 4 — (x — 3). 

1, Find an equation for the axis of symmetry and the coordinates of 

the vertex. 

2. State whether the vertex is a maximum or minimum point. 

3. Sketch the graph of the equation. 

4. Rewrite y = 2x? — 8x +5 in the form y =a(x —h)? + k, and 
sketch its graph. 


5. Find the area of the right triangle of largest area such that the 
sum of the lengths of its legs is 12 cm. 


6. Solve the inequality x2 — 5x + 4 > 0 by drawing a sketch of the 
related quadratic equation. 


Check your answers with those at the back of the book. 


Onn Tb ai2 


Obp2o312 


Obj. 3, p. 312 


Obj. 4, p. 312 
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Polynomial Functions and Equations 


OBJECTIVES for Sections 9-9 through 9-12: 

1. Use synthetic substitution to find the value of a given polynomial function at 
a given domain value. 

2. Use synthetic division to find the partial quotient and the remainder when a 
polynontial ts divided by x — c, where c € @. 

3. Use synthetic division and depressed equations to factor polynomials and to 
find rational zeros of polynomial functions. 

4. Use the fact that tmaginary roots of polynomial equations with real coe ffi- 
cients occur in contplex conjugate pairs to solve such equations. 

5. Use synthetic substitution aud linear interpolation to approximate the real 
roots of a polynomial equation. 


9-9 Values of Polynomial Functions 


Functions such as 


{@, y): y = 3x — V2), (Gee) 
{(x, y): y = 4x3 4 2x2 — I}, 


whose values are given by polynomials, are called polynomial functions. 
You know how to evaluate a polynomial function by direct substitution. 
For example, if a, a,, ay a, denote complexsnumibers andy? issue 
function 


{@, P(x): PQ) = apx? 4 ay ae a 
then to evaluate P at 7, you write 
PD = a,(73) SF aii) ae a,(7) ae a3. 


To find the value of P(7), vou might compute: 


(Hy 78 

2) 

(3)  ao(7?) 
(4) a,(7?) 
(5) a7) 


(6)  ao(7?) + a, (7?) + a,(7) + a, 


This pattern of computation, however, is not the most efficient one to 
use as a basis for a program for a computer. Each product would have 
to be stored until needed (using valuable space) and the final addition 
would have to be performed by taking two addends at a time, making 
additional steps. 

To discover a more efficient way to compute P(7), study the following 
sequence of operations. 
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1. Multiply a, by 7: Cet } 
Be Add a: dg? 7 +a, 

eeiultiply the result of Step 2by 7: (a,-7 + a,)°7 

4. Add a,: (ag:7 +a,)°7 +a, 

5. Multiply the result of Step 4 by 7: [a):7 +a,)*7+4,]-7 

6. Add a;: [Mag°7 +4,)-7-a,)*7 +a, 


By simplifying the expression in Step 6, vou can verify that 
eye a) 7 + ao): 7 -a,=4,°7 +4,-7? 4+ a,*7 +4, = P(7). 


Notice that in this sequence of steps, each result is computed directly 
from the preceding result. No values need to be saved or ‘‘stored.” 

You can use this second method even if vou do not have a computer. 
Steps 1-6 can be arranged conveniently as shown below. The circled 
numerals designate each of the steps. 


a a a, a, a, 
Qian it G) (a,° 7 + @,) “7 G[@,- 7 Hep? al 7 
Ome ay) (@g°7 ayo? +a, [lay°7+4,)°7+4,)-7 +4, 


@) @ © 
ee 5 — 12¢* — 20x 4 1 you can find P(7) by following Steps ; 
1-6, using 5, —12, —20, and 1 in place of ap, aj, a,, and a,, respectively: 3 
Tie 200Ct 
35 161 987 | 
5 23 «141 988 


. 


PQ) 


Thus P(7) = 988. This process, called synthetic substitution, applies to 
polynomials of any degree. Notice that P(x) must be written in de- 
scending powers of x. Also, if a power is missing, 0 must be written in 
the corresponding place. 


EXAMPLE If Q(x) = 2x* — x? + 2+ — 1, find Q(3) and Q(3/). 
SOLUTION Write the coefficients of Q(x) in order, using 0 where necessarv. Then, use 
synthetic substitution 
3] 2 -1 0 2 =! 
6 15 45 141 
2 5 15 47 140 


ci. 2 =! 0 2 =) 


0+6i —18 — 31 9— 541 162 4+ 331 


2 -14+6 -18-31 1] — 547 161 + 33% 
“. QO(3) = 140; Q(31) = 161 + 33%. Answer. j 
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Oral Exercises . 


X 

Find the requested values of P(x) = 7x? — 3x? + 7x — 8 for the given 

values by considering the equation in the rewritten form shown: 
P(x) = [(7x — 3)x + 7]x — 8. 


1. P(0) 2. P(1) 3 Pe 1) 4. P(2) 


Written Exercises 


In Exercises 1-20 use synthetic substitution to find the given values 
over @ of the polynomial given directly above. If the substituted value is 
a zero, so State. 


P(x) = x? — 3x? — 4x 4+ 12 


(4)P(2) 2. P(—1) =D) 4. P(3) 
OLE) ae ee = (0) 

6. Q(1) 7. Q(-1) 8. Q(2) 9. Q(3) 
(RAC a 8 Se el 

11. R(2) 12. R(i) 13. R(—i) 14 RD 
S(x) = x4 — 3x3 — 12x 4 16 Oe 
16. S(4) 17. S(2) 18. S(2i) (19, )S(—2i) 


21. Determine m so that F(2) = 1 for F(x) = 3x3 — 8x? + 6x + m. 

22. Determine 1 so that G(—1) = 3 for G@) = 3x4 + mx — 5. 

23. Determine m so that 2 is a root of H(x) = 3x3 — x? + mx — 12. 

24. Determine m so that =345 a root @f her 1 eee 

25. Determine a and b so that T(—3) = 49 and 7(5) = —39 for T(x) = 
—x? + 3x? + ax + b. 


26. Determine a and b so that 7(1) =2 and T7(2) = 17 for T(x) = 
5A = 5 SL oe Ds Ih, 


27. Use synthetic substitution to show that if P(x) = ax? + bx? + cx +d, 
then P(0) = d. 

28. Use synthetic substitution to show that if P(x) = ax? + bx* + ex +d 
has 2 as one of its roots, then 8a + 4b + 2c +d = 0. 

29. Let P(x) = ax* + bx? +. cx 4d witha ec anda alli reall itaaibers: 
a. Show that if 7 is a root of P(x), then a =c and b =d. 
b. Show that if a =c and b =d, then —i is a root of P(x). 
c. What conclusion can be drawn from (a) and (b)? 
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10. Q(—2) 


15. R(2i) 


20. S(3i) 


To evaluate a polynomial using the calculator we may rewrite the 
polynomial to suggest a sequence of steps on the calculator. The general 
third degree polynomial may be rewritten as follows. (See Section 9-9.) 


i eo eee aan 4. Ox Cx ered 


EXAMPLE Evaluate 4x3 4+ 2x2 — 5x 4+ 1 when x = 7. 
SOLUTION Rewrite the polynomial as [(4x + 2)x — 5]x + 1. When x = 7, use these 


steps: 

WX Ar Sx)1]4545)x%) 74 6S (438. Answer. 
Exercises 
Evaluate the polynomial for the given value of the variable. 
eon -e Sx e |; 4 2, 72 = Be Jb Be 7 305 — 7 3 
A, B72 a Sret = Dre te ile 2 5, ce? — Ae te De = fle a! 6. 2x3 + 3x? — 7x + 16; —2 
7, Ge? = W2eee Sk Sees & Gh, cee a Bee ae We SZ SO Bee = oe Se pe 
mex xe = x; — 2 li, 2 ae Se ge — OD 122 2 oe 48 


programming in BASIC 


Exercise 


Write a program that will print out the numbers you obtain by synthetic 
substitution. For example, the program should give a print-out something 
like this for P(x) = 5x? — 12x? — 20x + 1 shown on page 323. 


RUN 


DEGREE OF POLYNOMIAL?3 

INPUT COEFFICIENTS IN DESCENDING ORDER. 
5 

72 

7220 

m1 

INPUT VALUE. 

a 

5 23 141 988 = P( 7) 

ANOTHER VALUE (1,YES; 0,NO)20 
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Large reflecting tele- 
scopes, such as this, 

are useful in spectro- 
scopic research. 


= Oy gghhnt 


ba pe 


Information radioed by 
satellite is used to 
create the image of the 
sun on the screen. 
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Careers =—— 
in Astronomy 


Astronomers collect and analyze data on the sun, the 
planets and their moons, stars, and galaxies. They attempt 
to determine the motions of these bodies, their chemical 
composition, surface temperatures, sizes, and shapes, as 
well as their history and probable future. 

In making observations, astronomers use a variety of 
equipment. Photographic devices are usually attached to 
telescopes to record observations. Measuring devices are 
also placed on balloons, rockets, and satellites. Astrono- 
mers observe not only the visible light radiated from stars 
and reflected from planets, but also x-rays, radio waves, 
and infra-red radiation. 

One area of astronomy deals with the motion of the 
bodies of the solar system. It can be shown that the orbit 
about the sun of every object in the solar system is a conic 
section with the sun at one focus. The 17th-century as- 
tronomer Johannes Kepler deduced that the orbits of all 
of the planets are ellipses (see Section 10-5). 


EXAMPLE How far is : 
Mercury from the sun \ 

: : : Mercury at 
at perihelion, the point sainelon 
in the orbit of the planet / 
that is nearest the sun? 


SOLUTION The planet is closest to the sun when it is on 
the major axis of the ellipse representing the path of its 
orbit. We are trying to find the distance d in the figure. 
The data available are: the distance a from the center of 
the orbit to the planet, which for Mercury is 58 x 10°km, 
and the eccentricity of the orbit, which gives a measure of 
how the shape of an ellipse differs from that of a circle. 
The eccentricity is the ratio c/a, and has the value 0.206 for 
the orbit of Mercury. 


eccentricity = & = distance center of orbit to sun_ 
a distance center of orbit to planet 
For Mercury: 0.206 = ——“—— 
58 x 105 


c= 0.206 x G8 10°) = 12 10 isan 
From the figure you can see that d =a —c: 


d = (58 10°12 109) = Aaa 


9-10 Remainder and Factor Theorems | 


By dividing 2x?-4x—5, x?-—x-—6, x3—4x?4 5x —6, and 
x? + 2x? — 7x — 4, respectively, by x — 3, you obtain the partial quo- 
tients (Q) and remainders (R) shown in the following chart. 


ie 
2x? — 4x — 5 
x? —x —6 ; 
oye ox — 6 ; 
Kotex x — 4 
Notice that in every case the remainder R equals P(3). 
Let us now take a more formal approach and divide the general third a 
degree polynomial by x — 7 using these steps: ‘ 
P(x) = agx? + Qyx? + A,X + ay 4 
P(7) = a,(7?) + a,(7") + a,(7) + a, ‘ 
P(x) — P(7) = ao(x3 — 73) + a,x? — 77) + a,x — 7) + (a, — a) t 
= ag(x — 7)(x? + 7x + 49) + a,(v — 7x + 7) + a,(¥ — 7) ti 
= (x — 7)[ag(x? + 7x + 49) + a,(x + 7) + a] (a 


= (x - Milagx? aa [a,(7) ae als oF en)? SF a,(7) + ll: 
Thus, if you let Q(x) = ayx? + [ag(7) + a,]x + [ao(7?) + @,(7) + a], vou have 


eS oe 


IPG) = Ge WOO) 46 JEG). or ; 
= 7 es = 7 


You can use this argument to prove the following theorem for any 
polynomial of any positive degree in x and any divisor x — r. 


Remainder Theorem | 


For every polynomial P(x) of positive degree 1 over the set of 
complex numbers, and for every complex number r, there exists a 
polynomial Q(x) of degree n — 1, such that 


P(x) = (& — r)Q(x) + P(r). 


Did you recognize the coefficients of Q(x) in the discussion 
preceding the Remainder Theorem? They are the first three ex- 
pressions in the last line of the substitution process shown on page 
323. Because for any polynomial P(x) you can use the svnthetic- 
substitution process to find the partial quotient Q(x) and the 
remainder P(r) that is obtained on dividing P(x) by (x — r), svn- 
thetic substitution is often called synthetic division. 
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EXAMPLE 1 Use synthetic division to divide x3 — 2x? + 3x — 6 by x — 2. 


SOLUTION 2| ho 29 37 Bee 
2 0 uae 
1 03 OO Q@®=x?4+3;R=0 


3 2 RY 
- x° = 2x Jk Bye Da 0 


Cary =e: => x? + 3. Answer. 


A corollary of the Remainder Theorem is the following: 


Factor Theorem 


Over the set of complex numbers, x — ris a factor of a polynomial 
P(x) if and only if r is a root of P(x) = 0. 


PROOF 


If ry is a root of P(x) =0, then by the definition of root, P(r) = 0. 
Therefore, by the Remainder Theorem, 


P(x) = @ — VQ) + PY) = & — NOW) +: 0 = & — YQ) 


and (x — r) is a factor of P(x). Conversely, if (x — r) is a factor of P(x), 
then 


P(x) = (« — r)Q(), so that P(r) = (r — NQ(r) = 0- O(r) = 0. 


This theorem can help you identify factors of polynomials and zeros of 
polynomial functions. 


EXAMPLE 2 Is x —5 a factor of P@)=37 = 30" — Ui? ee 
SOLUTION If P(S) = 0, then x — 5 is a factor. Use synthetic substitution. 


5] 1 -3 Si (ae 
5 10 5 ee 
i 2 22 


".( — 5) is a factor. Answer. 


EXAMPLE 3 Find the zeros of the function P, where P(x) = 2x3 + x? — 6x — 3. 
SOLUTION Plan: Solve the equation P(x) = 0. 


1. Because the coefficients are 2x? + x2 6k en 
integers, use the theorem on Pp 


page 262 to identify possible a € {4, -4,3, -3,1, -1,3, -3} 


F pP 
rational roots, —. 
q 
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2. Use the Factor Theorem and x P(x) F 
synthetic substitution to test 


ee 2 1 —6 -—3 
each possibility. By mentally 1 5 ne 1 
doing the addition steps in a a0, wee 0 ' 


the process, you can arrange 
the work conveniently, as 
shown. 


2PG)=G 4 D222 — 6) =0. 

3. Solve the depressed equation, 2x? — 6 = 0: 
x2=3;x= V30rx= —V3 

.". the set of zeros of P is {—4, — V3, V3}. Answer. 


Whenever r is a root of the polynomial equation P(x) = 0, you find the 
remaining roots by solving the depressed equation P(x) + (x — r) = 0. 


Oral Exercises 
Exercises 1-7 refer to the following synthetic division problem in which 
P(x) is divided by x — r. 
=eeoes 4 0 —11 
—-6 4 — 8 
3 -—2 4 —19 


-_ 


. State P(x) as a polynomial. 

. State the value of r and x — r as a polynomial. 
. State the partial quotient. 

. State the remainder. 

. State the value of P(r). 


. State the division as an equation in the form P(x) = 


(x — r)Q(x) + P(r). 


ao MN & BW NK 


P(x) 


7. State the division as an equation with as its left member. 


Written Exercises 


Use synthetic division to write the given polynomial in the form 
P(x) = (x — r)Q(x) + P(N) for the given values of r. 


ee 3 2: a, Pez bi, PS s ‘Za 


1 \ 
2. P(x) = 4x3 + 7x? — 5x + 6: = | r= -3 ‘ 
3. P(x) = 4x3 — 4x? + 5x — 8: ar=—2 = : 
& IPG) = Oe sb 76 ae ae cb ar=—3 br=i 
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Use synthetic division to divide the given polynomial P(x) by the given 
polynomials x — r. Express the result as an equation whose left-hand 


member is oe) : 
x =i 
15, P(x) = 3x3 — 7x? — 20x + 3: ax +2 b.x—4 
6 PO) = 20° = 62 = 3x — 8: An Se = 3 boeeear 
Tap) =e — ww — 4x — 16: we dk & beer Ue 
Gee = Ay ey 7x? — 5S: ax —3 b. x +4 


Use the Factor Theorem to decide whether or not the binomial given in 
the form x — ris a factor of the polynomial given as P(x). If it is not, 
give the remainder when P(x) is divided by x — r. 

9. x + 3) PO) = 2°46 32° — 2x? Sees 

10) = 2 

Mere 1 Py) es oe 

12. 4 2: PG) = 20° 4x? ee ee 

13. x +4; Pix) = 4x34 12x? + 7x - 1 

14. x — 4; P(x) = 6x4 — 5x3 + 10x? — 1 

For each of the polynomials below, one root is given. Find the other 
roots. 


15. x3 — 5x2 — 2x + 24; 7, = 3 16. x3 + 2x? — 3x —6;r, = -2 
Ieee? — 3x? — Qn 4 33 7, = —1 18. x3 — Sx? 4 — 20 7 

19, 2x3 — 7x? 4 2x 43; 7, = -4 20. 2x3 — 10x? + 9x —4; 7, =4 
Qi 2x? — 7x? + 8x + 12; yr, = 2 22. x¢ — x3 — 32 a 2 


Find the zeros of each function. 


DSP Gm e — x? — 9x + 9 24, P(x) = x0 eo 
Oem — 7x? + 10x + 6 26. P(x) = x7 See ee 
Pimp m—w— 3x° 18x — 8 28. P(x) = 3x4 4+ 5x? + x? + Sx —2 


2oerinduvascoithat x — 2awill be a factomomee w= w1- er — 

30. Find m so that —3 will be a zero of x3 + 2x? — 8x + mm. 

31. Find mso that x? — 2x? + mx + 4willleave aremainder of —2 when 
dividedibye, — 3. 

32. Find m so that x + 1 will bea factor of x?’ + mx — 5. (Hint: Use the 
Factor Theorem.) 

33. Show that if x —7 is a factor of 2x!8 + mx2 — 1, them so is x +7. 


34. Show that if P(@) = ax3 + bx? + cx +d, with a, b, c, and d real 
numbers, then P(ki) is the complex conjugate of P(—ki), for any real 
number k. 
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|programming in BASIC 


You may use ihe theorem on page 262 and the Factor Theorem on page 
328 to help you write a program that will determine the rational roots of a 
polynomial equation with integral coefficients. 


Exercise 


Write a program that will help you find the rational roots of a polynomial 
equation. Study this print-out for solving x? — 7x — 6 = O. 


RUN 


DEGREE OF POLYNOMIAL EQUATION?3 
INPUT COEFFICIENTS IN DESCENDING ORDER. 
a 
20 Z 
a7 
2-6 
TRY FACTORS OF —6 / 1 AS VALUES. 
INPUT VALUE (TYPE 9E+10 TO END)?6 
1 6 29 168 = (6) 
INPUT VALUE (TYPE 9E+10 TO END)?3 
imem2) 0 — FP 3) 
3 IS A ROOT. 
DEPRESSED EQUATION--DEGREE 2: 
TRY FACTORS OF 2 / 1 AS VALUES. 
INPUT VALUE (TYPE 9E4+10 TO END)?2 
eee — Pi 2) 
INPUT VALUE (TYPE 9E+10 TO END)?1 
| 4 6 = em 
INPUT VALUE (TYPE 9E+10 TO END)?—1 
| 2 0 Shean 
—1 IS A ROOT. 
DEPRESSED EQUATION--DEGREE 1: 
TRY FACTORS OF 2 / 1 AS VALUES. 
INPUT VALUE (TYPE 9E+10 TO END)?—2 
| © = es) 
—2 IS A ROOT. 


This program ends if n roots are found (n is the degree of the equation). If 
not all roots are rational, this program can be ended by typing 9E + 10 as 
indicated. 
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9-11 The Fundamental Theorem of Algebra 


Over the set of real numbers a polynomial equation may have no 
solution. For example, x? + 1 = 0 has no real root. But over the set of 
complex numbers it has two roots, namely ¢ and —i. The German 
mathematician C. F. Gauss in 1799 first proved that every polynomial 
equation with complex coefficients has at least one root. This result, 
called the Fundamental Theorem of Algebra, leads to the following 
assertion, which we will accept without proof. 


| Theorem. Every polynomial equation with complex coeffi- 
cients and positive degree n has exactly m complex roots. 


In applying this theorem, you may have to count the same number as 
a root more than once. For example, 5 is a double root of the equation 
x? — 10x + 25=0: 

You recall (page 305) that the imaginary roots of a quadratic equation 
with real coefficients occur in conjugate pairs. Thus, the fact that 2 — 37 
is a root of x? — 4x + 13 = 0 implies that 2 + 3/ is also a root. This 
property is typical of all polynomial equations with real coefficients. 


Theorem. If a polynomial equation with real coefficients has 


a + bias a root (a and BD real, b £ 0), then a — bi is also a root. 


The proof of this theorem is indicated in Exercises 17-19, page 333. 
If you know that 


P(x) = x4 + 4x3 4 124? = 2a 


has the root —2 + i, the preceding theorem together with the Factor 
Theorem enables you to solve the equation. Since the equation has real 
coefficients, both —2+4+i and —2—i are roots. Therefore, both 
x —(—2 +47) and x — (—2 — i) are factors of the left-hand member. 
Since neither of these polynomials is a factor of the other, their product 


(Ke 2) — 2 i eee 
or x? + 4x + 5, must be a factor of P(x) = 0. But 
PO) Ge 44 a eee 


The roots of the depressed equation are i/7 and —i 7; hence, the 
solution set of P(x) = 0 is 


{241 =2= 1,1 7a 
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Oral Exercises 
L/ Two roots of x3 — 2x2 + 3x — 6 = Oare 2and i\/3. What is the other 
* root? 


2. Two roots of x? — 5x? + 7x + 13 =0 are —1 and 3 4 2i. What is the 
other root? 


3. A cubic equation with real coefficients has roots 7 and 2 — i. What is 
the third root? 


4. Acubic equation with real coefficients has roots —2 and 1 — 3i. What 
is the third root? Find the equation. 


5. One root of a quadratic equation is —3i. What is the other root? Find 
the equation. 


6. One root of a quadratic equation is 2 + 7. What is the other root? 
Find the equation. 


i 


Written Exercises 
Gide a polynomial! equation having the given roots. 


AY i 2, —2, 3 2, V3, — V3, -1 3. 2i, —2i, 5 


ene lhes/6, —11/6 Ch arene eee ee een Gree el 2 


In Exercises 7-14, you are given an equation and one or more of its 
roots. Find the other root(s) and factor the equation completely. 


Cee ee a st 15 =O; 1 — 21, —3 Be 5x oe = OF 1, 5/2 
©, Ze? tL Dre® aL Ore oe NG} =] OR By 10. x4 + 9x2 + 20 = 0; —i\5 
eee 7x t+ 15 = 0; 241 12 eto eee lee 20 = 0 — 


B 15. Prove that every polynomial of odd degree with real coefficients has 
at least one real root. (Hint: Use the theorems on page 332.) 


16. Prove that every polynomial of even degree with real coefficients has 
an even number of real roots or no real roots. 


17. For any positive integer k and real numbers a, b, and c, show that 
c(a + bi)* is the conjugate of c(a — bi)*. (Hint: Use the fact that the 
conjugate of areal number is itself, in conjunction with the results of 
Exercise 24 on page 304.) 


C 18. Show that if P(x) is a polynomial with real coefficients, then 
P(a + bi) is the conjugate of P(a — bi), for any real numbers a and 
b. (Hint: Use Exercise 17 above, in conjunction with Exercise 30 on 

page 302.) 
19. Show that if P(x) is a polynomial with real coefficients and 
P(a + bi) = 0, then P(a — bi) = 0, for any real numbers a and b. 


qh een ey? — 107 = 10 = 0; 147 14. x* — 2x3 4 13x2 — 6x + 30 = 0; —iV3 
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programming in BASIC 


Exercise 


BASIC provides a method of defining special functions. This is done by a 
statement of the form DEF FNA(X), where A may be replaced by any letter 
and X is a variable. 


1. This is the beginning of a program which uses a defined function in 
locating integral roots from —10 to 10 of the equation x? — 2x? 4 
4x — 8 = 0. Complete the program and run it. 


10 DEF FNA(X) = Xt3 — 2*Xt2 4+ 4*X — 8 
201 FOR X = 10 1emne 
30 IF FNA(X) = 0 THEN 60 


9-12 Estimates of Real Roots 


Estimates of the real roots of a polynomial equation (or the real zeros of 
a polynomial function) can be found by several methods. First, you can 
consider the graphs of polynomial functions. You have sketched the 
graphs of many first- and second-degree polynomial functions over ®, as 
well as of some power functions (Section 8-1). The following example 
suggests how to get some idea of the shape of the graph of a polynomial 
function of higher degree over &. 


EXAMPLE) Graph P if P(x) = x3 — 3x? + 3. 


SOLUTION Use synthetic substitution x || eS 
to find some values for 
P(x). When these points 
are connected by a smooth 
curve, you obtain the graph 
shown at the right. 


In drawing the graphs of polynomial functions as smooth unbroken 
curves, you assume the following: 


Property of Continuity 


If Pis a polynomial function with real coefficients, and if mis any 
number between P(a) and P(b), then there is at least one number c 
between a and b for which P(c) = m. 


In other words, P takes on every value between any two of its values. 
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In the preceding example, since P(2) = —1 and P(3) = 3, so that 
P(2) < 0 < P(3), there must be a value of x between 2 and 3 for which 
P(x) = 0. By inspecting the diagram, you can see that the graph crosses 
the x-axis at a point whose x-coordinate is approximately 2.5. Thus, an 
estimate of one root of P(x) = 0 is 2.5. 

You can also see that since P(1) = 1 and P(2) = —1, there must be a 
root between | and 2 (approximately 1.4), and since P(—1) = —1 and 
P(O) = 3, there must be a root between — 1 and 0 (approximately —0.9). 
Thus, the equation x? — 3x? + 3 = 0 has three real roots. 

You can obtain a closer estimate of a root by computa- 
tion. By direct or synthetic substitution, you can show that B(26 


Bigs) = —0.125< 0 and Po) = 0296 > 0; 


so that 2.5 <r, < 2.6. Now look at Figure 5, which shows 
the part of the graph of P over the interval 2.5 < x < 2.6. 
Notice that the line segment joining the points 
A(2.5, —0.125) and B(2.6, 0.296) of the graph crosses the 
x-axis at C, which is near the point where the graph itself 
crosses. This suggests that the x-coordinate of C is a fairly 
good approximation of r,. Denoting the coordinates of C 
by (2.5 + h, 0), you have 


slope of AC = slope of AB 


C(2.5 +h, 0) 


0.125 0.421 A(2.5, —0.125) 
oe 41 
h 0.1 
Fi 5 
ee 0103. a7 
4.21 


Thus, r, = 2.5 + 0.03, or 2.53. As a matter of fact, P(2.53) = — 0.008423, 
which is fairly close to 0. This process of approximating a value of P(x) 
by using a line segment is called linear interpolation. 

Nommeancheck that P54) = 0.032264, so that 2.53 < 7, < 2.54. To 
obtain an even better approximation of r,, you can repeat the interpola- 
tion over this shorter interval. The process can be repeated as many 
times as desired, until you have an approximation of a root to any 
number of decimal places. Such repetitive procedures can be pro- 
grammed for a computer. 


Oral Exercises 


For each of the following, state P(a), P(b), and a value c such that 
PAG) = tial. 


1. Px) =4x,;a=1,b6=3,m=8 2 Pw) =3—x:;a=1,b = —1,m =3 
3. Pix) = x? —2;:a=0,b=3,m =6 4 P(x) =x? tla=0,b=3,m=6 
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Written Exercises 


In Exercises 1-10, estimate to the nearest half unit those zeros of the 
function lying between —3 and 3 inclusive. 


1. Px) = x3 — 4x 2. P(x) = x? — 3x? 

Se) oe ee 4, Px) =e 

5. P(x) = x? — x? —6 6. P(x) =x? — 2x*-— 4% + 8 
Tee Oa aI EO & P(x) =x = 3a 

9. P(x) =x? — 2x? —4x4 +7 10. P(x) = x° = 3x7 x 2 


In Exercises 11-12: 

a. estimate to the nearest hundredth the real roots of the polynomial 
between 1 and 2; and 

b. check your answers by using synthetic substitution. 


ll. y=xe—2x —2 12. y =x? — 3x? — 2x + 6 
For each of the following, estimate to the nearest hundredth from the 


graph of y = P(x) a value c, between the given a and b, for which 
XC) = Ia. 


123. Pix) =x? —4,a =1,b=3,m =3 14. PQ) =? 43 Gea == 


15. Write a polynomial of the third degree with integral coefficients that 
has three real zeros all of which are greater than 0.3 and less than 1. 


Self-Test 3 
VOCABULARY polynomial function (p. 322) Fundamental Theorem of Alge- 
synthetic substitution (p. 323) bra (p. 332) 
synthetic division (p. 327) Property of Continuity (p. 334) 
depressed equation (p. 329) linear interpolation (p. 335) 
1. If P(x) = 2x4 + 6x3 — x? + 7x + 4, use synthetic substitution to Obj 1 po22 
find: a. P(—2); and b. P(i). 
2. Use synthetic division to find the partial quotient and remainder Obj, 2, ps 322 
when x? — x? — 17x — 12 is divided by x + 3. 
3. Find all the roots of 2x3 — 7x? +x410=0. Obj7 3, 322 
4. Find all the roots of x+ — 3x + 52 = 0 given that one root is Obj. 4, p. 322 
2 — 31. 
5. Estimate to the nearest hundredth the zero of P(x) = Obj. “Sis 322 


10x? — 8x — 9 between 1 and 2 by linear interpolation. 


Check your answers with those at the back of the book. 
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10. 


A complex number, a + bi, where a and BD are real numbers and i, or 
n= 1, is the imaginary unit, is a real number if b = 0, is an imaginary 
number if b # 0, and is a pure imaginary number ifa =0,b £0. If 
a, b, c, and d are real numbers, then a + bi = c + di if and only if 
=e anc > =e 


. Complex numbers may be added and also multiplied: For all real 


numbers a, b, c, and d, 
(a+ bi)+(e+dij=(at+ec)+(b+d)i; 
and 
(a + bi)(e + di) = (ac — bd) + (ad + bedi. 


The closure, associative, commutative, and distributive properties 
hold for the set © of complex numbers. 

The additive identity element in C is 0 + 01, or 0; for all real num- 
bers c and d, the additive inverse of c + diis —c — di. 
The multiplicative identity element in © is 1 + 01, or 1. 


. From the value of the discriminant b? — 4ac of a quadratic equation 


ax? + bx + c = 0 with real coefficients, a 4 0, you can tell whether 
its roots are real roots or imaginary, complex conjugate roots and 
whether its real roots are rational or irrational, and equal or unequal. 


. To solve a quadratic inequality such as ax* + bx +c > 0,a 40, you 


first find roots, r, and r, r, <r, of ax? + bx +c =0, and then 
eon-igevine mtervals x <1, 7, < x <r, and x >7f,, 


. For any polynomial function P, synthetic substitution (or synthetic 


division) may be used in finding values of P(x) for given values of x. 


. The Remainder Theorem states that for every polynomial P(x), of 


degree n(n > 1), and every complex number r, there is a polynomial 
Q(x), of degree n — 1,such that P(x) = (x — r)Q(x) + P(r). This leads 
to the Factor Theorem, which states that x — r is a factor of P(x) if 
and only if ris aroot of P(x) = 0. The coefficients of Q(x), as well as 
P(r), can be determined by synthetic division. 


. From the Fundamental Theorem of Algebra it can be proved that 


every polynomial equaton of degree n (n > 1) with complex coeffi- 
cients has exactly n complex roots. 


. If a polynomial with real coefficients has a + bi as a root (a and b 


real, b ~ 0), then a — bi is also a root. 


. The Property of Continuity states that if P is a polynomial function, 


and if m is any number between P(a) and P(b), then there is a 
number c between a and b for which P(c) = m. 


If a and b are real numbers and you find P(a) > 0 and P(b) < 0 or 
P(a) < Oand P(b) > 0, then there is at least one root between a and b. 
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Chapter Review 


1. Express \/—81 as a real or pure imaginary number. 
ao ba oP c. —91 dag 


In Review Items 2-5, express the indicated sum, difference, product, or 
quotient in the form a + Di. 


2. (4 — 31) + (7 4+ 21) 


ay Jl ts Sp I, @) ehh @, Il = ¢@ al, Zi = SY 
By (2 oe BY) = (3 = SY) 

a © = Sy ly S = @ = — Sy al, © 3b Sy 
4. (2 + 31)(7 — 21) 

i dleab 2b Gy by, 240) Se 78 @, d= Diy al, 20 = Wh 
» 4 
——— 

1-1 

a 2 = 2 b. 41 —4 @, Bde Ri 6 —=2 = Wy 


6. What is the nature of the roots of the equation 2x? — 4x + 7 = 0? 
a. real, irrational b. imaginary ce. real, rational 
7. Give the sum of the roots of the equation 2x? + 6x — 3 = 0. 
a. 14 b. 3 e. —2 d3=6 
8. Give the product of the roots of the equation 2x? + 10x —5 = 0. 
b. —5 c. —3 d, =2 


a. 


blur 


9. Give an equation for the axis of svmmetry of the graph of 
volo +4247. 


Ay oe Se , SP SS & ced! ay 6 = =! 
10. Find the vertex of the function y = x? — 6x + 9. 

a. (0, 9) b. (3, 0) c. (6, 9) d. (1, 4) 
11. Find the roots of the equation related to 5x > x? — 6. 

a. {—1,6} pees 1 ce. {1, —6} deel ay) 
In Review Items 12-13, let P(x) = 3x3 — 2x2 4x _3. 7 
12. Use synthetic substitution to find P(2). ee mh 


a. —8 bas eo die2 


13. Use synthetic division to write P(x) in the form (x — 2)Q(@) + P(2). 


ace ere dy — 4) 5 
Ce — 2 eee — 4) 3 


bate = 2Gr ee 4h eee 
da = Dee eee 
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9-2 


9-3 


9-4 


9-6 


9-7 


14, Given that —2 +7 is a solution of x3 + 3x? +x —5 =0, find its 
solution set. 


ee 2 bo + 7,2 — 1,1} 0. eee ee 


feeGhapini d(x) = x° — 3x* — 2x + 6 and estimate to the nearest half 
unit any zeros between 4 and —4. 


a — 3,15, 1.5} ht, 1.5, 3} c. {—3, —1.5, 3} 


Chapter Test 
In Test Items 1-6, simplify the indicated expression. 


ih ay ew) 2. ay 


i 


3 (7 sb Di) 42 (3 = By) A (=3 & Wy) =(3 =i) 
: 5 BD ae 
§. 2 + 374 +1) 6. ay 


7. How many real or complex roots does the equation x? + 5x + 2 =0 
have? Explain whether any real roots are rational or irrational. 


8. Solve the equation x? — 4x + 6 = 0 over C. 

9. Give the sum and product of the roots of 3x? + 18x + 2 = 0. 

10. Write a quadratic equation with integral coefficients whose solution 
Semmsn(il 4: \/2,1 — >/2}. 

11. Find a function in the form y = a(x — h)? +k whose graph has 
vertex (3, 7) and passes through the point (2, 9). 

12. Give the equation of the axis of symmetry and the coordinates of the 
Wetiexrol x- 4.41% — 5 = y, and sketch the graph of the equation. 

13. a. Sketch the graph of the equation related to x? — 8x < 15. 
b. Give the solution set of the inequality. 

14. For P(x) = x3 + 3x? — 5x + 2, use synthetic substitution to find 
(a) P(—1) and (b) P(27). 

15. For R(x) = 3x? — 7x? — 20x + 3, usesynthetic division to divide R(x) 
by x — 3. Express the result as an equation whose left member is 
R(x) 
i 3 

Nemsolverx  — 50° = Sx* — 10x + 12 = 0 given? \/2 is a root. 


In Test Items 17-18, answer a. True or b. False. 


17. The function f(x) = x3 — 5x? + 2x + 8 has a zcro between 3 and 5. 


18. The function g(x) = 2x3 + 5x? — 6x — 9 has no zcros between 0 
and 4. 


9-11 


oo 


9-12 
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This muitiple-use auditorium is shown in its concert mode (above) and 
drama theater mode (below). In the concert mode, audience seating is 
expanded, and an orchestra shell is used on stage. In the theater mode, 
a thrust stage extends into the audience, and sets are hung from above. 


Quadratic Relations 
and Systems 


Coordinates and Distances in a Plane 


OBJECTIVES for Sections 10-1 and 10-2: 

1. Deterntine the distance between two points iu a plane. 

2. Determine the midpoint of a line seginent. 

3. Determiue an equatiou of the line perpendicular to a given line and passing 
through a given point. 


10-1 Distance between Points 


On page 58, you saw that the distance between the points having coor- 
dinates a and b on the number line is |b — a|. To determine the distance 
between any two points in a coordinate plane with equal units on both 
axes, you use the following familiar theorem: 


Pythagorean Theorem 


In a right triangle, the square of the length c of f 
the hypotenuse is equal to the sum of the 
squares of the lengths a and b of the other two 
sides: c? = a2 + b?, 


Of course, you should recall that the converse is also true. 
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| Converse of the Pythagorean Theorem 


If a, b, and c are the lengths of the sides of a triangle, and if | 
c2 = a? + b?, then the triangle is aright triangle with hypotenuse of | 


| length c. 
Figure 1 shows two points P,(x,,.,) and P,(x,, ¥,) in the y 
plane, where segment P,P, is not parallel to a coordinate P2(X>. ¥2) 


axis. Then you can construct a right triangle such as the 
one shown, where TJ, the third vertex, has coordinates 
OF). olmce Pe and P,T are parallel to the coordinate 
axes, their lengths are |x, — x,| and |v, — ¥,|, respectively. 
Then, by the Pythagorean Theorem, d(P,, P,) (read “the 
distance from P, to P,”) satisfies 


[d(P,, P,)]? = jx, — x4)? + [2 — PP = G2 — 4)? + On — 9% big ues 


Since distance is a nonnegative number, you have the following: 


EXAMPLE 1 
SOLUTION 


EXAMPLE 2 


SOLUTION 


Distance Formula 


Ae Viy = Ay + Y=” 


Find the distance between P,(—2, 6) and P,(3, 7). 


‘d(P, P,) = VB — =P R@Se2 = V5 r= 


Find the perimeter of the triangle whose vertices are (6, 4), (—3, 1), and 
(9, —5). Determine whether the triangle is isosceles and whether it is a 
right triangle. 


First, make a sketch showing the triangle. Next, use the distance for- 
mula to find the lengths of the sides. 
d(P, P,) = Vi6 — (—3)}? + @ — 1)? 

= \/92 + 37 = 90 = 31/10 
d(P,, P;3) = V(9 — 6)? + (—5 — 4)? 

= V3? + (-9? = V90 = 3/10 
ae) = vo - =v 

= 12? (36? > 65 


Then the perimeter is 3\/10 + 3/10 + 6\/5 = 6V/10 + 6V/5. Since 
adP,, P|) = d@,, P,), the triangleusmsosceles: 
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Also, since (3\/10)? + (3/10)? = (6/5), the converse of the Pythago- 


rean Theorem assures us that the triangle is a right triangle. 
’, the perimeter is 6\/10 + 6\/5, and the triangle is an isosceles right 
triangle. Answer. 


An immediate consequence of the distance formula is the following 
formula for the midpoint of any line segment. 


Midpoint Formula 


The midpoint (/) of the segment with endpoints P (Mr yy) and 
Pc) 1s 


ai aa) 8G x2) 
? 5 . 


You can prove this formula as follows: 
If d(P,, M) = d(M, P,) = 4d(P,, P,), then M is the midpoint y 
of P,P,. Using the distance formula you find that: 
X, +x g + ¢ 
ae M) = GL — “4 -- = a -»] 
2 2 
= 2-44) ol 
=f (Pal ee 


=4V(x, — x,)? + (y2 — y)? 


Po(X>, Y>) 


BGleeee? Waugel a 
a amma?) 


x a x 2 ak 2 
d(M, P,) = (x, a 132) x (v. z a 
=a 
= /(254) + (252) = Wea tO 


Since d(P,, P,) = V(x, — x,)? + (y, — y,)%, you have 
Ce tebe, and d(M, P,) = tal?,, P,). 
‘. M is the midpoint of P,P,. 


Oral Exercises 


Give the coordinates of the midpoint of the line segment with the given 
endpoints. 


1270) 5 (45 6) Pet 3, 1) (3,29) S22), (3, 1) 


4. Given that (0, 0) is the midpoint of a segment one endpoint of which 
has coordinates (a, b), find the coordinates of the other endpoint. 
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Written Exercises 


Find the length of the line segments with the given endpoints. Express 
all radicals in simple form. 


G52, 5) 2. (4 Sac) 3, (2) 4ibee) 
(3), G/ (-1, 4), (—2, 6) 6. G, 4) ae) 
Th 8) 8. (= ee 3) 9. (a, b), (b, a) 


10-12. Verify that the midpoints calculated in Oral Exercises 1-3 are 
equidistant from the endpoints of the segments. 


In Exercises 13-16: 

a. sketch the triangle whose coordinates are given; 

b. state whether the triangle is isosceles and, if so, give the lengths of AN 
the equal sides; O 

c. state whether the triangle is a right triangle and, if so, write an 
equation relating the lengths of the legs to that of the hypotenuse. 

13. A(0, 0), B(4, 3), CU, —1) 14. A(—5, 3), B(—1, —3), C(5, 1) 

15. A(—2, 1), B(4, —1), C6, 2) 16. A(—3, 4), B(2, —1), C(-4,3 


Find the coordinates of F if M is the midpoint of FG. 
Wi, 2))'Go,) 18. M(—1, 3); G(2, —2) 
19. M(, —3); G(4, —7) 20. M(a, b); G(a+c,b—a) 


In \XYZ, whose vertices are given, find the length of the median to side 
XY. Recall that the median to a side of a triangle is the segment joining 
the midpoint of the side to the opposite vertex. 

Ble X(—3, 5); ¥(9) 2); Z(— 2 ae 2 FK2, —5); YB, —3)) Zia) 
23. Show that the distance between P,(a, c) and P,(b, c) is |a — 5]. 


24. Show that the distance between P,(a, 0) and P,(b, 2\/ab) is |a + DI. 
25. Show that if M(p,q) is the midpoint of AB, with A(r, s), then the 
cCoomdinates of B are Qp — 7, 2gn=agy 
26. Find all values of x such that the distance between A(1, —5) and 
BCD is 13 units. 
G Find an equation whose solution set consists of those points (x, y) 
equidistant from (—2, 3) and (4, —1). 


28. The coordinates of the vertices of a parallelogram are A(0, 0), B(a, 0), 
C(a + b,c)and D(b, c). Show that the diagonals of the parallelogram 
bisect each other. 


29. Show that if A(r, mr + b), B(s, ms + b), and C(t, mt + b) are three 
points on the graph of y = mmx 4+ b, with r<s <t, then d(A, B) + 
AB, C) = de). 
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10-2 Perpendicular Lines 


You know, of course, that two lines intersecting at right 
angles are called perpendicular lines. For example, every 
horizontal line in a plane, such as the graph of y = 2 in 
Figure 2, is perpendicular to each vertical line, as, for 
example, the graph of x = —3. 

If neither of two perpendicular lines is vertical, you can 
use the Pythagorean Theorem and its converse to establish 
an interesting relationship between their slopes. Figure 3 


shows two lines L, and L,, with equations Figure 2 
y=m1,X + De 
y=N1s 55, 


and intersecting at P(x,,y,). Since P(x,,y,) lies on both 
lines, the points 

T(x, + ly, +01,) he a 
and ‘ 


T(x, + lry, +01,) 


Tolx, +1, Vv; +m,) 


must lie on L, and L,, respectively. The points P, T,, and T, 
are then the vertices of a triangle. If, now, the lines L, 
and L, are perpendicular, triangle PT,T, is a right triangle, 


with right angle at P. Thus, by the Pythagorean Theorem, y=M2x +b, 


(d(T, T,)]? = (d(P, T,)}? + (dP T,) 72 Figure 3 


(m, — m,)? = (1 + mj) + (1 +m) 
mi —2mym,+m5=24+mi4+m 
—2m,m, = 7 


mtum, = —1 


Conversely, suppose that, for nonvertical lines L, and L,, the slopes m, 
and m, are such that m,r1z, = —1. In this case, L,; and L, cannot be 
parallel, because for parallel lines, m, = m,, and mym, = —1 would 
imply m? = —1, a statement that is false for every m1, © ®. Hence, L, 
and L, must intersect at some point P(x,, )’,). If points T, and T, are now 
determined as above, 


(d(T,, T,) ? = m? — mnt, + m3 = mj — 2A—1) + m3 
m? +2+m3=(1 + mj) + (1 +m). 
. (d(T, TP = [d(P, T)P + [a(P, TDY. 
By the converse of the Pythagorean Theorem, then, L, and L, must be 
perpendicular. 


Summarizing the foregoing arguments, you have the theorem at the 
top of page 346. 
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Theorem. 


Notice that 


the product of their slopes is —1. 


Two nonvertical lines are perpendicular if and only if® 


mm, = —1 implies that 


m,=—-— and m,=-—. 


The slopes of perpendicular lines are negative reciprocals of each other. 


EXAMPLE 


SOLUTION 


Oral Exe 


State the slop 
given. 


Find an equation of the line passing through (—2, 5) that is perpendicular 
to the graph of x = 3y 7, 


Transform the given equation to slope-intercept form (page 86), 
Ve 
from which the slope of its graph is seen to be 4. Any line perpendicular to 


the graph of the given equation will then have slope — 1 or —3. Use the 


ag , 
3 
slope-intercept form y = mx + b. Let m = —3, x = —2, and y = 5 to 
solve for b. 
a 2) 
1 
.. the equation of the line is y = —3x — 1. Answer. 
rcises 


e of a line perpendicular to the line whose equation is 


lLy=2k—-3 By=—-4x +5 3.9 Sere 7 4 6-2) 
OS 
Written Exercises ww — 


Find an equation of the line passing through the given point and ¥ 


perpendicular 


to the line with the given equation. 


1. 2y =x — 6; (4, —1) 2. 3y + 2x = 5; (—2,5) 
Bron 3S = 2y; (1073) 4. 2y = 3x + 1; (-4% -? 


Find an equati 


on of the line containing C and perpendicular to the line 


passing through points A and B. 
5. AGMyeBee 3, 4), C(—22) ” 6AGNI B(—6, 7), Gtaeees) 
7A =4 = a8 (—1, 3), Cag) 3 AG), B(=2 5) Cea 
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~ 
ee 


Find an equation for the perpendicular bisector of the line segment with 
the given endpoints. Recall that the perpendicular bisector of a seg- 
ment is a line passing through the midpoint of the segment and per- 
pendicular to the line containing the segment. 


9. (3, —7), (1, 9) 10. (4, — 3), (8, —11) 
mee (4, 5), (—1, 2) 12. (4, —$, 39 


Prove that the quadrilateral with vertices A, B, C, and Dis arectangle by 
showing that its opposite sides are of equal length and that one pair of 
adjacent sides is perpendicular. 


134 A(—3, 0), B(3, 3), C(1, 7), D(—5, 4 
14. A(—6, —1), B(O, —5), C(2, —2), D(—4, 2) 


15. Consider the parallelogram with vertices (0,0), (Va? + b?2, 0), 
(7 4 2p a), and (Db, a). 
a. Show that it is a rhombus by showing that its sides are of equal 

length. 

b. Show that its diagonals are perpendicular. 

16. Find an equation of the perpendicular bisector of the line segment 
joining (2a, 0) and (0, 2b). 

17. Show that the median to side BC in the triangle with vertices A(a, a), 
B(a + 2b, a + 2c), and C(a + 2c, a + 2b) is perpendicular to BC. 


18. Show that if the triangle with vertices A(a, 0), B(—a, 0), and C(r,s), 
a > 0, is a right triangle with right angle at C, then d((0, 0), C) = a. 
(Hint: Use the slope relationship for perpendicular lines to show that 
as? = a’) 


Self-Test 1> 


Sa 
VOCABULARY Pythagorean Theorem (p. 341) 
distance formula (p. 342) 
midpoint formula (p. 343) 


1. Find the distance between P,(4, —2) and P,(7, 3). 

2. Find the midpoint of the segment with endpoints (—2, 4) and 
(—4, —8). 

3. Find an equation of the line containing (—1, 3) and perpendicu- 
lar to the line through the points (2, 0) and (3, —2). 


Check your answers with those at the back of the book. 
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eS 
5G 


Obj. 1, p. 341 
Obj. 2, p. 341 


Obj 3, p. 341 


Graphing Quadratic Relations 


OBJECTIVES for Sections 10-3 through 10-7: 

1. Sketch graplis for second-degree sentences in two variables. 

2. Write equations for circles, parabolas, ellipses, and liyperbolas, given appro- 
priate properties of these curves. 

3. Find a set of values in an inverse variation, given appropriate information. 

4. Apply inverse variations to solve simple word problems. 


10-3 Circles 


Can vou find an equation for the circle with center at (3, 2) 
and radius 5? You can if you recall that in a plane, a circle 
is the set of all points at a given distance, the radius, froma 
given point, called the center of the circle. 

By the distance formula, for each point (x, y) on the 
circle (Figure 4), you have 


VG@ — 3)? + (y -— 27 =5, (7) 


@ = 3)? 4 @ =] 2) = (2) Figure 4 


Conversely, if (2) is satisfied then so is (/), and the distance from (3, 2) to : 
(x, y) is 5. Hence (2) is an equation of the circle. 
In general, you have: 


or 


An equation of the circle with center (4, k) and radius r(r > 0) is 
(x — hy? + (vy — bP =r? 


If the center is the origin, then an equation of the circle is 


x? + y? =r. 


Notice that (x — 3)? + (y — 2)? = 25 is equivalent to 
x? 4537 — 6x —4y —12=0. 
This is an example of the fact that (x — h)? + (y — k)? = r?is equivalent 
to an equation of the form 
x? 4. y? oor 


where a, b, and c are real-number constants. If you are given an equa- 
tion of a circle in the latter form, you can transform it to an equivalent 
equation in the form (x — h)? + (y — k)? = r? by completing the square 
(page 286) twice, once for x and once for y. 
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EXAMPLE Sketch the graph of {(x, y): x? + y? + 6x — 2y — 6 = 0}. | 
SOLUTION Add 6 to each member and group the terms involving x and y. 
(x? + 6x ) + (y? - 2y )=6 


Complete the square in x by adding ($)? = 9 
to each member and the square in y by 
adding (— 4)? = 1 to each member. 


(x? + 6x +9) + (y? — 2V +1) =649 41 
(x+3)? + (y—-1% = 16 


From the resulting equation, it is evident by 
inspection that the graph is a circle with 
center (—3, 1) and radius 4, as shown at the 
right. Answer. 


Oral Exercises 


Find the radius and the center of a circle with the given equation. 


1. @ — 2)? 4+ (y —- 3)? =7 Es GS Se Ly a Be 1 
3. x7 + (y — 8)? = 81 4. x74 (y + 2)? =8 
ae ey 49 6. (x + 4)? + (y + 7) =2 


Written Exercises 


Find an equation of the form x? + y? + ax + by + c = Oforthe circle 
with the given center and radius. 


1. (0, 0); 7 a (3, Ws 2 3. (—2, 5); 4 4. (—3, —1); 5 

ames) 2 G1); 2 7G bea 8.5(—4,) 0); 4d 0 
Write the given equation in the form (x — h)? + (y — k)}* = r2, give the 
center and radius of the circle defined by the equation, and sketch its } 
graph. \ 
9. 2x2 + 2y? = 18 10. x? + y? — 4x = 0 
11. x27 + y? + 6y =0 12. x? + y? — 6x — By = 
13. x? + y? + 2x —4y —4=0 14. x? +y?+ 6x + 2yv+6=0 . 
15. 2x? + 2y? + 2x — 6y —-3 = 0 16. 4x? + 4y? — l6x — 12y + 21 = 0 
Find an equation of the form x? + y? + ax + by + c = Ofor the circle ; 
with center C and passing through the point P. L 
17. C(2, —1); PO, 3) 18. C(—2, 3); P(—2, 7) 
19. C(k, 0); P(2k, 0) 20. C(r, s); PO, 0) 
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Find an equation for a circle with a diameter having the given end- 
points. (Hint: The midpoint of a diameter is the center of any circle.) 


21. (3,5), 3, 1) 202, 2) ae) B30 2; 1 (Gag) ree) 23) GL, 6) 


25. Find an equation for the circle with center at (3, —2) and tangent to 
the y-axis. (Hint: The tangent line to a circle is perpendicular to the 
radius drawn to the point of tangency.) 

26. A circle with center at the origin passes through (—3, 4). Find an 
equation of the tangent line at this point. 

27. The circle defined by x? + y? + 4x — 21 = 0 passes through (1, 4) 
and (3, 0). 

a. Prove that the chord with the given endpoints is perpendicular to 
the radius that passes through the midpoint of the chord. 

b. Prove that the radius perpendicular to the chord passes through 
its midpoint. 

28. Find an equation of the circle passing through (4, 0), (—4, 0) and 
(0, 8), using the general equation x? + y+ ax + by +c =0. 

29. Show that the set of all points (x, y) whose distance from the point 
(8, 0) is twice as great as their distance from (2, 0) is a circle, and give 
the center and radius of the circle. 


~ 
‘ 


/ Ea ee 
10-4 Parabolas ‘K pa. ‘ 


~ 


In the preceding section, you saw that an equation can be found for the 
set of points called a circle. Equations can be found for other sets of 
points. Consider, for example, the set consisting of every point P whose 
distance from a fixed point, called the focus, is equal to the perpendic- 
ular distance from P to a line, called the directrix, that does not contain 
the focus. A curve consisting of a set of points satisfying these condi- 
tions is called a parabola. 

To find an equation for the parabola with focus F(0, 4) and directrix 
the line L with equation y = —2 (Figure 5), you have 


Gia — Vix — 0) ty — 4)2 
d(P, L) = |y — (—2)|, 


from which: 


ee MB | = Vx? + Sa 
| ONS ES ty £2? = V7 + = 4? 
: (y+ 2 =x? + (y — 4)? 
y? + 4y +4 =x? + y? — By + 16 
‘te 12y =x? + 12 
ad y=yp? +i 
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Thus, the set of points described above is the graph of the 
quadratic function 


{(x, y): y = yx? + 1}. 
Using the methods of Section 9-6, you can plot its graph as 
pictured in Figure 5. 

The table at the right suggests that the graph is symmet- 
ric with respect to the line with equation x = 0, that is, the 
y-axis. In fact, since (—r, t) satisfies the equation of the 
function whenever (r, t) does (recall page 256), the y-axis is 
the axis of symmetry, or simply the axis, of this parabola. 
The point V(0, 1), where the parabola intersects the axis is 
called the vertex of the parabola. 


a 1 

Similarly, you can show that an equation for the parab- : - 

ola with focus F(3, 2) and directrix the line L with equation Sols 
x = —lis 01 4 

r Dae 

x =[3(y — 22 +1, ° 

4| 24 


whose graph is shown in Figure 6. The vertex of this 
parabola is the point V(1, 2), and the axis is the line with 
equation y = 2, as suggested by the table below Figure 6. 

From the definition of a parabola and Figures 5 and 6, 
can you explain why the vertex is the midpoint of the 
segment of the axis between the focus and the directrix? 

The parabola with vertex V(h,k) and the line L with 
equation y = k — m, m # 0, as the directrix is the graph of 
the relation 


1 
ie (17), 
y Tig 


Similarly, the parabola with vertex V(h, k) and the line L 


with equation x = h —m,m # 0, as directrix is the graph ay. 
of the relation 

S 6 

1 : 1 4 

—h =—(y —k)?. re 

Xx an (y ) - ; | : 
(See Exercises 21-23 on page 353.) “ 13/ 0 
In general, a parabola whose equation is of the form ans | 29 


yoa(x —h)? +k or x=a(y —k)? +h 
has vertex V(h, k) and axis of symmetry 
ae == In or See 


respectively. If a > 0, the graph opens upward or to the right; if a < 0, 
the graph opens downward or to the left. 
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If you are given an equation of the form 
Se 5 lye Ske or x =ay? + by +e, 


you can sketch the curve more readily by completing the square in the 
squared variable and comparing the resulting equation with the infor- 
mation above. 


EXAMPLE Sketch the graph of {(x, y): x — 3 = 2y — y*}. 
SOLUTION Complete the square in y: 


—x+3=y%-2y 
=*44+3+1=3)_2 
—x+4=(y- 1) 
ee —(y — 1)2 + 4 
Comparing this with relations on page 35], 
you see that the vertex is V(4, 1), and the 
axis is the graph of y = 1. Since a = —1, 
and —1 < 0, the equation has a graph that 
is a parabola opening to the left. 


Oral Exercises 
Find the vertex and the axis of symmetry of the given equation. 


ey 2 3) 8 2. 9 = 74a + 4 6 — Shee 
4.x =4y — 1)? +2 5 x=] 37° — 6 6.x =5(y + 3)? +7 


Written Exercises 


Rewrite each equation in one of the standard forms y = a(x — hy? +k 


ZL 


a 


or xX = a(y — k)* +h, and sketch its graph. yh 
1. y = (x? — 4) (a)x = 2(2 - y?) 
Ge x = y* — by + , a See Ie 
Bey = ix? — ox ie » A@-x = —hy? + dy 
7. y = 2x? — 12x + 14 p BJ x = 3y? + by —2 
9 y= —4hx*7+ 4% -9 Be io.) 4x = y*- 6y +1 
lk x =24 Vy —3 12.yS=—-34+ (ep 
(Hint: In Exercises 11-12, you must restrict one of the variables.) 
Find an equation of the form y = ax* + bx +corx =ay?+by+c 
for the parabola with focus F and directrix having the given equation. 
13.7 (0,3); y=—1 14. F(2, 4); y =2 15. F(2, 3); x = —2 
16. F(—5, 2); x = -1 17. F(2,3); y =4 18. F(3, 3); x =3 


= 
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C 19. Find an equation of the parabola with vertex (4, —14) and directrix 
having the equation y = —4. 
20. Find an equation of the parabola with vertex (3, —#) and focus 
1, —3 . 
21. Verify that the parabola with focus F(0, m) and directrix with equa- 


1 


tion y = —m is the graph of y = Te 
m 


22. Verify that the parabola with focus F(m, k) and directrix with equa- 
tion x = —m is the graph of x = Le =e 
4m 
23. Verify that the parabola with vertex (h, k) and directrix with equation 
y =k — mis the graph of y = a(x —h)*? +k. (This shows that if 
m 


m is the distance between the focus and the vertex or between the 
1 


vertex and the directrix of a parabola, then a = 7) 
1} 


24. Show that the parabola with focus (4, k + m) and directrix with 
equation y = k — m passes through the points (4 + 2m, k + m) and 
(i — 2m, k + m), and that the line segment joining these points has 
length 4|m|. 


10-5 Ellipses 
The path traversed by a planet as it revolves about the sun 
is a plane curve called an ellipse, which is defined as 
follows: In the plane, the set of points for each of which 
the sum of the distances from two fixed points is a given 
constant is an ellipse. Each of the fixed points is a focus 
(plural: foci) of the ellipse, and the distances from these - p 
points to a point P on the curve are called focal radii of P ae 
(Figure 7). The point C bisecting F,F, is called the center, / =< 
of the ellipse. This definition suggests that a sketch of an , 
ellipse may be made by fastening a piece of string at the 
points F, and F,, stretching it taut with a pencil at point P, Figure 7 
and drawing the curve. 

To find an equation for an ellipse with foci F,(—4, 0) and 
F,(4, 0) and d(P, F,) + d(P, F,) = 10 (Figure 8 on page 354), 
you have: 


APF) = Vix—(-91 + 0 — 0? = Vata? g ye 
d(P, F,) = V(x — 4)? + (vy — 0)? = Vix — 4)? + y? 
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Since d(P, F,) + d(P, F,) = 10, it follows that 


Vix + 4)? +92 + V& — 4)? + y? = 10, 
VO4+ 4)? + 5? = 10 ee 


Squaring each member and simplifying, you obtain 
(x +4)? + y? = 100 — 20Vxe — 4? +9? + — 4 + y?, 
4x — 25 = —5 VG 24a 
Again squaring and simplifying, you find that: 
16x? — 200x + 625 = 25[(x — 4)? + y?] 
Ox? 25) ee 
Pgs 
2 9 


or 


Thus, the ellipse described is the graph of the relation 


42 ae 
yi t+ Sm = 1}. 
G aor S 
You can verify that the equation is satisfied by the coordinates of these 
points shown in Figure 8: V,(—5, 0), V,(5, 0), M,(0, 3), M,(0, —3). Thus, 


the x-intercepts are —5 and 5; 
the y-intercepts are 3 and —3. 


Also, since (r, —t) and (—r, t) satisfy the equation whenever (r, t) does, 


the curve is symmetric with respect to both coordinate axes. 


oe ae 
The graph of == + > = 1can be sketched by plotting the intercepts and 


a few additional points obtained from y = +225 — x?, as shown in the 
adjoining table. The graph is pictured in Figure 8. 

Do you see that the curve contains only points for which |x| < 5 and 
ples 3? 

In general, you can show (Exercise 21, page 356) that: 


The ellipse with center at the origin, foci (c, 0) and (—c, 0), and the 
sum of the focal radii for each of its points the constant 2a, where 
a> c, is the graph of the relation 


Be 


{ox y): a + aa = (1:) 


where b? = a? — c?. It has x-intercepts a and —a and j-intercepts 
b and —b. ; 
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(i 
aig” 


Figure 8 


P(x, y) 


le 


35) 
3) 
5 

Alva 
5 


Ip Ih 


ono 


If the foci are on the y-axis, you can verify (Exercise 22, page 356) the 
following. 


The ellipse with center at the origin, foci (0, c) and (0, —c), and the 
sum of the focal radii for each of its points the constant 2a, where 
a > c, is the graph of the relation 


(ye = i}, (2) | 


where again b* = a? — c’. Here the x-intercepts are b and —b, and | 
the y-intercepts are a and —a. 


In éach case, the ellipse is symmetric with respect to both the x-axis 
and the y-axis. Notice also that a > b. 

As you can verify, for an ellipse with an equation of either form (/) or 
form (2) above, 2a and 2b represent the distances between intercepts. 
The segments of length 2a and 26 cut off on the axes by the ellipse are 
called the major axis and minor axis of the ellipse, respectively. In 
Figure 8, the major axis is V,V,, and the minor axis is M,M,. 


EXAMPLE Sketch the graph of {(x, y): x? + 9y? = 36}. 
SOLUTION Divide both members of x? + 9y? = 36 by 36 to obtain 


x? a 


Since 36 > 4, this is of the form (1). Then, by inspection, 
the graph is an ellipse, and: 


1. It is symmetric with respect to both axes. 


2. The x-intercepts are 6 and —6. £ re 
3. The y-intercepts are 2 and —2. 
From y = 4/36 — x’, you can find the : 


first-quadrant points shown in the table. By So 
symmetry, you can find corresponding ~ 
points in the other quadrants and sketch eR 
the graph as shown. 


In the preceding example, the foci are on the x-axis. Since you know 
that c2 = a? — b2 = 36 — 4 = 32, it follows that c = 32 =4V2, and 
the foci are (4/2, 0) and (—4 V2, 0). The foci are not used in sketching 
the graph. A right triangle with sides a, b, and cis shown in the figure for 
the example above. 
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Oral Exercises 


Find the coordinates of the foci of the ellipse wnose equation is given. 


x? Na x? se Ve 
i, —= =] 2. — —-] 3. 2 — = || 
i 8 16 25 oe oe) 
2 x? v2 x2 a 
4. — 2-1] 5 — = 6. = 1 
2 25) 168 169 * 144 
Written Exercises 
Graph each relation and give the coordinates of the foci. 
1-6. Use the relations in Oral Exercises 1-6. 
@. 25x05 ay? = 100 8. Oxo eo Oe? Oy aS 
10. 9x? + 16y? = 144 11. 2572 -eley* 100 12) 2532 Oy = 5 


In Exercises 13-18, find an equation for the ellipse with axes on the 
coordinate axes and with the given characteristics. 
EXAMPLE Major axis of length 10; foci at (3, 0) and (—3, 0). 


SOLUTION _ Since the major axis has length 2a, you have 2a = 10, ora = 5. Since one 
focus is at (3,0), you have c = 3. Then b? = qa? —c?; so b? = 25 — Y, 


and b = 4. 
bee y2 
35 + 16 = || Answer. 


13. Foci at (8,0) and (—8, 0); y-intercepts 6 and —6. 

19; Major axis of length 22; x-intercepts 7 and —7. : 

15. Minor axis of length 8; foci at (0, 3) and (0, —3). < 

16. Sum of focal radii 16; y-intercepts 5 and 5. 

17. Sum of focal radii 12; foci at (0, 11) and (0, — VID. 

18. Major axis of length 20; foci at (5 V3, 0) and (—5 V3, 0). 

19. Find the equation of the ellipse with foci (—4, 0) and (4, 0) that passes 
through the point (3, \/15). (Hint: Find the sum of the focal radii.) 


20. Consider the set of all points (x, y) whose distance from the line y = 8 
is twice their distance from the point (0, 2). Show that this set is an 
ellipse by finding a relation expressed in the standard form for an 
ellipse that defines this set. 

21. Use the method shown on pages 353 and 354 to derive an equation of 
the ellipse with foci (c, 0) and (—c, 0) and sum of focal radii 2a. 


22. Repeat Exercise 21 for the ellipse with foci (0,c) and (0, —c) with 
sum of focal radii 2a. ‘h - 
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Careers —= 
in Architecture 


Almost every modern building is planned and designed by 
architects. In designing a structure, architects must make 
sure that, in addition to meeting their client’s require- 
ments, the structure will be safe and attractive. The archi- 
tects first make preliminary drawings of the floor plan and 
the exterior and interior details of the building. They then 
meet with their client to decide on a final design for the 
structure. This final design is used to prepare working 
drawings. Consulting engineers usually prepare detailed 
drawings of the plumbing, electrical connections, and cli- 
mate-control systems. The architects advise and represent 
their client in dealing with the building contractor. They 
also visit the construction site periodically to see that the 
design and specifications are being followed. Architects 
are involved in all the stages of creating a structure, from 
the first sketches to the completed building. 


> o\ 
EXAMPLE An architect is designing a house which will 
be 10m long and 8m wide. A scale drawing of the floor 
plan is 30cm by 24cm. In the drawing, find the dimen- 
sions representing a 4.2m  X 5.5m living room. 


The architect and engi- 
neer (above) work on 
the design of a new 
building. A model 
(below) shows a design 
concept in three 
dimensions. 


hed) ey > ur 1 


SOLUTION 1m = 100cm,so 10m = 1000cm. Using the 
proportion 


actual size = 1000 
drawing size 30 ’ 
we have 
420 = 1000 pad eel) = 1000 
Ww 30 l 30 
Solving: 
— 420-30 _ Bedroom 
1 = Sagoo t 12.6 cm 
550 : 30 
is =H 2 i6, 
1000 16.5 cm 


Bedroom 


10-6 Hyperbolas 


Just as in Section 10-5 you used the sum of distances between points to 
define an ellipse, so do you use the difference of such distances to define 
another curve. Consider the set of points in the plane such that for each 
point, the absolute value of the difference of its distances, called the 
focal radii, from two fixed points, called the foci, is a constant. Such a 
set of points is a two-branched curve called a hyperbola. 

To obtain an equation for the hyperbola with foci at 
F\(—5,0) and F,(5, 0) and with focal radii differing by 8 
(Figure 9), you can begin by expressing the fact that for 
any point P(x, y) on the hyperbola, either 


fe =(—5))" + y? — VS seea 
or Figure 9 


Vix —(-5)]* +92 - V@ -— 5)? + y2= - 


In either case, the squaring process you used to obtain the equation 
for an ellipse (page 353) can be applied to obtain 


2 52 
2 an 
a 


By inspection, you can see that the graph of this equation: 


(1) Is symmetric with respect to both axes. 
(2) Has x-intercepts 4 and —4. 


It has no y-intercepts, since if you solve the equation for y 
in terms of x, you obtain 


i +3 Vx? — 16, 


from which it is evident that the curve has no points for 
which |x| < 4. 

Using the foregoing facts, and constructing the brief 
table of first-quadrant values shown, you can sketch the 
hyperbola in Figure 10. 

As you can see in Figure 10, the graph lies entirely within 
two of the regions determined by the diagonals of the 
rectangle that is bounded by segments of the lines with 
equations 


aa x=4 j= 3; and i — en 


These diagonals are called asymptotes of the hyperbola 
and have equations 


Figure 10 


v=-x and) jo =>. 


For a given value, x, > 0, of x, the difference between the ordinate of a 
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. 


Dhol ie ob 


point on the asymptote in Quadrant I and the ordinate of the corre- 
sponding point on the curve is given by 


ee et = 16 = (Gx, — Ax} — 16)Gx, + 3Vx? — 16) 
3x, + 4x} — 16 

_ Tax? ett — ro(*T — 16) — 16) 

i ax, + 25 ee 

Zz 36 

3x, + 3x? — 16 


pebreu) i 


As you can see, the greater x,, the less the difference in ordinates, and for 
increasing values of x,, the curve approaches closer and closer to the 
asymptote. By symmetry you can see that the corresponding situation 
holds in each of the remaining quadrants. 


‘ 
- 


In general, you can show (Exercise 23, page 362) that: 


If (—c, 0) and (c, 0) are foci of the hyperbola for which the absolute 
value of the difference of the focal radiiis the constant 2a > 0, then 
the hyperbola is the graph of the relation 


(ie: 5-35 = 1}, (1) 


b2 


where b? = c* — a*. The equations for the asymptotes are 
b b 
=—x and >= ——x. 
13a 3 a 


Similarly, you can show (Exercise 24, page 362) that: 


If (0, —c) and (0, c) are foci of the hyperbola for which the absolute 
value of the difference of the focal radii is the constant 2a > 0, then 
the hyperbola is the graph of the relation 


Pu oa (2) 


where b? = c? — a2. The equations for the asymptotes are 


Ve on and — —= 
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EXAMPLE Sketch the graph of {(, y): x? — 4y? = 36}. 

SOLUTION Divide each member by 36 to obtain 

eee 

=—-s=l. 

36 S) 

Comparing this with Equation (/) above, you see that a = 6 and b = 3. 
Then, by inspection, you can determine that: 


(1) The graph is symmetric with respect to both axes. 
(2) The x-intercepts are 6 and —6. There are no y-intercepts. 
(3) The asymptotes are the graphs of y = 4v and y = —4x. 


First sketching the asymp- 
totes and identifying the 
intercepts, you have the 
graph shown at the right. 
A right triangle with sides 
measuring a, b, and c is 
also shown in the figure. 


For hyperbolas with equations of the form (/) or (2) above, the origin 
is called the center of the hyperbola, the points of intersection of the 
branches of the curve with a coordinate axis are the vertices, the 
segment of length 2a of a coordinate axis between the intercepts is the 
transverse axis, and the segment of length 2b of the remaining coordi- 
nate axis with each endpoint a distance b from the origin is the conju- 
gate axis (Figure 11). 


Figure 17 


The circle, ellipse, parabola, and hyperbola are called conic sections 
because each can be formed as the intersection of a plane with a conical 
surface of two nappes (see Figure 12). (It is assumed that such a conical 
surface extends indefinitely.) A point, a line, and a pair of intersecting 
lines are sometimes called degenerate conic sections. 
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Epa Gaal aie <P> 


De ON » 


ee 


Right circular Circle Ellipse Parabola 
conical surface (Plane perpendicular (Plane oblique to (Plane parallel 
(of two nappes) to the axis, cutting the axis, cutting to an element) 
one nappe) one nappe) 
LT : 
AN - 
Gi 


Hyperbola Point Fic line Pair of intersecting lines 
(Plane cutting (Plane cutting (Plane tangent (Plane through the axis) 
both nappes) only at ee an element) 

the vertex) 
Figure 12 


) 


Oral Exercises 


Give the equations of the asymptotes to the hyperbola whose equation 


is given. 

, Bo. ge aa 
64 36 9 16 16 4 
x2 We x2 2 

a 5 al mee — -— =1 
7 25 25 . «616 


Written Exercises 


In Exercises 1-12, 

a. draw the rectangle whose diagonals are the asymptotes of the 
hyperbola and draw the asymptotes themselves; 

b. sketch the hyperbola; and 

c. give the coordinates of the foci. 


4 


A 3-6. Use the relations in Oral Exercises 1-6. 
Tere — 3y* = 48 8. 4y?2 — 25x? = 100 9 16x? — 9y? = 9 
10. 16y? — 9x? = 324 11. 5x? — 20pee 00 12, 3y? —"7an? = 225 


Quadratic Relations and Systems | 361 


—" 


In Exercises 13-18, find an equation for the hyperbola with axes on the 
coordinate axes and with the given characteristics. 


EXAMPLE Foci at (4, 0) and (—4, 0); absolute value of difference of focal radii 6. 


SOLUTION _ Since the absolute value of the difference of the focal radii is 2a, you have 
2a = 6, or a = 3. Since the foci are at (4,0) and (—4, 0), c= 4. Then 
ho = eee 
BAe = 32 
= l6— 9 = 7. 


13. Foci at (0,5) and (0, —5); one vertex at (0, 4). 

14. Length of transverse axis 4; foci at (7, 0) and (—7, 0). 

15. Conjugate axis of length 10; one y-intercept is 8. 

16. Foci at (11, 0) and (—11, 0); absolute value of the difference of focal 
radii 14. 


17. Endpoints of the conjugate axis (4/2, 0) and (—4 v2, 0); foci at (0, 8) 
and (0, —8). 


18. One vertex at (4, 0); conjugate axis of length Ba 3. 


19. Find an equation of the hyperbola whose asymptotes are given by 
y =} and y = —3#x, and with foci at (10, 0) and (—10, 0); use the 
following steps: 

a. Use the relationships given on page 359 to find two equations 
involving a and b. 
b. Solve these equations simultaneously by substitution for a? and b?. 


20..Find an equation of the hyperbola with asymptotes y = 3x and 
y = —3x, and foci at (0, 6) and (0, —6). 

21. Find an equation of the hyperbola with foci at (0, 4) and (0, —4) and 
passing through the point (15, 3). 

22. Consider the set of points (x, y) whose distance from the point (8, 0) is 
twice their distance from the line x = 2. Show that this set is a 
hyperbola by writing the relation of the set in one of the standard 
forms on page 359. 


23. Use the methods of the example in the text on page 359 to derive an 
equation for a hyperbola with foci (c, 0) and (—c, 0) and absolute 
value of difference of focal radii 2a > 0 where a < ¢. 

24. Repeat Exercise 23 for the hyperbola with foci (0, c) and (0, —c) and 
absolute value of the difference of focal radii 2a > 0, where a < c. 
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10-7 Inverse and Other Kinds of Variation 


When two pulleys are connected (Figure 13), the one with 
smaller diameter revolves more rapidly. If d, represents 
the diameter of one pulley and n, the number of revolu- 
tions per minute (r/min) of the pulley, and if d, and n, 
represent the corresponding numbers for the other pulley, 
then 


din, ee or ie 
ye 


In the pulleys shown in Figure 13, d, =6cm and 
d,= 10cm. If the smaller pulley revolves at 120 r/min, 


you can compute the revolutions per minute of the other Figure 13 
pulley: 

6 fn, 

10 > 120 

N,= U2 


For this set of pulleys, dn = 720. Because this implies that 
i 120 or d= 720 


d n’ 
you say that n and d vary inversely as each other, or are inversely 
proportional to each other. 

In general, any function defined by an equation of the , 
form 


Se 


where k is a nonzero constant, is called an inverse varia- 
tion, and k is the constant of variation. The graph of such 
a function is ofthe form shown in Figure 14 if k > 0, and 
of the form shown in Figure 15 if k < 0. It can be shown 
that these graphs are hyperbolas, with foci on the lines 
with equations y = x and y = —x, respectively, and with 
the coordinate axes as asymptotes. Ordinarily, in practical 
situations, you have x > 0, y > 0, and k > 0, and the graph 
is limited to one such as the first-quadrant branch of 
Figure 14. 

As with direct variation (recall page 89), there is an 
important relationship among the coordinates of two or- 
dered pairs (x,,y,) and (x, y,) of the inverse variation 
specified by the equation xy = k, k 4 0. You have 


Figure 14 


eye K and os oe Ky and so re ee Figure 15 
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' ‘és & Sad i 


Us home To oath & 


Hence, 4, + 0, x, 40, y, 4 0, and yy Oeands oushiave 


Theorem. For all real numbers Mies econ (Xe Oe 
xy, 4 0, and y, # 0), if @,, y,) and Gay pane orcered pairssotean 


inverse variation, then 
za 
X> 


Everyday examples of inverse variation are: 


1. For a fixed distance, the greater the speed, the propor- 


tionately less the time needed to cover it (and vice versa): (oe 
2. For a stated income, the greater the rate of interest, the 

proportionately less the amount of principal needed: as 
3. For a given area, the greater the length of a rectangle, the 

proportionately less the width: iA 


4. Boyle’s Law in physics. If the temperature is kept con- 
stant, the greater the pressure on a gas, the proportion- 
ately less the volume: pie 


In Section 8-1, the idea of direct variation was extended to include 
variation defined by y = ax?, that is, “‘y varies directly as x7.” (The graph 
of that variation ‘is a parabola.) Similarly, the idea of inverse variation is 
extended to include variation defined, for example, by 

y — k 
= 
that is, » varies inversely as x’. (The graph of such a variation is not a 
curve with which we are familiar.) Corresponding extensions involving 
other powers may also be made. 

Still another form of variation is typified by the relationship between 
the electrical resistance of a wire and the length and diameter of the 
wire. The electrical resistance R of a wire varies directly as the length / 
of the wire and inversely as the square of its diameter d. An equation 
expressing this fact is 


_ kl 
=<. 


You call such a variation a combined variation. If z varies directly as x 
and also directly as y, then the equation relating these variables is of the 
form z = kxy, and you say z varies jointly as x and y. 


R 


364 | Chapter 10 


EXAMPLE If 20m of wire of diameter 1.5mm has a resistance of 122, what is the 
resistance of 20 m of the same type of wire if the diameter is increased to 


2mm? 
SOLUTION You have a combined variation R = s 
Since R = 12 when / = 20 and d = 1,5, 
k(20) 
12 =——.. k = 1.35. 
(1.5) or 35 
: 1.35/ 
_R= rE 
Replacing / with 20 and d with 2, you have 
1.35(20) 
SS SSS nil Py 
(2)? 6.75 


.. the resistance is 6.7592. Answer. 


Oral Exercises 


To describe the relation of the variable in the left member of the 
equation to the other variables, state whether the equation is a direct, 
inverse, combined, or joint variation. 


Se Use 
1. SS 245 = alye 30y=— 
y 7 ig y y : 
56 1 
5. ——— 6 =— ds = 2S ie 
oO Y= Bx y 


Written Exercises 


Give an equation in x and y that defines the given variation and con- 
tains the given ordered pair. 


1. y varies inversely as x; (3, 6) 


3. y varies inversely as x?; (2, 5) 


4 
4.y=— 
, og 
xy 

BO ee 
10 


2. y varies inversely as x; (4, —}) 


4. y varies inversely as x3; (—#, 4) 


5. y varies inversely as soe (9, —3) 6. y varies inversely as Vx; (0.008, 750) 


For the given variation determine x, or yo. 
In Exercises 7-9, y varies inversely as x: 


Foto) (>, 2) 8. (—3, 5), (2, y2) 9. (2, 25), (90, 3) 


In Exercises 10-12, y varies inversely as x?: 


10:3; 4), @;, 9) il. (—4, 8), Gy) 12. (2/2), Gem: 6) 
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hae uh or Oe, A\O tary wi at 


\ oti seem 


nb id 


— Je, 


13. 


14. 


IS). 


16. 


17. 


18. 


19. 


21. 


ee 


P 


1. 


. The slope at which a curve in a road should be banked 


If z varies jointly as x and y, and z = 6 when x = 4 and y = 3, find z 
when x = 5 and’y = 5: 

If z varies jointly as x and y, and z = when x = 8 and y = }, find z 
when y= 4 and 7 = 12. 


If z varies directly as x and inversely as y,and z = 10 when x = 3 and 
y = 4 find z when x = 12 andj, 2323) 


If z varies directly as x and inversely as the cube of y, and z = 4when 
x = 3 and y =1 find z-when x — Zameen 


In a-certain variation z varies jointly as x and y and inversely as w, 
and z = 2when x = 3,y =4 and @ =s38rind 2 when + —— 9 ——, 
and w = 5. 


In a certain variation, z varies jointly as x and y and inversely as w?, 
and z = 300 when x = 60, y = 20, and w = 4. Find z when x = 80, 
y = 30, and w= 10: 


Sketch the graph of y= 42. — 20. Sketch the graph of y = a 


x2 2 


Use the definition on page 358 to find an equation for the hyperbola 
with foci at (2, 2) and (—2, —2) and with difference of focal radii 4; 
draw its graph. 

Find an equation of the hyperbola that is identical to the graph in 
Exercise 21, but rotated 45° clockwise. That is, its asymptotes are the 
lines y= x and y = —x, 


roblems 


The minimum voltage needed to produce penetrating x rays varies 
inversely with the wavelength of the x rays. (The wavelength of x rays 
may be expressed in picometers (pm); 1 pm = 107! m.) If 62,000 V is 
needed to produce x rays of wavelength 20 pm, what voltage is needed 
to produce x rays of wavelength 80 pm? 


Banked 
road 
surface 


varies inversely with the radius of the curve and directly 
with the square of the maximum speed of the cars that 
will use it. If a curve of radius 1250m carrying cars 
traveling at a maximum speed of 24.5 m/s has a slope of 
0.049, what slope should the road have on a curve of 


radius 700m if the maximum speed is 19.6 m/s? 


. The change in the length of a steel bar under fixed load is directly 


proportional to the length of the bar and inversely proportional to its 
cross-sectional area. If a bar 40 m long with a cross-sectional area of 
70 cm? stretches by 0.028 cm, how much will a bar 100m long with an 
area of 490 cm? stretch? 
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4. The speed of a satellite orbiting the earth is inversely proportional to _ 
the square root of its distance from the earth’s center. If an artificial 

satellite 8000 km from the earth's center travels at \/5 x 10° m/s, - 
what is the speed of the moon, which is 400,000 km from the center of & 
the earth? 


5. The power produced by an electric circuit varies directly as the square 
of the voltage and inversely as the resistance. If a voltage of 110 V in - 

a circuit with a resistance of 2022 produces 605 W, what voltage 5 
applied to a circuit with a resistance of 302 will produce 480 W? 
it 

a 


B 6. The velocity of sound in a diatomic gas at 0°C varies inversely as the 
square root of the density. If sound travels at 3416 m/s in oxygen, : 
which is 16 times as dense as hydrogen, what is the speed of sound in = 
hydrogen? 

7. Newton's law of gravitation states that two objects attract each other 
with a force that varies jointly with the masses of the two objects and 
inversely with the square of the distance between them. If two 30 kg 
masses 1m apart are found to attract each other with a force of 
6 x 10-8 N, and a 1 kg mass on the surface of the earth (6 x 10°m 
from its center of gravity) is attracted by the earth with a force of 
9.8N, compute the mass of the earth. 


Emmy Noether 
1882-1935 


Emmy Noether was a noted German mathematician who 
had a great influence on the development of modern alge- 
bra. From 1922 to 1933 she taught mathematics at the Uni- 
versity of G6ttingen. As a woman, she was able to secure a 
professorship only through the enthusiastic support of the 
university's mathematics department. 

Her research centered on noncommutative algebras and 
their transformations. Noether published thirty-seven pa- 
pers in all, yet her impact extended far beyond her own 
work. Her perceptive insight, advice, and encouragement 
affected the research of her associates and students. 

In 1933, when the Nazis assumed power, she was or- 
dered to leave the university, as were many other accom- 
plished professors of Jewish background. She then came 
to the United States and taught at Bryn Mawr College and 
at the Institute of Advanced Study in Princeton. 

After Emmy Noether’s death, Albert Einstein was 
quoted as saying, “In the judgment of the most competent 
living mathematicians, Fraulein Noecther was the most 
significant creative mathematical genius thus far produced 
since the higher education of women began.” 
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Self-Test 2 


VOCABULARY _ focus (p. 350) hyperbola (p.358) 
directrix (p. 350) asymptote (p. 358) 
parabola (p. 350) transverse axis (p. 360) 
axis of symmetry (p. 351) conjugate axis (p. 360) 
vertex (p. 351) conic section (p. 360) 
ellipse (p. 353) inverse variation (p. 363) 
focal radii (p. 353) constant of variation (p. 363) 
major axis (p. 355) combined variation (p. 364) 


minor axis (p. 355) 


Sketch the graph of each relation. 


1. 2x = y*—2y-1 2. 4x? — Sy? = 36 

3. Find an equation of the form x? + y? + ax + by + c = 0for the 
circle with center (3, —1) and radius 4. 

4. Find an equation of the set of points (x, y) the sum of whose 
distances from (0,5) and (0, —5) is 26. 

5. If z varies directly as x? and inversely as y, and z = #when x = 3 
and y = 2, find z when x = 12 ands =e 

6. The illuminance expressed in lux (1x), of an unshaded electric 
bulb directly above a flat surface is inversely proportional to the 
square of the distance to the surface. If the illuminance is 4.5 lx 
when the bulb is 4m from the surface, what is the illuminance 
when the bulb is 3m from the surface? 


Check your answers with those at the back of the book. 


Solving Quadratic Systems 


OBJECTIVES for Sections 10-8 through 10-10: 
1. Solve simple quadratic systems graphically. 
2. Solve sitiple quadratic systems by substitution. 


10-8 Graphic Solutions of Systems 
Graphical methods can be used to determine or to estimate real-number 
solutions of systems of equations in two variables in which one or both 


of the equations are quadratic. 


368 | Chapter 10 


Obj. 1, p. 348 
Obj. 2, p. 348 


Obj. 3, p. 348 


Obj. 4, p. 348 


A 


B 


EXAMPLE _ Find the solution set of the system over &: 


aa — 25 
BEF yo = 25 


SOLUTION Graph both equations on the same coordinate 
plane and determine points of intersection. 


{(2, 3), (—2, 3), (—2, =) (2, —3)}. Answer. 
Check: 4(2)2 + (3)2 = 25 


164 9=25 
(2)? — (3)? = -5 
4-—9=-5 


Clearly, because (— 2)? = 2? and (—3)? = 32, 
all values will check in a similar way. 


In solving graphically systems containing one or more quadratic 
equations, you will discover that: 


(1) A system consisting of a linear equation and a quadratic equation 
may have no real solutions or as many as two. 

(2) A system consisting of two quadratic equations may have no real 
solutions or as many as four. 


Oral Exercises 
Identify the graphs of the equations. 


EXAMPLE y = 2x?48 SOLUTION A parabola and a line. 
y= —T7x wo 
a" 
ae 4 2 = ay = ae 4 oe Se OS 
7 ¢ s fe 

ye eoX >, 23cm ae a) 
4.x=1—y? Bex oy. = 100 fv 6 x? + 4v? = 25 

S = Ly top xt 72S Se" 4x24 9? = 25 

\-4 2ad 


Written Exercises 


Solve each system over ® by graphing. Then check the coordinates of 
each graphical solution by substituting in both equations. 


1-6. Use Oral Exercises 1-6. 


Th ge ob 4y? = 16 8g= i 9. 42 + ie = 169 
4x? — y2 = 64 oa iso 3 
10. x? — 4x + y?— 2v—5=0 11. x7 = = 16 12, 3x? — 4y? = 12 


x 
x? 4 y2 = 25 3—ee — 16 3x = — 46 
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Estimate the solution(s) of each system over ® to the nearest $ unit by 
graphing. Check that each solution approximately satisfies the two 
given equations. 


13. 2x? + 27 = 9 14. x? + dy? = 16 15. 4x = y?— 8 
suee ak 4y2 = 27 x2 8y? 4x2 — y? = 16 


10-9 Linear-Quadratic Systems: Substitution 
If a system of equations involves a linear equation and a quadratic 
equation, you can solve the system by substitution. In this process the 


quadratic equation is replaced by one involving a single variable. 


EXAMPLE 1 Find the solution set of the system: 


x? aa 9y? as Sy 
AS 2y ———s 
SOLUTION 1. Transform the linear equation to express x—2y= —3 
x in terms of y. x = 2y— 3 
2. Replace the given quadratic equation bo = 25 
with the equation obtained from it by (2y — 3)? + 9y? = 37 
replacing x with “2y — 3.” 4y? — 12y + 9 + Oy? = 37 
3. Solve the new quadratic equation. 13y? — 12y — 28 =0 
(13y + 14)(y — 2) =0 
y= —lty = 7 
4. Solve two linear systems: 
x= 2y —3 x= 2) 23 
y=-1 = 
x= — x = il 


Thus, the solutions are (—$%, —44) and (1, 2). 


5. Below we check each ordered pair in the first equation. (Checking the 
second is left to you.) 


(—$9)? + \-H)? = 37 (1)? + 92)? = 37 
4ag9 1 dues © 37 ie — oe 
9253 2 37 37 = 37 

ST = Sy) 


.. the solution set is {(—${, —4§), (1, 2)}. Answer. 


Figure 16 depicts the graphical situation in the foregoing example. 
Figure 16a shows the graph of the original system of equations, while 
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Figure 16b shows the result after Step 3, when the ellipse has been 


replaced with the two horizontal lines with equations y = 2and y = — 4. 


a Figure 16 b 


Notice also, in Example 1, that the linear equation was transformed to 
express x in terms of y rather than y in terms of x in order to make the 
resulting computation simpler. 

It is important to be aware of the fact that systems of equations 
involving one or more quadratic equations may have complex as well as 
real solutions. While graphing may be used to identify such real solu- 
tions as exist, substitution will yield complex as well as real solutions. 


EXAMPLE 2 Find the solution set of the system: 
——— 2ye —) 
x-y=l1 
SOLUTION Solve the linear equation for y in terms of 
ae 
y=ox— 1 
Substitute x — 1 for y in the quadratic 
equation and simplify: 
eee — 1)* = 3 
qe = 4 — 2 = 3 
ge — 4% 45=0 


Solve for x using the quadratic formula: 


mes) = Ve ao 


x oe eit. 


2(1) 2 
Then since y = x — 1, you have 


xe24i or te eS = iL 
2 eee 2 
ye lay y= 7 


... the solution set is (22 +14,1 +9),(2-—i%1—1)}. Answer. 


Note that, as in Example 2, when a system has no real solutions, the 
graphs of the equations do not intersect. 
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Oral Exercises 


State whether each ordered pair in the proposed solution set is a 
solution to the system when it is solved over C. 


1x? + y? = —5;  {(3i, 2), (—3i, 2), (3i, —2), (—3i, —2)} 


y=2 
2. Ke = ye = —15; {(4i, 1), (—41, —1),(—41, i), (41, —i)} 
x=4y 


3. 2x? —y2=1; {(2%, 31), (—22 31), Zi = 2, —31)} 
3x + 2y =0 


Written Exercises 


Find the solution set of each system over C. 


lLyox?+4 2, x7 — ee 3.0" oy? — 6 
y Sox x —3y=0 x+y 
4x2 yy? = 13 5. x? = 2216 6. 11 — x? 
x+y=4 3x +y=0 3x + y 
Ta ee ee 8 Vx7 ee I «x gees 
x — 3y 
yee = 
@ 2-225 11. x? + y? = Sxy = 15 eee 
y x xy i ae 
x= 2) =a 
5 7 
13. 3x? + y? — ——_=—--—- = 0 14, ————— — V/x? — 2y7? =0 
3x2 4 y? Vx? — 2y? 
xa y=! 2y — x 


15. Prove that the solution set of any system 


a ae ae 
yomx+k, 
with a, b, c, m, and k all real numbers, must consist of one or two 
ordered pairs all of whose components are real or all of whose 
components are imaginary. 
16. Prove that the solution set of any system 
ax? 7p) = 26 
BY SASS sp k, 
with a, b, c, m, and k all real numbers, must consist of one or two 


ordered pairs all of whose components are real or all of whose 
components are imaginary. 
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A 


Problems 


1. 


10. 


x 
. In the diagram, the shaded region, between the circle 
with center P and the circle with center Q,has an area x. 
of 8c. If m(AB) = 4, what are the radii of the two A Lay 
circles? 


. A parabola which has its vertex on the line y = 2x + 1 


Find the dimensions of a rectangle whose area is 48 cm? and whose 
perimeter is 38 cm. 


. The area of a trapezoid is 24cm? and one base has length 5cm. If 


the other base is 1 cm shorter than twice the altitude, find the other 
base and the altitude. 


. Points Pand Q on the positive x- and y-axes, respectively, are 17 units 


apart. Traveling along the axes, one would traverse 23 units in going 
from P to Q. What are the coordinates of P and Q? 


G 

. To travel from A to D, a sailboat tacked along route f 
ABCD, traveling a total of 22km. If ABDC is a rectan- : 
gle in which the length of BD is 8km, find AB and BC. 
A 


B 


. A square walk with a uniform width of 1 m is to be built around a 


park statue. If the area of the walk is to be 20 m2, what should be its 
inside and outside dimensions? 


x 
. The foundation of a house is to be in the shape of two 
adjacent squares, as shown. If the total area of the . MG 
foundation is to be 500 m? and its perimeter is to be 
100m, what should the values of x and y be? y 


. The difference of the areas of two squares is 45. The 


length of a side of one square is 3 less than twice the 
length of a side of the other square. Find the length of 
a side of each square. 


and whose equation is of the form y = 2(x — h)? +k 
passes through the point (1, 7). What are the equations 
of all such parabolas? 


A fishing pier is to be built in the shape of a square 

surmounted by a right triangle as shown in the dia- ee 
gram. If the area of the pier is to be 1050 m? and the —~ * 
part of its perimeter along the water is to be 100m 
long, what are the dimensions of the pier? we ee 


Mie ts 
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10-10 Quadratic-Quadratic Systems 


Substitution often provides a means of solving systems of two quadratic 
equations in two variables. 


EXAMPLE 1 Find the solution set of the system: 


x? + 4y? = Il7 
3x2 = 4? = —] 
SOLUTION 1. Solve the second equation for y? in an? 7 = ll 
terms of x. 47 = 377 oa 
2. Replace y? in the first equation with x? = 4357 el) — ole 
“3x? +1.” x? + 12x? +4=17 
eke! = 16 
all 
3. Solve the resulting equation. x=1 ors = —1 


4. Solve two simple systems. 


y? = 3x7 el yt = 3a al 
= Il x= —l 

v2 = 3) ye = 3 = eel 
ae: yr=4 


‘y=? or ae y =2 Or y= 


5. Checking the solutions in the original system is left to you. 
‘’, the solution set is {(1, 2), (1, —2), (—1, 2),(—1, —2)}. Answer. 
Figure 17 shows that the result of Step 3 is the replacement of the ellipse 


having equation x? + 4y? = 17 with the two straight lines having equa- 
lions * =l-and@= == 


Figure 17 


Linear combinations (Section 4-2) of quadratic equations can also 
be used to find solution sets of systems of such equations. 


374 | Chapter 10 


EXAMPLE 2 Find the solution set of the system: 


x? 4+ 572 = 10 > 
9x2 + y2 = 18 a 
SOLUTION = Subtracting the first equation from the second produces the linear = 


combination 
8x2 = 8 or x? —1, 


which can be used together with equation 1 to form the equivalent 
system: 
x? + y? = 10 or aye a 10) 
a—al a_i 


Substituting 1 and —1 for x in turn in the first equation then produces 
values for y. You have: 


1? + y? = 10 CSIP ae 10 
ya d yaad 
i= 510k y= =O Ve 3 Orv] =2 
{(1, 3), (, —3)} {(—1, 3), (—1, —3)} 


Checking the solutions in both equations is left to you. 


.. the solution set is {(1, 3), 7, —3), (—1, 3), (—1, —3)}. Answer. 


Oral Exercises 

Express y? in terms of x in each of the following equations. 

3. 7y? — x2 = 14 

oy Sa a Se 


Dette — Dye — 5 
Sy Boss 2h ys 


ile ay = | 
4. Cea 8 =) 


Written Exercises 


Find the solution set over @. 


A 1. x? 4 4y?= 13 2. 3x? 57 = 16 3. vy? — 4x2 = 16 
os pe sero = 1) ee 16 
43x? + 4y? = 15 5. x? ce) 6 
4x? — y?=1 4x? By? = 23 ao 22 = 16 
ie Ay — 9 8. 57 — 4223 eee oy? — 12 
4x? 4+ Oy? = 3 x? — Oy22555 7x? — 3y? = —5 
b0eoe = 2? — 21 lle v2 ES aes ieee ys = 17 
eos)? = — 24 ee Pe? — 1 
Bae ey? = 15 ay? — Gr ee 1s #2 +42 = 29 
ay 6 Y = 3 Su 
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Cc 


16. Use determinants (or linear combinations) to show that if the system 


ax? + by? =1 (ad — be # 0) 
eye ae dy? = | 
has 4 real solutions, then they lie on the graph of the circle 


a =a =O 0) 
ad — bc ; 


x24 y2 = 


Problems 


1. A rectangular flower bed that measures 5 m along a diagonal has an 
area of 12m?. What are its dimensions? 

2. Find the dimensions of a rectangular television screen with a diagonal 
of length 500 cm and an area of 120,000 cm?. y 


3. Find the coordinates of all the points on the ellipse 
2x? + y*? = 20 that are 4 units from the origin. 


4. In the diagram, the shaded region between the square y 
of side y and the square of side x has an area of 12. If 
AB = V5, find x and y. as 

A x 

5. Find the dimensions of a right triangle whose area is 30cm? and 

whose perimeter is 30 cm. 


6. A building complex consisting of three square buildings 
is to be built around a courtyard in the shape of an 
isosceles triangle of altitude 80 m. If the combined area 
of the ground floors of the three buildings is to be 
34,400 m?, what should the dimensions x and y be? 


Self-Test 3 


VOCABULARY _linear-quadratic system (p. 370) 
quadratic-quadratic system (p. 374) 


1. Solve the system over ® by graphing: 4x? + y? = 16 Obj. 1, p. 368 
2+y=4 
Solve each system over @. 


2. x? + Sy? = 45 3. Oey 100) Obj. 2, p. 368 
27 —1—~% yr ae 2 


Check your answers with those at the back of the book. 
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Chapter Summary 


1. The distance from point P,(x,, y,) to point P,(x,, y,) is given by the 


formula 7 

d (Py, P,) = Vr_ — ¥4)? + (¥2 — yy). - 

2. The midpoint (M) of the segment with endpoints P,(x,,y,) and . 
(Xo, Y,) 18 7 
go es aes 4 

var) ; . 

3. Ifm, and m,are the slopes of nonvertical lines L, and L,, respectively, - 
then L, and L, are perpendicular if and only if x 
nim, = —1. “ 

4. An equation of the circle with center (h,k) and radius r is . 
(eh? + (y — kh) =P? g 

5. A parabola whose equation is of the form 2 
yaoatx —hy +k or x=aly —k)?+h Far 

has vertex V(h, k) and axis of symmetry - 
x= h or Vek § 

¢ 


6. The graph of a relation in the form 


will be an ellipse. 
7. The graph of a relation in the form 


x? y? y? x 
> po — | ee 


will be a hyperbola. 


8. A function specified by an equation of the form xy =k, k £0, is 
called an inverse variation. You say that x and y vary inversely as each 
other or are inversely proportional to each other. 

In a function specified by an equation of the form z = kxy, you say 
that z varies jointly as x and y. 

9. The points of intersection of the graphs of the equations of a system 
represent the real solutions of the system. A linear-quadratic system 
may liave as many as two real solutions; a quadratic-quadratic system 
may have as many as four real solutions. These systems may also 
have complex solutions. 


Saad oo Delt Perey 
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Chapter Review 


1. Find the distance between (—4, 1) and (—2, —5). 10-1 


a. 10\/2 b. 41/10 c. 21/10 d. 2/5 


2. Find the coordinates of the midpoint of the line segment with 
endpoints (—a, b), (a, b). 


a 2 a b 
ai oe . (a, d, {2 
oO : ( 2 ) oo ( ) 
3. Find.an equation of the line containing (1, 3) and perpendicular to the 10-2 
line through (3, 7) and (—1, 2). 
a. 8x + 10v = 41 b. 8x — 10y = 53 ¢ y= =—O08 es 


4. Find an equation of the line containing (—2, 3) and perpendicular to 
the graph of 2x — 3v = 8. 


a. 3x + 2v = 0 b. 3y = 23515 Cc, 2% ashes 

5. Write an equation of the circle with center at (1, —4) and containing 10-3 
the point (—3, —6). 
a. x? — 2x + 1? 4+ 8y = 99 b. x? — 2x + 3? + 8y = 3 
ce. x?-4 2x + y? 4+ 4y = 15 d. x? 2S yy? — By = 9 

6. Find the vertex of the parabola with equation x = 2y? + 6y 4+ 1 10-4 
a. (1, -3 b. (2, 3) e. 3, —) d. (—4, —3) 


7. Find an equation of the form y = ax? 4+ bx + c forthe parabola with 
focus F(—1, 2) and directrix.y = 4. 


ayo —lr?—-IeG ll b. y = —dx2? +4443 ce y= —ix?—-1r 44 
8. Give the coordinates of the foci of the ellipse described by 10-5 
ee 
ES i 
97 16 
a. (3,0); (—=370) b. (0, \/7), (Ona 2) c. (0, 4), (0, —4) 


9. Find an equation for the ellipse with major axis of length 8; x-inter- 
cepts 2 and —2. 


x2 y? ye ee x2 y? 
= 4 = J i —— el ———-S= 
Son oP aig ipa ~ 16 ae 
10. Find equations of the asymptotes of the hyperbola described by 10-6 
lex? — 25y? = 400! 
a. y = 2x, b: 3 =e ce y = x, 
y= —3x y= —ix y= — 23x 
11. Determine x, so that both ordered pairs (1, 4) and (x,, 9) are members HO= 7 
of the same inverse variation. 
a. 42 b. 6 ee d. + 
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12. 


13. 


14. 


15. 


If a varies jointly as band c, anda = 27 when b = 18andc = 3, find 
a when 6 =6andc =}. 


a. | bees Cao d. 12 
Determine the number of points of intersection. 
ee 
4y =x? 4 y? 
a. 0 b. 1 ey 2 d. 4 


The sum of two integers is 3. The sum of the squares of the two 
integers is 369. Find the integers. 


a. —ll and 14 b. —13 and 16 ec —1l4and17 d. 15 and —12 
Find the solution set over @. 
ooo = 26 
—4x? 4 25y? = 17 
a. {(— V2, -D, (V2, D} b. {(— V2, 1), (V2, — 1), (— v2, - 1} 
e. {(— V2, —1), (- V2, 1), (V2, - 1, (V2, D} 


Chapter Test 


10. 


. a. Sketch the graph of - — 


. Find the perimeter of a triangle with vertices (2, 1), (5, 1), and (4, 4). 
. Find an equation of the line perpendicular to and containing the 


midpoint of the segment with endpoints (—2, 1) and (2, 3). 


. Find the center and the radius of the circle with equation 


100x? — 100x + 100y? + 21 = 0. 


. Sketch the graph of y = 2x? — 2x + 4. Identify the focus, vertex, and 


axis of symmetry. 


. An ellipse has foci at (0, 3) and (0, —3). The sum of its focal radii is 


10. Find an equation of the ellipse. 
2 y2 


9 
b. Write the equations for the asymptotes. 
ec. State the foci of the hyperbola. 


=k 


. If x varies inversely as y?, and x = 5 when y = 4, find x when y = 8. 


. Solve over ® by graphing: x? + v? = 25 


3y — 4x =0 
. Solve over © by substitution: 9x? — 5y? = 36 
v= 2x —3 
Solveover C: 4x2 + 25y? = 360 
sa —61 


10-8 


10-9 


10-10 


10-7 
10-2 


10-3 
10-4 


10-5 
10-6 
10-7 
10-8 
70-9 


10-10 
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380 


This research prototype quadruped is more than three meters high and 
has a mass of more than thirteen hundred kilograms. The operator uses 
hand and leg movements to control the front and rear legs of the 


quadruped. 


E.xponents 
and Logarithms 


nt SY | 


Extending the Laws of Exponents 


OBJECTIVES for Sections 11-1 and 11-2: 
1. Simplify expressions involving rational and real-number exponents. 
2. Solve simple exponential equations. 


bAr bal Oe ter ew | § et. 


11-1 Rational Exponents 


In Section 6-1 you saw that, by suitable definitions, the laws of expo- 
nents can be extended to apply to powers with any integer as an expo- 
nent. Thus, 


Ali - 42 = 4-142 = 4! = 4, and 3-2 & 30 = 3-240 = 3-2 = 4 


Can we now use these laws to help define powers so that any rational 
number can be used as an exponent? Let us look first at a special case, 
say 32, For 3? to have a meaning consistent with the familiar laws of 
exponents (page 172), it should be true that 


(33)? eee) — 3) 


Since 3} is to denote a number whose square is 3, we define it to be V3 
(rather than — \/3) so that the inequality 


2 < 33< 3! 


is true. 
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Thus, 3? represents the positive square root of the positive number 3. 
Similar reasoning requires that 


33 = (335 =(V3)8 = and =— 3-3 = (33)-3 = (1/3). 


These observations suggest the following definition. 


If p denotes an integer, r a positive integer, and b a positive real | 
number, then 


br = (Vb). | 


When p as well as r is a positive integer, we define 0° = 0. 


In particular, if p = 1, 
bt = v/b. 
The fact (page 277) that \/b? = (\/b)? implies that 
(b?)? = (br )?, 

and either member of this latter equation is thus equal to b’. 

Using powers with rational exponents, you can write radical expres- 
sions in exponential form, that is, as powers or products of powers. 
Then, because the laws of exponents apply to these powers (Exercises 


51-54, page 384), you can use the laws to simplify the exponential 
expressions. 


EXAMPLE 1 2\/8x"y~3z = 2(8) Hx) Xy~3)H(2)} = 228 x) H(z3) 
= 4x4y-Ixtzt = Ax? Vxz (y # 0). 
¥ 


EXAMPLE 2. Vx Vx? =xb-xd = oxdt} a xt a xb xh =x Ve. 


a 
EXAMPLE 3 (4) *= (64% = [(64)é]5 = 25 = 32. 


The laws of exponents can be used to develop another useful fact 
about radical expressions. Thus the laws of integral exponents permit 
you to write for any integer s, 

(bAy* = [bP 
= (b?} 
= bps 
Pp 
Because b?§ = (br)"*,r > 0, and b > 0,ifs > 0, you have rs > 0 and so 
8 P 
you can assert that brs = br, or 


VBR = VP 
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For example, 
\/B1x8 = WaT = V/3x?. 


Note that in extending powers to include all rational exponents, we 
have restricted the base b to be a positive real number. Without that 
restriction, we could not always define b’ to be a real number. For 
example, (—2)? could not represent a real number, since there is no real 
number whose square is negative. In the Exercises below, assume that 
all variables denote positive real numbers, unless otherwise specified. 


Oral Exercises 


State each expression in exponential form. 


1 V5 2. x3 3. Wnt 4. 
5. \/3x° 6. \/(3x)> 7 Va+b 8. 
State each expression in radical form. 

9. 52 10. 73 ii 25 ile 
13. (3x)? 14 2t-4 15. (y + 5)3 16. 
Written Exercises 

Evaluate. 

1.33 227) 3,253 “SE 4 
5. 492 vier Gus: 7. (ays f i 8 
9. (i 43 . _ 10. 0.0083 11. (9 + 16)! 12. 


Convert to exponential form and then write in simplified radical form. 


13. \/x6 14. /23y9 15. V/4n? 16. 
17. V16 is. WS 19. V\/64 20 
ey? Si 

/ C= 23s (=) 24. 
21. 125 222 (=) 16 
Express in simplest radical form. 
25. V/16 V/16 26. V2 \/32 27 27) 28 
29 16 Vi25, 31 ue d 32. 

5 V5 \ a 

a 


. 163 


. Gy 


VE 


e/5 4/125 
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(u + v2) 


Atvew (.\2an & eid £ aceeen <« 


(25 + 144)-3 


lg 


6 
\ 


VAG 


V16 
‘16 


Express in simplest radical form. 


33. 25 34. V\/8- V2 
36. / 3° V9 37. J/V5- V5 33. /V8- V V8 


Solve over &. 


EXAMPLE x34x3—6=0 


SOLUTION Use the fact that x3 = (x3)? to factor the left member of the equation. 
2 at 
x3+x3—6=0 
(x? — 2)(x3 + 3) =0 
xa=2 or x} = —-3 
.. the solution set is {8, —27}. 


39. x3 = 4 40. 3y? =4 a rtat 
42, 17-8 = 8 43. (n + 133 = 25 44. 4k-$ = 9 
45. t — 3f2+2=0 46. vi- v3 —-2=0 47. us — 10u3 9 = 0 
48 8x — 92 1 1 = 0 49. 4x3 — 5x4 +1=0 50. 4x43 + 4x4 +1=0 


Let a and b denote positive real numbers, r and s positive integers, and 
p and gq integers. Prove each statement. 


Zoe PERL Deeg, pq 
51. OF +0! — bs 52, (br)s = brs 
(Hint: Raise each member of the equation to the rsth power.) 
p PB 
Pee ee ar Ne 
53. at - br =(ab)r == = (;) 
PB b 
br 


11-2 Real-Number Exponents 


In Chapter 1 we defined powers with natural-number exponents, in 
Chapter 6 we extended this definition to integral powers, and then in 
Section 11-1 we extended it to powers with rational-number exponents. 
Thus, we have defined such powers as 


2 =2-2:223, eee Papas, and 2}= v2. 
Also, 


2?= 23 ~~ and 21.7 — 21 = \/2!7, 


Can we now define powers such as 2V3, which have irrational numbers 
as exponents, to have a meaning consistent with the familiar laws of 
exponents? The answer to the question is “Yes,” as the following dis- 
cussion shows. 
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You can construct a table of coordinates of points of the 
graph of the function {(x, y): y = 27} for selected rational 
values of x (these are graphed in Figure 1 at the right): 


=e | i aA. 
=| 4 2 
=) 4 eee: 
oe Daa 
g | 56. 


In order for the graph to be represented by a smooth 
unbroken curve (Figure 2), it must be true that powers 
such as 2V3, in which the exponents are irrational, exist. 
You can see that since 


1 5eeyee?, 
you have 

2< WW < 22, 
or 

28 2s 4: 


The power 2V3 can be approximated by the successive 


powers 
Dap ory 


in which the exponents are rational numbers represented by taking 
more and more places in the decimal representing 73. Since these 
powers steadily increase but remain less than 2?, it follows from the 
Axiom of Completeness (page 242) that they converge to a certain 
positive real number, called 2¥3, To four decimal places 2V3 = 3.3220. 

Similar reasoning leads to the definition of b’ where b is any positive 
real number and x any irrational number. Furthermore, it can be proved 
that the laws of exponents continue to hold for these powers. For 


example, 
(3V2)v2 = 3Vv2-V2 = 32 = 9; Dit 5 Or — QU -w)+ 7 = 
The curve shown in Figure 2 continuously rises with 


increasing abscissa and is typical of the graph of every 
function of the form 


(ave bp > 1}. 
On the other hand, the graph of 
(Coy =e 0 — b< |} 


falls with increasing abscissa, as illustrated by the graph of 
the function {(x, y): y = G)'}, shown in Figure 3. Notice 
that this can also be described by {(x, ¥): y = 277}. 
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AND fee OY 


Figure 1 


~ 
> 


O Be 


feayy 2 
Figure 2 


O x 


gee) ae 


Figure 3 


In either Figure 2 or Figure 3, any vertical line and any horizontal line 
above the x-axis intersects the graph in just one point. In general, you 
have: 


For 60,0 4 1, 6": = 6% iieametonly 1h x, =x, 


EXAMPLE Solve 87+! = (1)"-4 over &. 


SOLUTION 1. First express each member as a power of omg me (LSS 
the same base, 2. (23)?! = (23 
2. Simplify each member. 2943 = Jee 
3. Equate exponents and solve for r. 6r +3= -ri4 
4. The check is left for you. i= 1 
.. the solution set is {4}. Answer. Cs 


Oral Exercises 


State whether the inequality is true or false. 


erate qv2 285 oe Bee < 77 4, V6 = o= 
5 (eS 6. 5°V2 Ss gee8ev? < 6413 8 2 
Written Exercises » 
Use the facts that 2’? = 2.6651 and 2v3 = 3.3220 to express each of ky AJ 
the following in the form 2°. _ V 
1. (2.6651)(3.3220) 2, 3:3220 a 3. (2.6651)3 
2.6651 = 9x 
1 * 

———— Ve : : : 

33290 5 2.6651 ~ 6. 2(3.3220) 

2.6651)3 . 4 
7. (2.6651)(3.3220)? 8. see \ . [== 
8 \ V/ 3.3220 

Solve over &. » . 
10. 53 = 527-1 1. 8 = 3rt4 i} , 12, 237-1 = grt? 
13. 577! = 12524743 ~ EN il, Re=2 — 42-1 . ~ 15. ay? = 23>! 
fog 2? = (gL) 3 12 ae 18. (4)7*3 = (3 
Graph each pair of functions on one set of axes. Label each graph. 
19S ACs) 20. f(x) = 4(27) 21. f(a) =4¢Gy 

g(x) = G)" ea) =e) a(x) = 40)" 
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22. Find positive irrational numbers a and b such that 2? - 2’ is a rational 
number. 


23. Solve the following system graphically, approximating the solution to 
the nearest half unit. 


p= 
kW a 7 
Self-Test 1 
VOCABULARY exponential form (p. 382) equating exponents (p. 386) 


Simplify. (Assume y > 0.) 


8 
Vee 
1 V163 2, V9y? B25 4/25 4. Obj. 1, p. 381 


Solve over @. 


5, 3-2 = grt3 6. 8 ae Obj. 2, p. 381 
7, 58-5 — 1253-22 8. (dyrt4 = gerd 


Check your answers with those at the back of the book. 


Karl Friedrich Gauss 
1777-1855 


It was Karl Friedrich Gauss, born six vears before Euler’s 
death, who paved the way for many of the scientific dis- 
coveries of this century. Born in Germany, the son of a 
bricklayer, at age three he corrected his father’s figuring of 
the weekly payroll. At ten he discovered the formula for 
the sum of an arithmetic progression. For his doctoral 
dissertation, he gave the first correct proof of the Funda- 
mental Theorem of Algebra (sce page 332). 

Gauss’s genius became even more evident in subsequent 
years. His discoveries dealt not only with pure mathemat- 
ics but also with applied mathematics. His work with the 
geometry of curved surfaces provided the foundation for 
Einstein’s work in relativity, and, amazingly, such fields as 
electronics and aerodynamics rely heavily on the results of 
Gauss’s work with functions of a complex variable. 
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From Exponents to Logarithms 


OBJECTIVES for Sections 11-3 and 11-4: 

1. Identify inverses of functions. 

2. Convert sentences from exponential to logarithmic form and vice versa. 
3. Identify integral logarithms to various bases. 


11-3 The Inverse of a Relation 


In Section 3-2, you saw that any set of ordered pairs is a relation. If, 
now, in a relation R, the components of each of the pairs are inter- 
changed, the result is another set of ordered pairs, and, hence, another 
relation. We denote this latter relation by R7! (read ‘“‘R inverse” or “the 
inverse of R’’), and say that R and R~! are inverses of each other. For 
example, if 


R = {G,4), 4, 5 Gao: 
then 
R'={G@4, 3),6 4) ee): 


Clearly, the domain and range of R~! are the range and domain of R, 
respectively. Given an equation of the form y = R(x) defining a relation 
R, you can obtain an equation defining its inverse simply by inter- 
changing the variables. Thus, x = R(y) defines the inverse of R. For 
example, the inverse of the relation defined by 


\— 3x — 2 
is defined by 
x= 3y — 2, 


or, When solved for y in terms of x, 


= ae + 2). 


Because for every ordered pair (a, b) in a relation R, the 
ordered pair (b, a) is in R~'!, the graphs of R and R7! are 
related in an interesting and useful way, as we shall now 
show. 

Figure 4 illustrates the fact that when the same scale is 
used on both axes, (a, b) and (b,a) are always located 
symmetrically with respect to the graph of y = x. That is, 
the graph of y = x is the perpendicular bisector of the 
segment with endpoints (a, b) and (b, a). Therefore: Figure 4 


The graphs of a relation R and its inverse R7! are always the 


reflections of each other in the line with equation y = x. 
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Figure 5 shows the graphs of 


R= 4{(4, Vey = 3x — 2) 
and 
He Cry eve (i = 2) 9, 
together with the line having equation y = x. 
Since every function is a relation, every function has an 
inverse, but the inverse of a function is not always a func- 
tion. Figure 6 shows the graph of 


R= (yh y =2? +1) 


and that of its inverse 


Figure 5 


Ro =A Cue — 2 ol 


Clearly, R~! is not a function, because for many values of 
x, there are two values of y. If a function f is to have an 
inverse f~! that is a function, then not only must each 
element in the domain of f be paired with exactly one 
element in the range, but also each element in the range 
must be paired with exactly one element in the domain. 
Such a function is called a one-to-one function. If fis a 
one-to-one function that maps x, onto y,, f~! will map y, 
onto x,. It must be true that for every x in the domain of f, 


i= *, Figure 6 
and for every x in the domain of f!, 
ALF "@)] = x. 
For the example shown in Figure 5, you have 
jo 3x — 2 


and 
lO) = 1G + 2); 


and you can verify that 


fLf@)] = 41G@x — 2) + 2] =2 
and 


fifo] = 3@ + 2)] — 2 =x. 


Oral Exercises 


State the inverse of the function. 
1. f(x) = 2x 2. f(x) = a 
Baya x — 5 4. f(x) = -x 
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Written Exercises 


For each of the following, find f-'(x) and show that f-'(f(x)) = x and 
f(f-'(x)) = x for each x in the domains of f and f~', respectively. 


Py = 33 G)y =2" +6 3.9 =—tx 4) 
4 y= Vit, 0 eae 6 y= ir ee 
In Exercises 7-13, write the inverse relation of the given relation; graph 
both relations; and tell whether or not the inverse is a function. 
7. 2x43 & ye DE ae 
EX 
10. y=x34+ 1 ll. y= 12. y= Wx- a4 


13. y = x? — 2x (Hint: When solving the inverse relation for y, use the 
quadratic formula, treating x as a constant.) 

14. Show that the line y = x is the perpendicular bisector of the line 
segment joining (a, b) and (0, a). 

15.. Let f(x) = 2". Find fl), 4G) ee) anid /— (4) andiciceten 
the graphs of f and f~' on one set of axes. 

16. Draw the graph of F = {(x, y): 9x? + l6y? = 144 and y > 0}. Isita 
one-to-one function? 


11-4 The Logarithmic Function y 


A function defined by an equation of the form 
y=br (> > UF br a) 


is called an exponential function with base b. Its domain is 
@& while its range is {y: y > 0}. 
For example, the graph of O x 
— {(x, a 2h lex, y)iy=2* 
is pictured in Figure 7. Do you see that as x increases, y Figure 7 
increases, and so this function is one-to-one? It therefore 
has an inverse that is a function, namely, 


Ro! = {@ yy): «See 
Because the domain and range of R-! are the range and 
domain, respectively, of R, R7! has {x: x > 0} as domain 


and ® as range. Its graph is shown in Figure 8. 
In the equation 


SD 


the exponent y is called “the logarithm of x to the base 2.” x Y)ix = 2" 
Figure 8 
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This is written 
y slog. 
More generally, the function defined by an equation of 
the form 
ae 0 or log: Oe Orbs lx 0) 


is called the logarithmic function with base b. Since such 
a function is the inverse of an exponential function with 
base b, the graphs of the two are reflections of each other 
in the graph of y = x, as shown in Figure 9. 

It should be emphasized that 


That is, these two equations are equivalent. By definition, since b° = 1, 
log, 1 = 0 for all permissible numbers b. 

Either the logarithmic form or the exponential form should be used 
as is most convenient. Thus, you can say that the following are true: 


2 — 22 eeisecautvalcentto log, 32— 5. 
427=, is equivalentto log, = —2. 
log,, 1000 = 3 _is equivalent to 10? = 1000. 
loging (0 =4 ~~ istequivalent to 1002 = 10. 


The close relationship between exponential and logarithmic functions 
produces two additional useful facts about the latter functions. You saw 
ommpase sco that for b > 0, >A 1, bY”: = b¥2 if and only if y, =y,. It 
follows that: 


rere 0, > x 1, 


Ion = loge celuand only if X=) ers 0). 


Next, since exponential and logarithmic functions are inverses, the 
faery that, for inverses, f/ '[/f(x)] = x and f[/-'(x)] = x implies that: 


bent — x (b> 0) al ee ao | 
loom we (2 > 0, baal) | 
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Oral Exercises 


Express each of the following in logarithmic form. 


~ 


EXAMPLE 1 23=8 SOLUTION log, 8 = 3 

00. 14s 20"? (ean, S| 
1. 104 = 10,000 2, 57 28 3 43240 4,72 =1 
5. 32§=2 6. (4 = 16 7. 10°? = 0.01 8. (/3)4 = 


Express each of the following in exponential form. 


EXAMPLE 2 log, 16 = 2 SOLUTION 47 = 16 
Slog, 81 =4" & ;@ 10. logs x5 = —2 a mie 11. log,, 0.001 = —3 
12. logy; = 3 i: 3 13, log ie v | 14. log, V3=}4 
6 eg 


Written Exercises 
Find each logarithm. 


EXAMPLE 1 log, 125- 4 
SOLUTION Let log, 125 =x; then 53 — ie 


5° = 53, and x = 3. Answer. . 


1. log, 16 2: loge Os! 3. log, 4 4. log, 1 
5. log5, 5 6. log, 32 7. logi a5 8. log,, 12 
9. log 78 10. log, 27 11. log, 4 12. log. 4 9V3 


Solve for x by converting each statement to exponential form and 
solving. 
EXAMPLE 2 log, 5 =3 


SOLUTION If log, /5 = 3 then x? = V5 = 52. 
Raise both members to the 3 power: 


(x3)3 = (53)3 


x=53 ..x= V5. Answer. 
13. log, 64 = 3 14. log.4 = 3 1saloses = 
16. log. 9% = —=— 17. loge 27 —=—. 18. log 34 =x 
19; loz 3:2 20. log jo99 100 = x 21. log, V5 = 1 
22, log. 8 = 6 23. log, *« = —3 24. logy 4 = x 
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= 
« 
Evaluate. > 
X 
EXAMPLE 3 _ log, (\/2)® pal 
SOLUTION _ Since log, b? = x, ? = 
log, (V2)* = log, (2) ys 
= log, 2 ¥ 
=3 Answer. 
25, log, 6'° 26. log, 47 Zio Png lO” 28. log, 16° 
Solve for x. ¢ 
; s, 
EXAMPLE 4 log,, 125 = 3 a — 
SOLUTION _ Since log,, 125 = 3, (2x)? = 125 
or = es 
= is 
x =32 Answer. 
2emlog,. 9 = 2 30. log, (2x + 1) = 4 slog? = 2. —al 
pemioe.(x" + 2) = 3 33. log, 16 = 3x — 1 34. log,: 64 = 3 
35. log, (log, 16) = log, x 36. log, (log, 3) = log, 7 
BZ lOg,, log, (log, 8)] =x 38. log, (log; 25) = log, x 
Self-Test 2 
VOCABULARY inverse relations (p. 388) exponential function (p. 390) 
one-to-one functions (p. 389) logarithmic function (p. 391) 
ipebind ¢ '(x)it f(x) = x7 + 1. Obj. 1, p. 388 
2. Is the inverse of the function {(x, y): x? = y}a function? Give a 
reason for your answer. 
3. Write in logarithmic form: 4° = 64 Obj. 2, p. 388 
4, Write in exponential form: log, 8 = 3 
Solve for x. Yy 
loca. => 6. log, 64 = 2 Obp 3p. 388 < 
Check your answers with those at the back of the book. 
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Using Logarithms 


OBJECTIVES for Sectious 11-5 through 11-10: 

1. Find the logarithm of a given muntber and the antilogarithiu of a given 
logarithm. 

2. Determine the precision aud accuvacy of a measurement. 

3. Use logarithts to make calculatious. 

4. Use logaritluus to solve expouettial equatious. 


11-5 Logarithms and Computation 


People have always been looking for shorter, easier methods of compu- 
tation. One method, developed originally to aid astronomers in their 
complicated and tedious calculations, uses logarithms. Because loga- 
rithms are exponents, you can find products (or quotients) of positive 
numbers by first adding (or subtracting) their logarithms and then 
finding the number that has the result as its logarithm. This process is 
justified by the following theorem which gives the product and quotient 
properties of logarithms. 


If x, and x, are positive real numbers, then 


x 
1. log, x,x, = log, x, 4 log, a> 2, log, — = log, x, — log, 
oo) 


To prove the first property, you start with the fact (page 391) that 


x, = Oe and peg te 
Then 
ee — poet, . plog,t2 
or 
ee p'08,7 tog, 72 
or 


log, x,x, = logy lose 


Property 2 can be established in a similar way (Exercise 27, page 397). 
EXAMPLE 1 Express log, * without using multiplication or division. 
a 
SOLUTION _ By the quotient property of logarithms: log, Bee log, xy — log, z. 
ig 


Then, by the product property: 


log, xy — log, z = log, x + log, vy — log, z. Answer. 
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It is easy to find logarithms of integral powers of a base. For example, z 
since 2? = 8, log, 8 = 3. Logarithms of nonintegral powers of a base can - 
be computed by methods of advanced mathematics to any desired -™ 
number of decimal places. Some of these values are shown in the . 
following tables: 

- 
= 
- 


logs iO Keg | = 


Ip 2 = 1 l0Gi9 2 = 0.301030 
logo 3 = 1.58496 109,93 = 0.477121 
log,4 =2 l0gig 4 = 0.602060 


l0gi9 9 = 0.698970 
Kein © 22 OLY VSS 
10gi9 7 = 0.845098 
l0g,, 8 =z 0.903090 
logig 9 = 0.954242 
lig 10 = 1 


logo 5 = 2.32193 
log,6 = 2.58496 
log, 7 = 2.80736 
bot, Se 

ISG5 9 <2 3.16993 
logs 10 = 3.32193 


Notice in both tables the following illustrations of the product property 
of logarithms: 


log, Q x3) = log, 2 + log, 3 = log, 6 
log, (2 x 4) = log, 2 + log, 4 = log, 8 
log, (2 x 5) = log, 2 + log, 5 = log, 10 
Because our numeration system has the base 10, it is convenient to use 
logarithms to the base 10, which are called common logarithms. In this 
usage, it is customary to omit writing the base 10, and we agree that log x 


will mean log) x. 
Some other logarithms can be computed easily. For example, since 


5033 10; 
log 30 = log 3 + log 10 
=log3 +1 
In general, each time you multiply a number by 10, you add | to its 
common logarithm. Thus: 
log 3 = 0.477121 
- log 30 = 1.477121 
log 300 = 2.477121 


log 3000 = 3.477121 
and so on 


In order to use logarithms in computation, however, it is necessary to 
be able to find the approximate logarithm for any positive real number. 
You will learn how to do that in succeeding sections. 

Now you can use the product and quotient properties of logarithms to 
solve certain logarithmic equations. 
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EXAMPLE 2 Solve log, (x + 1) + log, (« — 5) = 1 over @. 


SOLUTION 1. Use the product log, (x + I) 4 log, G@ —Sj=a 
property. log, (x + I(x -—5) = 1 
2. Write the equation in exponential form. C= N= 3s) =. 
3. Solve for x. eo = oe — FST 
x? — 40 120 
(xe — 6) 4. 2) 6 
c= DOr f= —L 
4. Check. 
x=6 ———— 


log, (=2 2DEloe = 25 aw 

log, (—1) + log{—7) = 1 
No, because logarithms of negative 
numbers are not defined. 


log, (6 + 1) + log, (6 — 5) 
log, 7 + log, 1 

140 

1 


II I-> Ils 
Il-~ 


a a es 


.. the solution set is {6}. Answer. 


Oral Exercises 


Express as the logarithm to base 10 of a single number. 


1. log 3 + log 2 2. log 5 + log 10 3. log 12 — log 3 
4. log 9 — log 6 5. (log 7) + 2 6. (log 30) — 1 


Written Exercises 


Use the table of logarithms to base 10 on page 395 to find a numerical 
value for each of the following 


Deloss, 2 2 loses 3. logy) 400 4. logio3 
5. log.) # 6. logy) 84 7. log) 15,000 8. log,, 0.21 


Express as the logarithm to base 2 of a single number; then use the 
table on page 395 to evaluate. 


9. log, 39 — log, 13 10. log, 55 — log, 11 11. log, 4 + log, 72 
12. log, + log, 3 13. log, 4 + log, ? 14. log, 17 — log, 1.7 


Use the product and quotient properties of logarithms to solve the 
given equation. 


15. log 6 + log x = log 3 16. logy — log5 = log7 
17. logz + log5 = 3 18. log 443 — logt = 2 
19. log, <* — logy — 3 20. log; 8x + log, x’ = 3 
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Use the product and quotient properties of logarithms to solve the 
given equation. 


21. log.) x + log,)(« — 3) =1 22. log, (z + 2) — log, (z — 3) = 1 
23. log, (« — 5) + log, @ —1) =5 24. log, 2x? — log; (x + 5) =1 
25. log, (x + 6) + log, (x — 6) =2 26. log, (x? — 1) — log, (5x + 5) =0 all 


27. Prove that for positive numbers x, and x,, 
x 
log, + = log, x, — log, x3. 
oo) 


28. Prove that for any positive number x, log, x = 2log,x. (Hint: Let 
log,x = L, and write in exponential form.) 


11-6 Using a Table of Common Logarithms 


Tables of logarithms have been computed to various numbers of decimal 
places, but we shall use a table (Table 5 in the Appendix) that gives the 
first four decimal places of common logarithms. 

There is a traditional arrangement of logarithmic tables, which you 
have to learn to read. The first few lines of Table 5 are: 


1732 | 


Notice that no decimal points are given. You read the digits from the 
table, but you have to put the decimal points in the correct places 
yourself. 

For example, to find an approximate value for log 1.24, you find 12 in 
our column under x. You then move along row 12 to the column headed 
4, where you find 0934. This means that 


log 1.24 = 0.0934. 


From this, you see that, since 12.4 = 1.24 x 10, you have by the product 
property of logarithms (page 394), log 12.4 = log 1.24 + log 10, or 


log 12.4 = 1.0934. 
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Here are four more examples: 


24 = 1.245% 102; log 124 = 2.0934 
12400 = 1.24 x 10%; log 12400 = 4.0934 
0.0124 = 1.24 x 10°; log 0.0124 = —2 + 0.0934 
0.000124 = 1.24 x 10°%; log 0.000124 = —4 + 0.0934 


Notice that the logarithm of a number is the sum of two parts: 


(1) a part between 0 and 1, called the mantissa, which is nonnegative 
and is found from Table 5, and 

(2) an integral part, called the characteristic, which is the exponent of 10 
when the number is expressed in standard (or scientific) notation. 


To maintain this pattern, we usually do not simplify sums involving 
negative characteristics. That is, we do not change —2 + 0.0934 to 
obtain log 0.0124 = —1.9066. Instead, we write “—2 = 8.0000 — 10,” 
giving us 

log 0.0124 = 8.0934 — 10. 
Similarly, 
log 0.000124 = 6.0934 — 10. 
Usually the difference with —10 is used, although occasionally it is 
helpful to use some other difference, for example, 18.0000 — 20 instead 
of 8.0000 — 10. 
In general, one may say that Table 5 gives approximate values of the 


logarithms of numbers from 1.000 to 9.999, or of the mantissas of other 
numbers. 


EXAMPLE 1 Find log 1470. 


SOLUTION We first write 1470 = 1.47 x 10°. So the characteristic is 3. Next, we 
examine the left-hand column for 14 and the top row for 7, and find that 
the mantissa is 0.1673. 


.. log 1470 = 3 + 0.1673 = 3.1673. Answer. 


You can reverse the foregoing procedure to find an approximation for 
a number with a given logarithm. If logx =a, then x is called the 
antilogarithm of a, abbreviated ‘‘antilog a.” 


EXAMPLE 2 Find antilog 9.1523 — 10. 


SOLUTION First find the mantissa, 0.1523, in the body of the table. Then read the 
first two digits, 14, directly across in the left-hand column. Going 
directly up from 0.1523, you find the third digit, 2, in the top row. Since 
the characteristic is —1, you have 


antilog 9.1523 — 10 = 1.42 x 10°! = 0.142. Answer. 
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Oral Exercises 


Express the given number in standard notation. (See page 269.) 


ie 27 2. 814 3. 0.635 S297 
5. 0.0038 6. 5,210,000 7. 0.0000491 8. 0.0605 


State the digits of the given antilogaritnhm from the table on page 397. 


9. antilog 2.1553 10. antilog 4.0128 11. antilog 0.1004 
12. antilog 9.1399 — 10 13. antilog 5.0607 14. antilog 7.1703 — 10 


Written Exercises 
Find each logarithm. Use Table 5. 


1-8. Use the numbers in Oral Exercises 1-8 above. 
9. log 82.3 10. log 10,400,000 11. log 0.007 
12. log 0.0395 13. log 190 14. log 0.000528 


Find each antilogarithm. Use Table 5. 


15-20. Use the antilogarithms in Oral Exercises 9-14 above. 
21. antilog 1.8463 22. antilog 8.9031 — 10 23. antilog 6.8041 — 10 
24. antilog 6.5340 25. antilog 4.7284 26. antilog 9.8500 — 10 


Use Table 5 to express each log as a single number. 


27. log 25 + log 624 28. log 88 + log 0.325 
29. log 7150 — log 5.5 30. log 0.077 — log 28 
Solve for x. 
31. log 3 + log x = 1.7324 32. log x — log 0.6 = 2.7033 
33. log x? + log 7 = 8.4014 — 10 34. log 7.29 — log x? = 9.9085 — 10 
(x — 2) logx log (« — 1) 
3, . ———— <0 
35 = 0 16. ee 


11-7 Interpolation 


Table 5 gives direct readings for the logarithms of numbers with nu- 
merals having at most three significant digits (page 269). A method of 
estimating logarithms for numbers with four significant digits is given in 
the following example. 
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a = Rs oR le I ee Fete or te, we ot mT co nt et 


EXAMPLE 1 Find log 1.374. 


SOLUTION  Youcan find entries for log 1.370 and log 1.380 but not for log 1.374. You 
do know, however, that 


log 1.370 < log 1.374 < log 1.380. 
Thus, 


0.1367 < log 1.374 < 0.1399. 


If the graph of this logarithmic function were a straight line (PR in 
Figure 10), you could find log 1.374 by using a proportion. The graph, 
however, is close enough to a straight line over much of its range for us 
to make the assumption that 


the ordinate fi of point C’ 
on the line is an acceptable approximation of 
log 1.374, 


the ordinate of point C on the curve. 
R 
(1.380, log 1.380) 


we 


(1.374, log 1.374) 


P, 
(1.370, log 1.370) 


1.370 1.374 1.380 
Figure 10 


Because P, C’, and R are collinear, 


the slope of segment PC’ = the slope of segment PR 


Be 


h — log 1.370 ___ log 1.380 — log 1.370 

1.374 — 1.370 = 1.380 — 1.370 

h — log 1.370 — log 1-380 tosne370 
0.004 7 0.010 


.. h = log 1.370 + (log 1.380 — log 1.370). 


This means that we assume that because 


1.374 is 4, of the way from 1.370 to 1.380, 
log 1.374 is 7 of the way from log 1.370 to log 1.380. 


Letting d = log 1.374 — log 1.370 = ;{(log 1.380 — log 1.370), you can 
arrange the work as follows: 
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1.380 0.1399 
0.010 1.374 log 1.374 0.0032 
Zac [ 370 saa : 


d = 75 X 0.0032 = 0.0013 (rounded to four places because 
mantissas in Table 5 are reliable only to four places). 


.. log 1.374 = 0.1367 + 0.0013, or log 1.374 = 0.1380. Answer. 


The process just described is linear interpolation (page 335). It enables 
you to use a four-place table of logarithms to approximate the logarithm 
of a number whose decimal numeral is known to four significant digits, 
with the result usually correct to four decimal places. To approximate 
the logarithm of a number whose numeral is known to more than four 
digits, you first round the numeral for the given number to four digits 
(page 269), and then find the logarithm of the result. 

You can also interpolate in reverse to find antilog x if log x is known 
and its mantissa is not an entry in the table. 


EXAMPLE 2 Find antilog 2.3176. 


SOLUTION Ignore the characteristic for now, and locate 0.3176 between entries in 
Table 5. You find that 0.3160 and 0.3181 are table entries, with antiloga- 
rithms 2.07 and 2.08 respectively. Then arrange these facts as shown 
below: 


x log x 


2.080 0.3181 


0.010{ _ | antilog 0.3176 0.3176 0.0021 
| 2.070 2317 oan 


Hameo O01e 16 16 
ais 2 1 = 0.010- (46) ~ 0.008. 
Meee 0021 2 ee (52) ee 


., antilog 0.3176 = 2.070 + 0.008 = 2.078. 
Next, note that the characteristic of the given logarithm is 2. Hence, 


antilog 2.3176 = 207.8. Answer. 


Notice that d’ was rounded to one significant digit because reverse 
interpolation in a four-place table yields at most four significant digits 
for the antilogarithm. 
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Oral Exercises 


State the inequality you would use as the first step in interpolating to 
find the logarithm of the number. 


EXAMPLE = 2.735 SOLUTION log 2.730 < log 2.735 < log 2.740 
1. 1.453 2. 7546 3, 5365 4. 0.3464 


Written Exercises 


Find the logarithms of the numbers. 


1-4. Use the antilogarithms in Oral Exercises 1-4. i 
S592 6. 88.92 7. 65,270 8. 0.006298 
9. 6002 10. 1.256 11. 120,700 12. 0.01972 


Find the antilogarithms of the numbers. 


13. 1.1620 14. 3.6769 15. 8.9651 — 10 16. 9.8230 — 10 
Lie 25072 18. 0.5485 19. 7.8847 — 10 20. 4.7714 
21. 9.7508 — 10 22. 13239 23. 8.1964 — 10 24. 3.4244 


25. Find log 1.145 by interpolating between log 1.14 and log 1.15 (the 
usual way), and then find it again by interpolating between log 1.11 
and log 1.18. Which answer is greater? 


26. Are logarithms calculated by interpolation usually too great or too 
small? Why? 


27. Are antilogarithms calculated by interpolation usually too great or 
too small? Why? 


11-8 Computing Products and Quotients 


In computing with four-place logarithms, results can be given to at most 
four significant digits. If the numbers in the computation are approxi- 
mations, the accuracy of the result may be further restricted. 

Measurements always produce approximations. A measurement is 
made by comparing some quantity with a measuring device which has a 
numerical scale. The measurement may be read as a number of the 
smallest units on the scale. 

The precision of a measurement is defined to be the unit used in 
making it. For example, a botanist reporting the height of a sapling as 
1.9m is measuring its height precise to the nearest 0.1 m. The maximum 
possible error is half the unit of precision. In this example it is 0.05 m. 
Thus, the true height of the sapling, h, satisfies the following inequality: 


185 <h < 1.95. 
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Another aspect of measurement is its accuracy. The accuracy of a 
measurement is the relative error. It is usually expressed as the percent 
the precision is of the actual measurement. The accuracy of the bota- 
nist’s measurement may be found as follows: 


ce — 5.39, 

19 = O10S37= 5.3% 
The accuracy varies with the size of the particular measurement. For 
example, another sapling measured was 0.5m high. Although the pre- 
cision of the measurement is still 0.1m, its accuracy is 20%. 

In sum, the precision of a measurement is determined by how the 
measurement is taken. The accuracy is the relative error, which depends 
on the precision and the size of the particular measurement. 

It is easy to tell the number of significant digits if a measurement is 
given in standard (scientific) notation (Section 8-5). For example, instead 
of 200 meters, you would write 


2x 107, 20 < 1102, or 200 107 


according as the measurement is precise to the nearest hundred meters, 
the nearest ten meters, or the nearest meter. 
For computations in general, we use the following working rules: 


To Round the Numerals for Results: 


1. Give products, quotients, and powers to the same number of 
significant digits as appear in the least accurate approximation 
involved. 

2. Give sums and differences to the same number of decimal 

places as appear in the approximation with the least number of 

decimal places (the least precise measurement). | 


Since there may be some doubt about the fourth digit obtained by 
using four-place logarithms, we shall usually round the result to three 
significant digits. . 

To guard against errors in computation, you should adopt two prac- 
tices as a matter of routine. 

First, make an estimate of the result. This guards against such gross 
errors as misplacing a decimal point. 

Second, plan and arrange your work systematically and neatly. This 
makes it easier to check for errors. A practice to follow is always to 
arrange your work in vertical columns, aligning equality signs vertically 
and keeping decimal points directly under one another. You can indi- 
cate the operations (+) or (—) and put in the characteristics in advance. 
Also, label the steps of your computation, so that if you have to check 
back, you will know what you are checking. 
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EXAMPLE 1 Compute Bowe 


SOLUTION [etN= aa 


1. Estimate N. 


2 = 1 
N x: SUA xa = 10 - 9, 


° 


2. Write an equation showing the plan of work. 


log N = log 438 + log 0.41 — log 2.32 


3. Find log N. log 438 = 2.6415 
log 0.410 = 9.6128 —10 (+) 
12.2543 10 
leg232 =) 03655 (-) 


log N = 11.8888 — 10 
4. Find N. N = antilog 11.8888 — 10 = antilog 1.8888 = 77.42. 


Note that the value arrived at is in reasonable accord with your estimate. 
... to three significant digits, the result is 77.4. Answer. 


Because logarithms are defined only for positive numbers, if negative 
numbers are involved in a calculation, you simply first determine by 
inspection whether the result is a positive or a negative number, and 
then perform the calculation using absolute values. 


EXAMPLE 2 Compute a 


SOLUTION Let N= = and note that N is negative. 


7.08 =o, ae =(L5 
= IS 16 


2. Use log |N| = log 7038" lezais.2. 


3. log 7.08 = 0.8500 
log 15.9 = 1.2014 (—) 


1. Estimate N. 


Since 1.2014 > 0.8500, to avoid a negative mantissa we replace 0.8500 
with 10.8500 — 10. 


log 7.08 = 10.8500 — 10 
log 15.9= 1.2014 (-) 


9.6486 — 10 
.. log|N| = 9.6486 — 10 
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4. |N| = antilog 9.6486 — 10 = 0.4452 and N = — 0.4452. 


Note that the result is in reasonable accord with the estimate. 


.. to three significant digits, ule = —0.445. Answer. 


— 15.9 


Oral Exercises 


State the logarithmic equation you would use to compute each of the 
following. 


1. (7.3)(180) 2. (45.1)(3090) 3. (—226)(0.985) 
4. (0.0720)(69.4) 5. (—5700)(—0.0031) é: = . 
7, 0.437 = a 9, 0.0266 
16.2 " 0.392 ° 9.913 


Written Exercises 
Compute each of the following using logarithms. 


1-9. The product or quotient in Oral Exercises 1-9. 
49.1)(154 
iD (49.1)(154) 


10. (5.23)(348)(0.266) 11. (9790)(0.428)(0.0118) = 
13, (= 962)(0.251) r 429 1g, (11-6))(203) 
29.0 (Sosa) * (174)(0.926) 
4852 0.2637 
16. : 5 7. —— 18, ——————_ 
1°) 43.27 8 5006925 


19. Given that log 2 = 0.3010 and log 3 = 0.4771, state an equation you 
can use to find approximations of the logarithms of each of the 
following numbers without using a table. Then find the approxima- 
tions. 


a. 4 b. 8 ey 12 das He f. 15 
20. Show that for any positive number y, log vy? = 2logy, and hence’ 
log Vy = tlog y for any real number vy. 


21. Using only the information given in Exercise 19 and the facts that 
(1) 7? = 48 and (2) 11? = 120, find approximations of log 7 and log 11 
without using tables. (Hint: Use the results of Exercise 20.) 


22. Express the following equations in terms of the logarithms of the 
variables. 
a. Direct variation: y =kx b. Joint variation: <2 = Axy 


c. Inverse variation: y = k d. Combined variation: 2 = 
x 


ky 
Ns 
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11-9 Computing Powers and Roots 


To discover another very useful property of logarithms, recall that 


x = pleesr 
so that 
= (bles. z)r — priog,z 


Writing this latter exponential equation in logarithmic form produces the 
power property of logarithms. 


lf x > 0 and mn € &, then log, 2" = "lege. 


To illustrate this property, look at these tables: 


log, 1 
log, 2 
log, 3 
log, 4 


Cha | = 

109,92 = 0.301030 
logi9 3 = 0.477121 
109,94 = 0.602060 


Ki, = 282188 
log, 6 = 2.58496 
logo? = 2.80736 
eons) = 2 

logo 9 = 3.16993 
log, 10 = 3.32193 


l0G;9 9 = 0.698970 
log;96 = 0.778151 
10049 ? = 0.845098 
l0g,,8 = 0.903090 
109,99 = 0.954242 
10g,, 10 = 1 


Notice that in either table: 
log, 2? = 2 log, 2 —losa 4 
log, 2? = Slog. 2 = Wagne 
log, 3? = Zlog, 3°— lean 
This property of logarithms is a very powerful aid in estimating values 
that are otherwise hard to obtain. 
EXAMPLE 1 Find ‘V2. 
SOLUTION Let N = 2 = 2”. 


1. Use: log N = 4 log 2 

2. Compute: log 2 = 0.3010 
I (a) 

log N = 0.0251 


3. N = antilog 0.0251 = 1.060 
.. to three significant digits, \/2 = 1.06. Answer. 
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To find a root of a number between 0 and 1, you must adjust the 


negative portion of the logarithm to fit the division, as in the following 
example. 


EXAMPLE 2 Find Y/0.83. 
SOLUTION _ Let N = V/0.83 


eectinate ame ORS = 4/0709 — 0.0 


2. Use the following equation: 


PAMerssy 


log N = tlog 0.83 = 4(9.9191 — 10) 


Here 10 is not a multiple of 3, so use 


1(8.9191 — 9) or 4(29.9191 — 30) 


(or some other equivalent form). Thus, 
log N = 2.9730 — 3, or 9.9730 — 10. 
In either case, the mantissa is 0.9730 and the characteristic is —1. 


. N = antilog (2.9730 — 3) = 0.9398. This result is in reasonable agree- 
ment with the estimate. 


‘. to three significant digits, \/0.83 = 0.940. Answer. 


EXAMPLE 3 Compute \/(0.831)?. 
SOLUTION _ Let N = \(0.831)2. 


1. Estimate N. 1/(0.8)? = 0.64 = \/640 x 1073 
= V8 x 10-7 =9x 10'=09 
2. Use the following equation: 
log N = log (0.831) = 2 log (0.831) 


3. Compute: log (0.831) = 8.9196 — 9 


ZX) 
17.8392 — 18 

So (Ss) 
5.9464 — 6 


.. log N = 5.9464 — 6 


4. N = antilog (5.9464 — 6) = 0.8838. This result is in reasonable agree- 
ment with the estimate. 


: 


., to three significant digits, (0.831)? = 0.884. Answer. 
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EXAMPLE 4_ If $1000 is deposited in a savings account paying 6% interest com- 
pounded quarterly, what will the account amount to in 10 yr if no 
deposits or withdrawals are made? Use the compound interest formula 


nt 
A = P(1 +) ; 
ai 


where Prepresents the principal invested at 100r percent annual interest 
(r is expressed as a decimal), m represents the number of times the 
interest is compounded during a year, and A represents the amount 
accumulated after ¢ yr. 


SOLUTION We P(1 - ry" 
n 
P = 1000, r = 0.06, n = 4, and t = 10 
4(10) 
we 1000 (1 + a) 
A = 1000(1.015)4° 
log A = log 1000 + 40 log 1.015 log 1.015 = 0.0065 
40 (x) 
.2600 
log 1000 = 3.0000 (+) 
3.2600 


.. log N = 3.2600 and N = antilog 3.2600 = 1820. 
. there will be approximately $1800 after 10 yr. Answer. 


Note: A more accurate result can be obtained if log 1.015 can be found to 
more places, since any “error” is multiplied by 40. To four significant 
digits, log 1.015 = 0.006466. Using this value, you can find that the result 
is approximately $1814. 


Oral Exercises 


State the logarithm of the number in terms of the base. 
ien(3.76)° 2, (2.16) 3. (48.6)3 4, (74.1) 


State the logarithm of the indicated root. 


5. 661 6. 1/8580 7. \/65,000 8. \/0.335 


Written Exercises 
Compute by logarithms. Round results to three significant digits. 


1-8. Use Oral Exercises 1-8. 
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Compute by logarithms. Round results to three significant digits. 


9. \/0.0955 10. \/0.801 11. 4/70.3 12. \/17,800 
ae 
13. (27.9)3(0.163) 14. oul 15. Bice 
(6.29)4 (84.5)? 
(0.648)3 re , 916 
i —— 17. \/687 \/0.00342 18.3 
\/0.079 34.5 
8.12 \/48(29.1)4 
19. \/(13.7)(0.44)3 20. .— 
O44) V 57.4 - 6160 


a 14,000 a (8.82)5(0.0054) 7 /\/895(1.03)5 
7 (0.531)2(725) i, 767 hat (17.8)2 


In Exercises 25-30, assume log x = 1.8 and log y = 0.4. Solve for z 
without using a table of logarithms. (Hint: Take logs of both sides.) 


ial 
23.2 = Vx 2%. z= = 27. 2 =(Vx Vy)5 
3 
aE , VEG 
24 Ya = Pee ve 30. z= ae 
y 


Solve for x without using a table of logarithms. 
EXAMPLE log x = 2(log 45 — log 5) + }log 64 
SOLUTION x = (45 +5)? x 642 = 81 x 8 = 648 


31. log x = 4(log 63 — log 7) + 2log5 32. log x = 1(log 45 — 2 log 3 + log 25) 


33. log x = 4¢4log 16 + log 12) — 4(log 25 + log 40) 
34. log x = 2(log 15 — 2 log V5) = 3(log 2 + log 3 + log 6) 


Vien 
35. Show that ie ee = 2log (x + Vx? — 1). 


x— Vx? -1 
] h) — log: h\k 
36. Show that a = log (1 + =). 
y Va? + y? — a 
37. Show that log ——————— = log ——————_—. 
Se Geen? y 


Problems 


1. Find the amount after 20 yrin an account in which $5000 is invested at 
a rate of 10%, compounded semiannually. 

2. Find the amount after 9 yr in an account in which $3000 is invested at 
8%, compounded quarterly. 
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. The number of bacteria N in a culture is given by the equation 


N = 450,000(2)25', where 450,000 bacteria were initially present and t 
is the time elapsed expressed in minutes. How many bacteria will 
there be in the culture after 0.8 min? 


. The amount N of carbon-14 remaining after t yr of radioactive decay 


is given by the equation N = N,(0.97)°°*, where N, is the initial 
amount. Of 2 g initially present, how much will remain after 7500 yr? 


. The population P of a certain town increases according to the formula 


P = 5000(1.1)° 7", where t represents number of years after 1980. If 
this trend continues, what will the population be in 2028? 


. The period of revolution T of an artificial earth satellite in hours is 


given by 
2a pe 


— 3600 / GM’ 


where r is the distance to the satellite from the center of the earth. If 
G =6.67 x 10° |', M = 5.97 « 10**keMthe mass of the earthwand 
r = 6.59 x 10°m, find the period of the satellite. 


programming in BASIC 


In the BASIC language, you can use exponents written in fractional or 
decimal form. For example: 


10 PRINT 27(1/2):27.5:211.567 
20 END 
RUN 


1.41421 1.41421 2.96288 
END 


Notice that a fractional exponent must be enclosed in parentheses because 
of the order of operations described on page 97. 


Exercises 


a nk W 


. Use the computer to find 27, 0.833, and 0.8313. Compare the results 


with those of Examples 1-3 (pages 406-407). 


- 10949 2 = 301030 means 107.301030 = 2. Test this by having the 


computer find 107.301030. 


= lest-21 332193. 

. Check the results of Exercises 2 and 3 with the tables on page 406. 
. Check the value of 2V? given on page 385. 

. Use a computer to check your work in the exercises on pages 408-409. 
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11-10 Solving Equations Using Logarithms i 
i 
You can use logarithms to find approximate solutions for some expo- 2s 
nential equations over &. x 
EXAMPLE 1 Solve x? = 4.63 over ® and express the solution to three significant 
digits. 
SOLUTION 1. Raise both sides x? = 4.63 
to the $ power. x = (4.63)3 


2. Use one of the properties on page  logx = log (4.63)! 
391 to equate common 


logarithms. 
3. Apply the power property log x = flog 4.63 
of logarithms to simplify log x = 4(0.6656) 
the right member and solve loge 2 eo!) 
for log x. 
4. Find x. Gea amlos, 15531 2 35.73 


*, the solution set is {35.7}. Answer. 


EXAMPLE 2 A culture of bacteria contains N bacteria after th according to 
N= NO) 


where N, is the number present originally. How long will it take for 
10,000 bacteria to multiply to 30,000? 


SOLUTION = Substitute 30,000 for N and 10,000 for No. 
30,000 = 10,000(2.72)°°* 
Divide each member by 10,000. 
2 = 072 
Equate common logarithrns. 
log 3 =log (272) 
Apply the power property of logarithms and solve for t. 
log 3 = 0.041 log 2.72 


oe log 3 
~ (0.04)(log 2.72) 


(2 0am 
~ (0.04)(0.4346) 


(Solution continued on page 412.) 
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log t = log 0.4771 — log 0.04 — log 0.4346 
log 0.4771 = 9.6786 — 10 
log 0.04 = 8.6021 — 10 (—-) 
1.0765 


Change to ‘11.0765 — 10 
log 0.4346 = 9.6381 —10 (—) 


1.4384 


log t = 1.4384 
t = antilog 1.4384 = 27.4 


*, it would take approximately 27.4 hours for the number of bacteria to 
multiply from 10,000 to 30,000. Answer. 


EXAMPLE 3 _ Express log, 11 in terms of common logarithms. 
SOLUTION Let N = log, 11. 


1. Write in exponential form. 5 ld 
2. Equate common logarithms. log 5" =logai 
3. Apply the power property Nlog 5 = log 11 
of logarithms and solve 
for N Ne a 
log. Wik log Answer. 
log 5 


The result of Example 3 suggests the following: 


Relationship Between the Logarithms of a Number n 
to Two Different Bases a and b 


log, 


gb 


a 


log,n = 


(1 > 0,45 Uae ee 00 = 1) 


Can you justify the steps in the following proof of this relationship? 
Let aailesa 
(je 
log, b? = log, n 
xlog. b =log 1 


log, n 
— 
log, b 
l 
or log, n = ea ; 
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In particular, if # =a in the preceding equation, you obtain, since 
lop a = |: 


Ge Vas ib > 0b 41) 


For example, using the values in the tables on page 395 and a little 
arithmetic, you can write 


— logyo6 (0.778151 


Tere pee, 2 Ome 1 
ee” ~ Tog ,,2 0.301030 


= 2.58496. 

Another very important base for logarithms is the irrational number e 
(e = 2.7182818) which arises naturally in many practical situations and is 
used a great deal in more advanced mathematics. To find log, x given a 
table of common logarithms, you simply use 


log 19 x 
l —— 
Ho logioé 
Since log) e = 0.4343, you have 
log) x 
loge = Ere = Jn Ue Nor 


Oral Exercises 
State the equation you would use as the first step in solving for x. 


1. 3" = 560 st — 133 3. 257 = 3.29 4. 6.787 = 83.2 
5. x35 = 1950 6. x!8 = 7.62 7. x!2 = 69 Rot 027 


Written Exercises 


Solve over ®. Use Table 5 as needed and express each solution to 
three significant figures. 


1-8. Solve Oral Exercises 1-8. 


9. 7(47) = 30 10. 106(3.1)7 = 180 Wi, Sle Sh = al 12. 3(9.12)¥ = 5.77 
13. 8x? = 86.3 14. eS 4.98 15. 632% = 97.1 16. (0.28)(x + 1) = 50 


Approximate to three significant digits. 


710g, 5, 6.63 18. log, 8.5 19. log, 91 20. log, 5 
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Solve over ®. Express each solution to three significant digits. 
Pile — 355 227i 879 23:57) Se 
nae? = 2 255, = 52! 2606) =e 


Use the relationship on page 412 to prove each of the following. Do not 
use a table of logarithms. 


log, 2 .  2logss 
; =— 28. log, 2>.— 
27. log, 2 5 og, 25 1oge 
29 Noe, x = 2 log. x 30. log, x = n log,» x 
j log, x log, x 
. log — ee By, lepers = 
aca Tele @ i | log, b 


33. (log, x)(log, vy) = (log, x)(log, +) (Hint: Consider log, y.) 


Problems 


1. How long will it take for $1000 invested at 8%, compounded semian- 
nually, to grow to $3000? 


2. What amount of money must be invested at 8% compounded quar- 
terly in order for the account to contain $7000 after 13 vr? 


3. A certain radioactive element decays according to the formula 
N= N, (4°24, 


where fis the elapsed time in minutes, No the initial amount, and N the 
final amount. How long will it take for 100 g of the element to decay 
to 212? 

4. The amount N in a bank account that pays 5% interest compounded 
instantaneously can be given by the formula N = N,e®%!, where ris in 
years and N, is the amount originally deposited. According to this 
formula, how long will it take $2000 to grow to $6000? (Use e = 2.72.) 


5. A savings bond pays $4 after 7.5 vr for every $3 originally invested. To 
what rate of interest, compounded quarterly, is this equivalent? 


programming in BASIC 


The BASIC language has a built-in function LOG(X). The base of this 
function, however, is e (see page 413). To find logarithms to another base, 
b, use the formula on page 412: 


lOGune= EOG(N) / LOG(B) © to ao 


414 | Chapter 11 


Exercises 
1. Use the computer to check Example 1, page 411. (That is, compute 
Beas (7 /3).) 
2. Use the computer to check Example 2, page 411, by finding 
LOGC)y (004+ LOG .72)). 
3. Prove that 
log,m _ log,m 
log, ~~ log,n 
GeO. > Une ier 0. a 4 1,5 = 0b + 1), 
4. Write a program that will print out common logarithms of the positive 
integers 20 through 40. 


5. The value of e can be found to any desired number of decimal places by 
using the series 


1 1 1 1 
er || pie e ———— ee , G00 
| ess ” (ao 
to as many terms as needed. Write a program to find the value of e, 
stopping when you reach a term that is less than 0.000005. Print each 


term and the accumulated sum. 


Self-Test 3 

VOCABULARY common logarithm (p. 395) antilogarithm (p. 398) 
mantissa (p. 398) precision (p. 402) 
characteristic (p. 398) accuracy (p. 403) 


Use Table 5 to find the following: 


1. log 28.36 2. antilog 8.6841 — 10 Obj. 1, p. 394 
3. For the measurement 2.5 m, give (a) the precision and (b) the Obj. 2, p. 394 
accuracy. 


Use logarithms to compute each of the following. 


3 
1/253 

4. (0.0058)(27.6) 5. Obj. 3, p. 394 
0.614 

Solve over ®, giving answer to three significant digits. 

6. 4(57) = 38 (ess NS Obj. 4, p. 394 


Check your answers with those at the back of the book. 
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Microbiologists prepare 
cell cultures (above) 
and use an electron 
microscope (below). 
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Careers 
in Microbiology 


Biology is the study of living things—their structure, evolu- 
tionary development, behavior, and life processes. Micro- 
biologists restrict their study to microscopic and submi- 
croscopic organisms, such as bacteria, viruses, protozoa, 
algae, and fungi. 

The field of microbiology has a wide range of applica- 
tions. In medicine, the study of bacteria and viruses has 
led to the control of many diseases and to the discovery of 
antibiotics. Since microorganisms play a vital part in the 
decomposition of matter in the soil, agriculture has bene- 
fited from greater knowledge about their function. The 
food industry is concerned with organisms that cause 
spoilage. Knowledge of bacterial growth is also important 
in sanitation and water pollution control. 


EXAMPLE Undercertain conditions, bacterial growth can 
be represented by N = N,(2.72)*!, where N, is the initial 
number of bacteria, N is the number after ¢ hours, and k is 
a constant depending on the type of bacteria and the 
conditions (see Example 2, section 10-11). A biologist has a 
culture of bacteria, whose growth is described by N = 
N,(2.72)°-9!. When there are about 10° of these bacteria, a 
mutation occurs in one of them. The mutants can make 
better use of some of the chemicals being supplied to the 
culture, and therefore their growth is described by M = 
M,(2.72)°-°". How long after the mutation occurs (assum- 
ing there are no other mutations) will the number of 
mutants, M, equal the number of original type bacteria, N? 


SOLUTION We want to find t such that M = N. That is, 
Mie" = Nia 


Since when the mutation occurred, there were 10° of the 
original type of bacteria, and 1 mutant, we must solve 


MOD Fs ete = 105(2.72)®-03 
Taking the log of each member 


0.072 log (2.72) = log 10° + 0.03¢ log (2.72) 
0.04t log (2.72) = 5 
0.041 (0.4346) = 5 
i FS BSS In Or 12 el. 


ay HE CALCULATOR SS—— 


Equations in which the variable appears as an exponent are usually 
solved using logarithms. Some of these are solved as shown below. 
EXAMPLE _ Solve 47 = 28 for x. 
SOLUTION Taking the logarithm of both sides, we get 
log 4" = log 28 
x log 4 = log 28 
__ log 28 
~ log4 


To solve this equation on your calculator, use these steps: 


2G ca} St os) S| GSE TTS. Answer. 


Exercises 

Solve for x. 

1. 57 = 100 2. 77 = 2035 3. 127 = 0.5 

4. 237 = 4096 5. 37 = 59,049 6. 457 = 1.4142136 


Chapter Summary 


1. Radical expressions may be written equivalently in exponential form: 
(\/b)? = br, provided V/b and p are real numbers. 


2. The laws of exponents apply to real-number exponents for positive 
bases. 

3. Relations in which reversing the components of the ordered pairs of 
each produces the other are called inverses of each other. The inverse 
of a one-to-one function is a function. If f~! is the inverse of a 
one-to-one function /, then f~![f()] = x for each x in the domain of f, 
and f[f-'(x)] =x for each x in the domain of f~'. 

4. The inverse of the exponential function {(x,¥): vy = b',b>0,b #1} 
is the logarithmic function {(x,y): y = log, x, b >0, b #1, x > 0}. 
eee > 0,b > 0,b 4 1, then b>? =x ifxe ,b>0 bx 1, 
then log, b? = x. 

5. The precision of a measurement is defined to be the unit of measure. 
The accuracy of a measurement is defined to be the relative error, that 
is, the maximum possible error divided by the measurement itself. 

6. The characteristic of the common logarithm of a number mav be 
found by inspection of the number in scientific notation; the mantissa 
is determined from the table. 
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7. In using linear interpolation, you assume that small portions of the 
graph of y = log x are straight line segments. 


8. The laws of exponents are the basis for the laws of logarithms: 
x 
log (x,x,) =logx, +logx, log—+=logx, —logx, 
eS 


log x," =nlogx, 


9. To find the logarithm of a number to another base, you use the 


relationship: 
log, a= eae ‘ 
log, b 
Chapter Review 
1. Write Vx +y2 in exponential form. 11-1 
ay aS ys b. (x + y?)3 c x + y3 d. x3 + y3 
2. Write a in simple radical form. \ 4 
ay? b. = c. V6 d. 4 
3. Solve 47°? = 2779) over mm: 11-2 
a. {3} b. {3} cy 45} d. {4} 
4. If F = {(x, y): y = 2x + 1}, write the equation describing F-!. 11-3 
a {(Gy)i 2 =s0y — 1) b. {G@, y): x = 2y al} 
« {a% yy =4x -1} d{(,y): x = 1a 
5. Find log, 81. 11-4 
a. & ba c. 6 d. 4 
6. Solve log, 64 = 3 over R. 
a. 4 b. 16 ey tS d. 24 


In Review Items 7-8, use the product and quotient properties of loga- 
rithms to solve the given equations over &. 


7. log x + log 4 =2 11-5 
an ba 25 c 4 d. 400 

8. log, y — logs; (y — 4) =log, 2 
a. 4 b. 3 cr d. 8 

9. State the characteristic of log 0.0081. 17-6 
a. —3 b. —2 c3 d. —4 


ee os 
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In Review Items 10-16, use Table 5 when necessary. 

10. Find log 40000. 
a. 3.6021 b. 5.6021 c. 6.6021 — 10 d. 4.6021 

11. Use interpolation to find log 1437. 11-7 
a. 3.1581 be 1575 Sil) d. 3.1564 

12. Use interpolation to find antilog 1.5085. 
a. 32.25 b. 3.228 ©. 3.225 d- 32:28 

13. Compute — oe using logarithms. 11-8 
a. —0.211 b. —0.223 c. —0.247 d. 2.47 

3 

14. Compute aad using logarithms. 11-9 
a0 75 b. 1.143 c. 17315 d. 1.126 

15. Solve x? = 10.5 over @. 11-10 
a. 34 b. 56 ce WERTS d. 17 

lem solve 7? = 210.3 over R. 
a. 2.75 bo 3.93 c. 2.84 dwlesa 

Chapter Test 

1. Evaluate 27-3. 11-1 

2. Solve 2x-3 = 3 over &. 

eee | — 8-2 over @. 11-2 

Peli) = (x,y): y = 2x* — 3}, find F~\(x). 11-3 

5. Solve log, 125 = 3 over R. 11-4 

6. Evaluate log, 3°. 

7. Use Table 5 to evaluate log,, 144. 11-5 

8. Use the product and quotient properties of a logarithm to solve 

log 4 + log x — log2 = 2. 
In Test Items 9-14, use Table 5 when necessary. 

9. Find log 0.0013. 10. Find antilog 4.8470. 11-6 
11. Use interpolation to find log 3759. 11-7 
12. Compute Sanaa using logarithms. . 11-8 
13. Compute /1280 using logarithms. tg 
jamsolve 2.72°25* — 25 over R. 11-10 
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This experimental windmill will generate enough electricity to power 
about thirty homes. 
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Permutations, 
Combinations, 
and Probability 


Permutations 


OBJECTIVES for Sections 12-1 through 12-3: 

1, Apply fundamental counting principles. 

2. Find the number of permutations of the elements of a set. 

3. Find the number of permutations of the elements of an r-element subset of an 
n-element set. 

4. Find the number of permutations of elements that are not all different. 


12-1 Two Fundamental Counting Principles 


Can you find the number of elements in the union of two finite sets if 
you know the number of elements in each of the sets? Consider the 
following examples: 


for 1 2,3,4), B = {5,6}, A U B = {1, 2, 3,4, 5, 6} 
ae 23 4), C= {2,4,6}, A UC = {1,2, 3,4, 6} 

In (/), the number of elements in the union is just the sum of the 
numbers of elements in the given sects: 6 = 4 + 2. In (2), however, the 


union has only 5 elements, instead of 4 + 3 = 7, since the elements 2. and 
4 belong to both A and C. In set notation, {2,4} =A NC. 
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Thus to find the number of elements in the union of two sets, you must 
also know the number of elements in their intersection. 


If a finite set A contains r elements, a finite set B contains s 
elements, and their intersection (A M B) contains t elements, then 
the union of A and B (A U B) contains r + s — t elements. 


If A \ B = 9, as in (1) on page 421, then t =Q and A UB=r4s. 


EXAMPLE 1 The Mathematics Club at East High School has 34 members, the Spanish 
Club has 28 members, and 8 students are members of both organiza- 
tions. If all members attended, what would be the attendance at a joint 
meeting of the two clubs? 


SOLUTION You want to determine the number N of members in the union of two 
sets whose intersection contains 8 members. You have: 


N = 344+ 28 — 8 = 54 


.. the attendance at the joint meeting would be 54. Answer. 


To discover a second counting principle, consider this problem: IfA is 
the set of tivo integers {1,2} and B is the set of three integers (4, 5, 6}, 
how many different ordered pairs (a, b) are there witha € A and b € B? 

For each of the tivo ways that you can choose the first entry, a, there 
are three ways you can choose the second entry, b. Thus the set of all 
such ordered pairs @, J) is 


{(1, 4), @, 5), G, 6), @, 4), 2 5), @, 6)}; 


which contains 2-3 = 6elements. This set of ordered pairs is called the 
Cartesian product of A and B and is denoted byA x B. 
The result in this example can be generalized as follows: 


If a finite set A contains r elements and a finite set B contains s 
elements, then there are rs different ordered pairs (a, b) witha € A 


and b € B (that is, A x B contains rs elements). 


This principle can be extended to any number of sets and applied in 
Many counting situations. 


EXAMPLE 2. How many four-digit numerals for even numbers can be formed using 
the digits 0, 1, 2, 3, 4, 5, 6? 
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SOLUTION To help you think through such problems, it is useful to employ a 

diagram such as this: SB Olginis? 2 ee, 

For the thousands digit, you can use any of the six digits 1, 2, 3, 4, 5, 
or 6, but not 0. Therefore, you write 6 in the first space: Peale al 

For the hundreds and tens digits you can use any one of the given 
seven digits, so write 7 in each of these places: | 6 i 

In the units place, you can use any one of the four digits 0, 2, 4, or 6, 
but not 1, 3, or 5. Therefore, write 4 in the units place:[6 [7 |7|4 


The second counting principle tells you that there are 6 x 7 x 7 x 4, 
or 1176, ways of forming the required even numerals. Answer. 


Oral Exercises 


lf A and B are as given, state the number of elements inA  B,A U B, 


andA x B. 

fee 4, 6,5}, B= {5, 7,9} 2A = {1,3,5}, B = {4,5, 6} 
a A = {3), B= {1,2,3,4.5) lees 

see 2 = (1, 2, 3,4, 5} 623) bo 


In Exercises 7-8, the numbers of elements in three of the sets A, B, 
AUB,ANM B,andA x Baregiven. State the numbers of elements in 
the other two. 7 


7. A:3, B:5, A U B:7, A 9 B:?, A X B:? Oe. be i 
S71-6) 8:2, A U B:8, A B:5, A x B:? a 

a J 

ij ya 


Written Exercises 


1. How many ordered pairs of letters are there that use only the letters 
Pipe. C.D) and £? 

2. How many three-digit numerals can be formed that do not contain a> 
7? 

3. How many sequences of 4 letters can be formed from the letters J, K, 
L, M, N, and O if no letter may be used more than once? 

4. How many different sequences of heads and/or tails are possible if 
a coinis flipped 7 times? (If you let // stand for heads and T for tails, 
one such sequence could be THHTHTH.) 

5. Out of a faculty of 85 at Central High School, 47 teach at least one 
eleventh grade class and 56 teach at least one twelfth grade class. 
How many on the faculty teach both cleventh and twelfth grade 
classes? 
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6. Inasurvey of 375 dog and cat owners there were 215 dog owners and 
193 cat owners. How many in the survey own a dog and no cat? 


7. There are 8 different routes between cities A and B, and 7 different 
routes between cities B and C. How many different routes are there 
from city A to city C by way of city B? 

8. How many different employee identification symbols are possible if 
each symbol consists of two letters of the alphabet followed by three 
digits? 

9. In Exercise 8, how many symbols are possible if the two letters must 
be different and all three of the digits cannot be zero? 


10. How many seven-digit phone numbers are possible if 0 and 1 cannot 
be used as the first digit and the first three digits cannot be 555, 637, 
or 936? 


11. How many numerals for positive even integers less than 1000 can be 
formed from the digits 0, 1, 2, 3, 4, and 5? 


12. How many numerals for numbers between 450 and 700 can be 
formed using only the digits 2, 3, 4, 5, 6, and 7? 


13. How many of the numbers in Exercise 12 will be odd? 


14. How many multiples of 3 less than 1000 can be formed from the 
digits 1, 4,5, 7, and 9? (Hint: The sum of the digits of any multiple of 
3 is also a multiple of 3.) 


12-2 Linear and Circular Permutations 


You can list the members of the set {a, b,c} in six different orders: 
abc acb bac bea cab cba. 


Each ordering, or arrangement, of the letters is called a (linear) permu- 
tation of the set {a,b,c}. A permutation is any arrangement of the 
elements of a set in a definite order. 


Notice that the first letter listed can be any member of {a, b,c}. This 
means there are three choices for first place, so we write 3 in the first 


space of a diagram:[ 3] |_|. After a letter has been selected for first 


place, the choice for second place is made from the set of two letters 


remaining. Therefore, we write 2 in the second space:|3 | 2| |. After 


letters have been assigned to both the first and the second places, there is 


only one choice for third place; so we write 1 in the third space: 


Se: Thus, the number of permutations of the elements of {a, b, c} 


1S 


32561: 
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The product 3 x 2 x 1 can be written in brief factorial notation as 3! 
(read “three factorial” or ‘factorial three”). Thus, factorial five is 


Bl = SodbosoXo jl = iy) 
and in general, 
n} =n-(n — 1)-.---+3+2>+1, where n is any natural number. 


The preceding example illustrates the following fact: 


The number of permutations of the members of a set containing n 


different elements is n!. 


EXAMPLE 1 How many different signals can be made using the four 
flags pictured at the right if all the flags must be used in 
each signal? 


SOLUTION You want to determine the number of permutations of 4 
things: 
44=4°3-2-1= 24 


... 24 signals can be made using the four flags. Answer. 


Now suppose you are asked to find the number of permutations of 
five letters taken three at atime. Inthe diagram [ | | |the first space 
could be filled in five ways, the second in four ways, and the last in three. 
Thus| 5] 4| 3|would represent the situation. From the fundamental 
counting principle there are 5-4-3, or 60, ways in which the letters 
could be arranged. 

In a set, the number of permutations of n different elements taken r 
at a time is denoted by , P.. Other representations are P(n, r) and P". To 


obtain a formula for ,P,, notice that the diagram representing the 


Situation contains r spaces to be filled as shown: 


[rn |n = 1]n-2 tee n—(r— 1) 


Thus, you have the following result: 


| 
The number of permutations of r members of a set containing 1 || 


different elements is 


Penn — I)0t — 2) +--+ (4h Sr el) 


Neotemnatif r= 7, then ,P, =n!. 
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EXAMPLE 2 How many different three-letter sequences can you form from the letters 
of the alphabet if no two letters in a sequence are the same? 


SOLUTION You want to determine the number of permutations of 3 elements from 
a set of 26 elements: 


voP = 26+ 25-24 = 15,600 


*, you can form 15,600 different three-letter sequences. Answer. 


There is a special type of permutation, called a circular permutation, 
which is an arrangement of objects in a circular pattern. A common 
example is the seating of people around a circular table. In such an 
arrangement there is no first place, so that if each person shifts position 
by one place counterclockwise (or clockwise) the relative positions are 
not changed. In fact, if there are n people at the table, each person can 
shift position m times and return to his or her original position without 
disturbing the arrangement. Therefore, if you use the formula for a 
linear permutation to find the number of possible arrangements, you will 
have counted each different arrangement n times. Thus, there are 

a ee 
n nt 
distinguishable permutations. 

The diagram below shows the (3 — 1)!, or 2, circular permutations of 

the 3-element set {a, b, c} and the corresponding 3!, or 6, linear permu- 


Ve Of 


Figure 1 


EXAMPLE 3_ In how many ways can six persons be seated around a circular table? 


SOLUTION Since this is a circular permutation of 6 things, there are (6 — 1)!, or 120, 
possible different seating arrangements. 

You may think of this in a slightly different manner. Since a rotation of 

any permutation does not produce a new permutation, one of the 


positions can be considered fixed, and [1] 5 |4]|3]2[1] describes 


the situation. We see again that there are 120 different arrange- 
ments. Answer. 


The analysis of problems involving circular permutations of objects 
which do not have a definite top or bottom, such as bracelets or key 
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rings, is somewhat different. In these cases it seems reasonable to 
consider that flipping an arrangement over does not change the ar- —_ 
rangement. Thus, since flipping over the first arrangement in Figure 1 8 
in Example 2 yields the second arrangement, and vice versa, there is only 

(3 — 1)! : : : 
— aed 1, permutation of 3 objects about a key ring or bracelet. In 


(n — 1)! 
Zz 


general, for 1 objects, there are ~ such permutations, provided 


a Pz 


EXAMPLE 4 In how many ways can 5 keys be arranged on a key ring? 
SOLUTION You have 


(Ga = IO 4! 4°-3-2:1 
ee — AIS Weln 


y i Z 
Oral Exercises 
State as a number. 
ier, ZAP, SSP, 4. 5P, Sah, 6.eR 


Written Exercises 


1. In how many different ways can the 8 notes of aC scale be arranged 
to form a melody with no note repeated if considerations of rhythm 
are ignored? 


2. Answer Exercise 1 with the additional restriction that the melody 
must begin on the lower C and end on the higher C. 


3. Given 9 starting batters on a baseball team, how many batting orders 
are possible? 

4. How many arrangements are there of the letters in the word PICTURE? 

5. In how many ways can 4 persons be seated in a row of 9 chairs? 

6. In how many ways can the 5 positions on a basketball team be 
assigned among 10 players? 

7. In how many ways can a president, a vice-president, a secretary, and 
a treasurer be chosen from the 12 members of a club? 


8. In how many ways can 6 distinct dishes be arranged around a 
revolving platter at a buffet dinner? 


9. In how many ways can 10 numbers be arranged around a circular 
dartboard? 


10. Inhow many different ways can a host couple and 6 guests be seated 
at a round table? 
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11. In how many ways can 7 keys be arranged on a key ring? 

12. In how many different ways can 10 different colored beads be 
arranged on a bracelet? 

13. In how many ways can 6 students be seated in a row if 2 particular 
students must be seated next to each other? 


14. In how many ways can 6 students be seated in a row if 2 particular 
students must not be seated next to each other? 


15. How many arrangements of the letters in the word VERTICAL begin 
with three vowels? 


16. How many arrangements of the letters in the word Gracious both 
begin’ and end with a vowel? 


Show that each of the following is true when n = 7 andr = 4. 


I Ge ceca) =a ae isa0e—s) P= 
| 
19. ae == 20. (Cee) Cues SS ip _)= oa nn 


P, 


Prove each of the following for all positive integers n, r, and s, where 
n>re4s. 
21-24. Prove the statements in Exercises 17-20 above. 

ava — nP3 = (n — YP) 26.77. — P45 =“ Se 
27. _ P\,_,P.) = Pras 


12-3 Permutations with Repeated Elements 


Finding the number of distinguishable permutations of a set of elements 
that are not all different involves an extension of the method used in 
Section 12-2. For example, to find the number of distinguishable per- 
mutations of the letters in the word 


reverse, 


we must consider the fact that the letter e occurs three times and the 
letter r twice in the word, and that simply interchanging any of the three 
e’s or the two r’s with each other does not produce a distinguishable 
permutation. 

To analyze the situation in detail, let us label the r’s and e’s with 
subscripts: 


Yr, €; V @y VY, S @; 


There are, of course, ,P, = 7! permutations of these 7 letters. If we let P 
denote the number of distinguishable permutations, then for each of 
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these P permutations, there are 3! permutations of the e’s (e,, e,, and e,) 
and 2! permutations of the r’s (r, and r,). It follows that 


2B, = 1,sothat 


pee 490, 
21-3! 


Using similar reasoning, we can assert that, in general: 


| The number of distinguishable permutations of m elements takenn | 
| at a time, with 1, elements alike, m, of another kind alike, and so 
on, is 
n! 
nna! --- 


Oral Exercises 


Find the number of distinguishable permutations of the letters in the 
given word. 


1. all 2. book 3. foot 4. mitt 


Written Exercises 


Find the number of distinguishable arrangements of the letters in the 


given word. 
1. series 2. sequence 3. ellipse 
5. coefficient 6. nonsense 7. microbiology 


How many different positive integers can be formed using all the digits 
of the given numeral? 


9. 314159 10. 1414214 11. 1732050808 12. 2718281828 


13. How many distinguishable circular permutations of the letters in the 
word Roots can be formed? 


14. How many distinguishable circular permutations of the letters in the 
word SERIES can be formed? 


15. Find the number of distinguishable five-letter sequences that can be 
formed from the letters in the word circLe. Use the following steps: 
a. Find the number of distinguishable five-letter sequences contain- 
ing exactly one C. 
b. Find the number of distinguishable five-letter sequences contain- 
ing two C’s. 
c. Add the results of steps a and b. 


5. sills 


4. parabolas 


8 multiplicity 
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Self-Test 1 


VOCABULARY Cartesian product (p. 422) factorial notation (p. 425) 
permutation (p. 424) circular permutation (p. 426) 

1. How many numerals for three-digit odd integers can be formed Obj. 1, p. 421 
using only the digits 3, 4, 5, 6, and 7? 

2. In how many ways can 6 names be arranged on a ballot if each Obj. 2, p. 421 
name must be used exactly once? 

3. In how many ways can 4 countries on a map be colored if 7 Obj. 3, p. 427 
colors are available and each country must be a different color? 

4. How many distinguishable arrangements are there of the letters Obj. 4, p. 427 


in the word ESSENCE? 


Check your answers with those at the back of the book. 


Combinations 


OBJECTIVES for Sections 12-4 aud 12-5: 

1. Fiud the number of coutbinatious of n elements taken r at a tinte. 

2. Find the unuber of ways in which specified subsets cau be selected frou two 
or more givet sets. 


12-4 Counting Subsets 


Can you list the three-element subsets of the set TJ, where 
T = {a,b,c,d}? To obtain any of these subsets, all you have to do is 
remove one of the members of the original set. Thus the three-element 
subsets are: 


{a, b, c} {a, b,d} fared) Loved i. 


Hence, denoting the number of three-element subsets of afour-element 
sciaby {C,, you have ,C, = 4. 

You can classify the permutations of T’s elements taken three ata time 
according to the three-element subset involved in each permutation. For 
example, the 3!, or 6, arrangements 


abd bad dab 
adb bda dba 


are the permutations 0! the subset {a, b, d}. Similarly, each of the other 
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three-element subsets yields 3! other permutations of the letters a, b, c, 
and d taken three at a time. Thus, you have 

Ip 

4C3 < sy = les or Ace = ar 


This formula is consistent with our observation that ,C, = 4, since 


eee? 
3! a2 3 , 

Moreover, the formula suggests the general relationship between ,C,, 
the number of r-element subsets of a set with m elements, and ae thie 
number of permutations of the m elements taken r at a time for 
OP 1: 

C = re 
eee ay 


Since ,P. = n(n — 1)(n — 2)--- (2 —r 4+ 1), you have: 


The number of r-element subsets of a set containing » elements is 


ee ee 
——_- > oS 


Note that the numerator and the denominator of the expression on the 
right are both products of r factors. 
An r-element subset of a set with elements is often called a combi- 


nation of n elements taken r at a time. Thus, ,C,, also denoted by ee 
Pe 
C(n, r), or C”, is the number of combinations of elements taken r at a 
‘oneeter 
EXAMPLE How many 5-card hands can be dealt from a standard 52-card bridge 
deck? 
SOLUTION You are asked for the number of 5-card subsets of a 52-card set. Letting 


r = 5 and n = 52, you can begin by noting that the denominator of 


52C5 = 5! 


contains 5 factors. Therefore, the required numerator contains 5 de- 
scending factors starting with 52. Thus 


52 +51 +50: 49-48 _ 5 598 960, 


5 = oa ee 


., there are 2,598,960 possible 5-card hands in a 52-card deck. Answer. 


Permutations, Combinations, and Probabilit | 431 


' — ete OW) 


~Soe pp Ge’ reves, Dae ees eee Oe le i ee ® hm rk Wok whe er-te 


If you multiply the numerator and denominator of the expression for 
nC, by (2 — r)!, you obtain the equivalent expression: 
n(n — I(n — 2)--- (2k —r + Dm —N@ —r—1)---3:2:1 
ri(n — r)! 


EO ES 


or 


na! 
ri(n —r)! 


7c: = 
The symbol ,,C) denotes the number of subsets with no elements in a 
set having 1 elements. Since there is just one such subset, namely the 
empty set 8, ,C) = 1. Thus, you have: 
' 
n! 1 1 1 


nO = Gin) ow ON a aa 


Therefore, for the formula to hold when r is a whole number, we must 
define 0! to be 1. Now, you should verify that this definition also makes 
the formula for ,C, valid in the case r = n. 

You can discover a useful fact about ,C, by noticing that whenever r 
elements are selected from a set of m elements, 7 — r elements are left 
behind. Therefore, the combinations of r elements selected, and the 
combinations of  — r elements left, are paired one-to-one and are 
consequently the same in number; that is, 


nf, = ere 
You can use this fact to simplify computations; for example, 
50-49 
soC4s = soC2 = oS 1225. 
Oral Exercises 
Express as a number. 
1. aC, Pep sC? She 1202 4. Aon, 5. C14 


Written Exercises 


1. How many wavs can a selection of 4records be chosen from arecord 
club offering 11 records? 


2. In how many ways can a committee consisting of 12 people choose a 
steering subcommittee of 5? 


3. How many roads are needed to connect 10 cities if there is to be 
exactly one road between any two of the cities? 
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6. 15C, 


4. At a chess tournament with 12 players, each player played exactly 
one game with all but one of the other players. How many games of 
chess were played at the tournament? 


5. How many ways can 4 blue socks be chosen from a bag that contains 
10 blue socks and 8 red socks? 


6. Of nine points, no 3 are collinear. How many triangles are there that 
have 3 of these points as vertices? 


7. How many ways are there of scoring exactly 70% on a 10-question 
true-false test? 


8. In a club consisting of 20 members, how many ways are there of 
choosing a committee of 6 if the club president must be on the 
committee and another member of the club is not able to serve on 
the committee? 


9. How many diagonals are there in a regular nine-sided 
polygon? (Note that a diagonal cannot connect two 
adjacent vertices.) 


10. In how many ways can 10 people be divided into two basketball 
teams of 5 players each? 


11. How many committees of 6 can be chosen from a management 
group of 10 people if the president and first vice-president are not to 
serve on the same committee? 


12. Answer Exercise 6 above if 5 of the 9 points are collinear, but no 
Otmer 3 are. 


13. How many different sums of money can be made using 1 POU 
1 nickel, 1 dime, 1 quarter, and 1 half-dollar? 


iverincen it a. ~C, = io9Cog Dace, 
n! 
Use the formula ,,C, = Ga to prove: 
eC. =, C._. 16. ,C, = Sie!) Men =) C.) = 20 C2) 


18. Show that the total number of subsets of a set with n elements is 2”. 
(Hint: Each member of the set either is or is not selected in forming a 
subset.) 


12-5 Combinations and Products 


You can use the second fundamental principle of counting (page 422) to 
help determine the number of ways specified subsets can be selected 
from two or more given sets. 
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EXAMPLE In how many ways can 3 white and 2 red marbles be chosen from an urn 
containing 12 white and 8 red marbles? 


SOLUTION For the white marbles, you compute 


TMD 


C,.=— 
ee 1°2°3 


220. 


For the red marbles, you compute 


a7 


Cc, =— = 
Bee ie 


28. 
Then, by the second counting principle, the number of ways both selec- 
tions can be made is just 


28 x 220 = 6160. Answer. 


Oral Exercises 


An urn contains 10 red marbles and 8 blue marbles. State an expres- 
sion for the number of ways of drawing each of the following combina- 
tions. 


EXAMPLE 2 red, 3 blue SOLUTION ,,C, X C3 
1. 5 red, 4 blue 2. 7 red, 8 blue 3. 6 red, 3 blue 
4. 10 red, no blue 5. 1 red, 8 blue 6. 10 red, 8 blue 


Written Exercises 


1-6. Find the number of ways the combinations in Oral Exercises 1-6 
may be drawn. 
7. A family dinner special at a certain restaurant allows a choice of any 
3 out of 5 dishes from Group A and 4 out of 6 dishes from Group B. 
How many different choices are possible? 


8. Parts A, B, and C of a test contain 5, 6, and 7 questions respectively, 
and a student must choose 2, 3, and 4 questions respectively from the 
three parts. In how many ways can this be done? 


Exercises 9-17 refer to a standard bridge card deck containing 52 
cards with 13 cards in each of four suits (clubs, diamonds, hearts, and 
spades) and 4 cards in each denomination (ace, two, three, etc.). In 
each case, tell how many ways there are of choosing the given cards. 


9. 2 aces and 3 kings 
10. 2 hearts and 3 spades 


11. 3 face cards (jacks, queens, or kings) and 2 tens 
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14, 
13. 
14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


2 red cards and 2 clubs 
1 ace, 1 two, 1 three, 1 four, and 1 five 
3 jacks and 2 cards neither of which is a jack 


2 kings, 2 queens, and a card that is neither a king nor a queen 


2 cards of one denomination and 2 cards of another denomination 
(Hint: First find the number of ways of choosing the 2 denomina- 
tions.) 


2 cards of one denomination, 2 cards of another denomination, and a 
card that is of any third denomination 


How many five-letter sequences containing exactly 3 vowels and 2 
consonants can be made from the letters in the word ANTIDOTES? 
(Hint: Find the number of possible combinations of letters first, then 
the number of permutations of each combination.) 


Find the number of distinguishable five-letter sequences that can be 
made from the letters in the word verTICES. (Hint: Separate into two 
cases: (1) sequences containing both E’s; (2) all other sequences.) 


How many 5-letter arrangements can be formed using the letters in 
the word CREATION if each arrangement has 3 vowels and 2 conso- 
nants and if no letter is repeated? 


There are 12 empty seats in a row of a theater. In how many ways 
can 3 people be seated in the row? In how many ways can they be 
seated next to each other in the row? 


Self-Test 2 


VOCABULARY combination (p. 431) 


. Inhow many ways can 4 titles be chosen from a summer reading 


list of 10 books? 


. Inhow many ways can a committee of 6 be chosen from a group 


of 11 people? 

In how many ways can you select 2 blue marbles and 3 red 
marbles from an urn containing 6 blue marbles and 6 red 
marbles? 


. Parts A and B of atest contain 6 and 8 questions respectively. In 


how many ways cana student select 4 questions from part A and 
six questions from part B? 


Check your answers with those at the back of the book. 


Obj. 1, p. 430 


Obj. 2, p. 430 
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Leonhard Euler 
1701=1783 


Leonhard Euler is probably the greatest Swiss scientist in 
history, and certainly one of the most prolific mathemati- 
cians of all times. Euler, who spent most of his lifetime at 
St. Petersburg Academy in Russia and the Berlin Acad- 
emy, was one of several great mathematicians who could 
work almost anywhere under any conditions. He was able 
to perform long calculations in his head, so that even after 
he was totally blind, his mathematical output did not stop. 
His writings included works on calculus, topology, naviga- 
tion, celestial mechanics, and algebra. In trigonometry 
Euler extended the sine, cosine, and tangent functions to 
angles other than those occurring in right triangles. 

In addition, many of the mathematical symbols used 
today were developed by Euler. He adopted the symbols 


i to represent VY —1, 
* to indicate summation, 


and 
f(x) to denote a function of x. 


Binomial Expansions 


OBJECTIVES for Sections 12-6 and 12-7: 

1. Expand a binomial. 

2. Use Pascal’s triangle to expand a binomial. 
3. Find a given term in a binomial expansion. 


12-6 The Binomial Theorem 


When you expand natural-number powers of binomials, you discover an 
interesting pattern: 


(a+b)iz=a+b 

(a + b)? = a? + 2ab + b? 

(a + b)? = @? + 3a*b Seg 

(a + b)* = a* + 4a°b 4 6a2b = 4am + b* 
(Gup)' =a=—b 

(Qa — a? — 2ab + b? 

(qa — 0) = 0° — 3a*b + 3ab2 ae 

(a — 0) 20' — 4a°b + 62° eee | 
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These examples suggest: 


— 


. The number of terms in the expansion of (a + b)" is n + 1. 

2. If the binomial is a sum, all terms in the expansion are added; if the 
binomial is a difference, the terms are alternately added and sub- 
tracted, the even-numbered terms being subtracted. 

3. The coefficient of the first term is 1. 

4. The coefficient of any other term is the product of the coefficient of 
the preceding term and the exponent of a in the preceding term 
divided by the number of the preceding term. 

5. The exponent of a in any term after the first is one less than the 
exponent of a in the preceding term. 

6. The exponent of b in any term after the first is one greater than the 
exponent of D in the preceding term. 

7. The sum of the exponents of a and b in each term is n. 


EXAMPLE 1 Expand (3n — 2)°. 


SOLUTION al 


<a 
1: Gn)? S 5(3n)4(2) + 10(3n)3(2)? — 10(31)?(2)? 4b 5(3)(2)4 2? 
Term Number 1 2 3 4 = 5 6 


The arrows show how the numerical coefficients of the second and fifth 
terms are computed. (Explain the others.) In simplified form, 


(3n — 2)5 = 243n5 — 810n4 + 1080n? — 720n? + 240n — 32. Answer. 


The pattern displayed by the expansion of binomials suggests the 
Binomial Theorem, which states that for any positive integer n the 
expansion of (a + b)" is: 

mee ert nN onl We aps 
OE Sas an a al 
n—-1l,n—-2 n-—(r—2) 


n—(r— I pr- | ne br". 
y 3 aS ae des 


@ 
1 
The rth term is 


ieee 2) et 2) 
(r — 1)! 


Observe that in the rth term, the exponent of b is r — 1, the exponent of 
ais n —r +1, the denominator of the coefficient is (r — 1)!, and the 
numeraior of the coefficient is n(n — 1)... (@2 — r + 2), which consists 
of r — 1 consecutive integers decreasing from n. Thus, the numerator 
and denominator of the coefficient contain the same number of factors. 


ara Mp telle r> 1. 
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EXAMPLE 2. Find the fifth term in the expansion of (2x + y)!® 
SOLUTION You have n = 10 and r =5. 


1. Find the exponent of 6 (in this case, ¥). 


It is 5 — 1, or 4. y4 

2. The exponent of a (in this case, 2x) is 
then 10 — 4, or 6. (2x) 4 

3. The denominator of the coefficient is === 27) 
then (5 — 1)!, or 4-3-2:1. a 

4. The numerator of the coefficient con- 10:9-8- 7 (2x) 54 
tains 4 factors starting with 10. fu 32 I 


Simplifying, you have, 210(2)®x®y* or 13,440x®v4. Answer. 


Oral Exercises 

Find the requested parts of the binomial expansion of (4x — 3)‘. 
1 + (4x)* — 2(4x)?3 4+ 2(4x)?3? — 4(4x)33 + ? 

. The numerical coefficient of the second term. 

. The exponent of 4x in the second term. 

The numerical coefficient of the third term. 


. The exponent of 3 in the third term. 
the filth term: 


a & WwW NHN = 


Written Exercises 


Expand each binomial and express the result in simplified form. 


emer 3)" 2G sor 7) 4. (2x + y)?® 
a2 45)? 6 Ux =): z (2 = by Sp ae 
ee 1)" 10 (Gy? 2a 11. (a? + 2b)° 12 eee 


Find and simplify the specified term. 

13. (a + b)!°; fourth 14. (¢? = ein 15. (p 4= 34)"; thine 
12 

16. (3 — 2)!!; eighth ily. (2c = 2) ; seventh 18. 4) atin 

Assume that the Binomial Theorem as stated on page 437 holds whenn 


is a positive rational number (and the expansion is an infinite series). 
Give the first three terms of each expansion. 


19. (x2 + y)} 20. (4 + k)3 21. (9 — rj? 22. (8a3 + 1)3 
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12-7 Pascal’s Triangle 


You can look at the expansion of a positive integral power of a binomial 
from the point of view of combinations of terms selected from each of 
the binomial factors. Consider the following expansion: 


(a + bj)? =(a + bya + b\Ma + b) = aaa + baa + aab + aba + bba + bab + abb + bbb 


You obtain each product shown in the expansion by multiplving three 
variables, one from each of the binomial factors of (a + b)?. The term 
baa, for example, is the result of choosing b from the first binomial 
factor, a from the second, and a from the third. If you combine similar 
terms in the expansion to obtain 


G2 D)) Saab Bab? 42 be, 


then 3, the coefficient of a*b, is the number of ways of selecting one b 
from the three factors, that is ,C,. Similarly, because you obtain a? by 
choosing no b from the three factors, the coefficient of a? is 1, or ;Cp. In 
fact, you can rewrite the expansion as follows: 


(ab)? = ,C,a° + Cab 4 Cab? + 5C,0° 


The reasoning used in determining the coefficients in the expansion of 
(a + b)3 can be extended to determining the coefficients in the expansion 
Of (a +b)". Thus, 


(@ + by’ = Ca" + , Cia" 1b + ,Cya"*b* + «+» +,C,b", 


where the rth term is ,C,_,a"-°- Yb"! 
If you write the expansions of (a + b)" for successive values of nin the 


form of a triangle, you have 


(ab) = 1 

G0) — a+b 
(a+by= a? + 2ab + b? 
(Gea — a? + 3a*b + 3ab2 + b 


(a + b)* =a* + 4a3b + 6a2b? + 4ab> + b4 


Now, looking only at the coefficients, you see the triangle: 


Notice that each term other than 1 is the sum of the term to the right and 
the term to the left of it in the row directly above. Thus, the next row is: 


aa IS 
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This array is known as Pascal's triangle, named after the French 
mathematician and philosopher Blaise Pascal. 


EXAMPLE 1 Use Pascal's triangle to expand (2m — 1)°. 


SOLUTION You use the seventh row of this triangle: 
Sixth Row: 1 5 10 10 5) 1 
Seventh Row: 1 6 15 20 15 6 1 


.. Qm = 1)° = 12n® S602)? + 15(2m) = er S137 
— 6(271) + 1 
= 64m°® — 192119 + 240114 — 160113 + 60122 
—12m+1. Answer. 


EXAMPLE 2. Find the seventh term in the expansion of (t + 2)!° 
SOLUTION The rth term 15 sivemiiyee) = (2) 7 
The seventh termvisij,@;sgeu (2). 


10:9+8+7 
1-2+3-4 


210144(2)® = 210(64)r* = 13,440¢*. Answer. 


Since j9G. = 400 a= = 210, the seventh term is 


Oral Exercises 


Use the seventh row of Pascal’s triangle as given in Example 1 above to 
find the eighth row of the triangle. 


Written Exercises 


Use Pascal’s triangle to expand each binomial. Express answers in 
simplified form. 


4 
1. (c + 195 2. Gas Bale yy! 4. (< i b) 
5. (1 — y2)6 6. (da + 2)5 7. (r2 — t2)8 8. (2k +n?) 


For each expansion, express in simplified form the term that contains 
the given expression. 


8 
9. (1 +m)? m3 10. (x + 4)! x? Ee (5 +4] bate 
12. (a +4b)!2; a8 13. (1 — 2x)'9; (2x)5 LAr? Se 


iseProve: ,C, = ,_,C, +,_1C;, fetes 
lem ProvesC, — ,_,C,_) + 4_\C,, tone ae 


17. Add the entries in the first few rows of Pascal’s triangle and make a 
conjecture about the sum of the entries in the nth row as a function 
of n. Test the conjecture for n = 8. 
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Self-Test 3 


VOCABULARY Binomial Theorem (p. 437) Pascal's triangle (p. 440) 

1. Expand (a? — 2)°. Obj. 1, p. 436 
2. Use Pascal’s triangle to expand (x — 2). Obj. 2, p. 436 
3. Find the seventh term in the expansion of (2p + q)!®% Obj. 3, p. 436 


Check your answers with those at the back of the book. 


Probability 


OBJECTIVES for Sections 12-8 througl: 12-11: 

1. List a sample space for an experiment, and identify an event. 

2. Find the probability of an event and of its complement. 

3. Find the probability of mutually exclusive events. 

4. Find the probability of the occurrence of a second event given the occurrence 
of a first event. 


12-8 Sample Spaces and Events 


Suppose you conduct an experiment by tossing three coins—a dime, a 
nickel, and a quarter. If h represents heads and ¢ tails, any possible 
outcome of the experiment is an element of 


MG ie 1), (ht, bh), (t,t), hh), (nO t fi) tt) }, 


where the components of the ordered triples represent in order the 
result of tossing the dime, the nickel, and the quarter. This set is called a 
sample space or universe of the experiment. A sample space is a set S of 
elements that correspond one-to-one with the outcomes of an experi- 
ment. Each of the elements corresponding to an outcome is called a 
sample point. 


EXAMPLE 1 _ A die is rolled and the number of spots on its top face when it comes to 
rest is observed. List a sample space for the experiment. 


SOLUTION  {1, 2,3, 4,5, 6}. 
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Now suppose you are interested in whether the number of spots ob- 
served in Example 1 is an even number. You can call the result of an 
even number an event, and, in this case, the event is the occurrence of 
any of the outcomes 2, 4, or 6. The set {2, 4, 6} can be seen to be a subset 
of the sample space. An event is any subset of a sample space. 


EXAMPLE 2 Two dice are cast. List a sample space for this experiment and then list 
the event that the sum of the spots showing is 8. 


SOLUTION We can use ordered pairs to {(1, 1), (1,2), (1,3), (1,4), (1,5), (1, 6) 
list the outcomes. Thus, we (2,1), 2,2), Qari sae) 
have the set of thirty-six Gi GY, GS GO G2 Go 
sample points shown at the (4, 1), (4, 2), (4,3), (4,4), (4,5), (4, 6) 
right. 6,1), 6,2), 63 Gay SoG: 

(6, 1), (6, 2), (6,3), (64), (6, 5)) (6.6), 


The event that the sum of the spots showing is 8 is then {(6, 2), (5, 3), 
(4, 4), (3, 5), (2, 6)}. 


You should keep in mind that the sample space always consists of the 
possible outcomes of the experiment, not the events in which you may 
be interested. Thus, in Example 2 it would be incorrect to consider the 
sample space to be the set consisting of the possible sums of the spots 
showing on the dice. 

The list of outcomes in the sample space in Example 2 
suggests that it would be useful to discuss such sample 
spaces in terms of Cartesian products. Thus, the sample 
space for the first die is 


A = (1,2, 3,4,576) 


and that for the second die is the same. Then the sample 
space for the experiment is just A x A. A lattice which 
portrays this sample space is shown in Figure 2. Experi- 
ments such as tossing coins or dice, in which the outcome 
is purely a matter of chance, are said to have random 
outcomes. Figure 2 


— tse) (ei Fey taal fen 


AXA 


EXAMPLE 3 _ A letter is selected at random from those in the word HEART. 
a. List the sample space. 
b. List the event that the letter selected is a vowel. 


SOLUTION a. {H,E,A,R,T}. b. {E, A}. 
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Oral Exercises 


For the experiment in which a letter is selected at random from those in 
the word PENCIL, state the following: 

1. the sample space 

2. the event that the letter selected is a vowel 

3. the event that the letter selected is a consonant 

4. the event that the letter selected is the fifth letter of the alphabet 


Written Exercises 


In Exercises 1-8: (a) list a sample space for the given experiment, and 
(b) list the given event. 


A 1. A number is chosen from the integers 1 through 11. Event: The 
number is a multiple of 3. 


2. A sock is drawn from a bag containing 4 white socks and 3 black 
socks. Event: The sock is black. 


3. A coin is flipped twice. Event: Heads appears at least once. 


4. A tag is drawn from a box containing three tags numbered 1, 2, and 
3. The tag is returned to the box, and another tag is drawn. Event: 
Both tags have the same number. 


5. Same experiment as in Exercise 4 except that the first tag is not 
returned before the second is drawn. Event: The sum of the two 
numbers is even. 

6. Two cards are drawn randomly from the four aces of a standard 
bridge deck. Event: The cards are both red. 


7. Two different letters are chosen randomly from the letters A, B, C, 
and E. Event: At least one of the two letters is a vowel. 


8. Same experiment as in Exercise 7. Event: The two letters are not 
both vowels. 


In Exercises 9-16, the experiment is drawing the given number of cards 
from a standard 52-card bridge deck. Tell how many elements are in 
the sample space and how many elements are in the given event. 
Recall that the sample space consists of all the possible outcomes of 
the experiment. 


B’ 9. Asingle card is drawn; itis a heart. 10. Of two cards drawn, both are kings. 
11. Of two cards drawn, both are red. 12. Of two cards, both are face cards. 
13. Of two cards drawn, both are clubs. 14. Of three cards drawn, all are spades. 


C 15. Of five cards drawn, three are diamonds and two are spades. 


16. Five cards are drawn, and all four suits are represented among them. 
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12-9 Mathematical Probability 


Consider the following experiment: From a bag containing 5 blue and 12 
white marbles, one marble is drawn. 

If the experiment is designed so that each marble is just as likely to be 
drawn as any other, we say ihat the experiment has 17 equally likely 
outcomes. The event that the marble drawn is white consists of 12 
outcomes. Therefore, if you replace the marble drawn and repeat the 
experiment many times, it seems reasonable to expect that about }2 of 
the time you will find that you have drawn a white marble. This ratio, 44, 
is called-the probability that the outcome of any single trial of the 
experiment will be the drawing of a white marble. This example sug- 
gests the following definition: 


Let S be a sample space of an experiment in which there are n 


possible outcomes, each equally likely. If an event A is a subset of 
S such that A contains h elements, then the probability of an event 


| A, denoted by P(A), is given by P(A) = A 
Le 


EXAMPLE 1 If two cards are drawn at random from a standard 52-card bridge deck, 
what is the probability that both cards are hearts? 


SOLUTION Since there are 13 hearts in the deck, there are ,,;C, ways in which two of 
them can be drawn. There are 52 cards altogether, so there are .,C, 
possible ways in which two of them can be drawn. If A represents 
drawing 2 hearts, then 


13-12 
Ces es 
P(A = J 2 ee ee A P 
4) = 3¢, Gin 1326 | 17 aa 
ie 


In the foregoing example, the answer 4 does not tell you anything 
certain about what is going to happen. It does not, for example, tell you 
that you will get exactly one pair of hearts out of 17 draws. You might 
get one such draw, or you might get none, or you might even get 17. 
However, if you perform the experiment a very large number of times, 
the ratio of the number of times you draw 2 hearts to the total number of 
draws will probably come close to #4. 

An event A in the sample space S is called certain if A = S; it is called 


impossible if A =. Since P(S) = = 1, while P@) = O = Oiheeoe 
ai 


ability is 1 for a certain event and 0 for an impossible one. Do you see 
that the probability of an event which is neither certain nor impossible is 
a number between 0 and 1? 
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By the symbol A (read “‘the complement of A’’), we mean the set of the 
elements of S that are not members of A. If A has h members, then A 
contains n — h elements. Therefore, P(A) is the probability that A does 
not occur, and 


ate” | Pi), 
Wl 


P(A) = 


The odds that the event A will occur are given by 
P(A) h 


a or PAO f= Ih. 
P(A) 


, 
A= Ih 


Thus, in the original experiment the odds are 12 to 5 in favor of drawing 
a white marble or 5 to 12 against drawing a white marble. 


EXAMPLE 2. Two marbles are drawn at random from an urn containing 14red and 12 
blue marbles. 
a. What is the probability that at least one marble is blue? 
b. What are the odds that at least one marble is blue? 


SOLUTION _ a. The probability that at least one marble is blue, is just the probability 
that not both marbles are red. Let A represent the event that both are 
red. Then 

Cy Wels 7 


P(A) = = = 
oe 2 eee 


¥ 


and the probability that at least one marble is blue is just 


18 


Se or 18 to 7. 


b. The odds that at least one marble is blue are 


Oral Exercises 

A single die is tossed. What is the probability that the number of spots 
showing is: 
1 Six? 2. even? 3. odd? 4. less than 3? 


5-8. Give the odds for each of the events in Exercises 1-4 above. 


Written Exercises 


1. One letter is selected at random from the first 10 letters of the 
alphabet. What is the probability that the letter is: 
a. a vowel? b. a consonant? 


c. before E in the alphabet? d. in the word SIDEWALK? 


2. In Exercise 1, what are the odds for each event? 
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. Two dice are thrown. Refer to the sample points in Example 2, page 


442, to decide the probability of each of the following events. 
a. The sum of the numbers showing is 7. 

b. Both dice show the same number. 

c. The dice show different numbers. 

d. The sum of the numbers showing is 4 or 6. 


. In Exercise 3, what are the odds for each event? 


5. Two socks are drawn at random from a drawer containing 3 red, 5 


10. 


11. 


green, and 4 blue socks. What is the probability of each of the 
following events? 


a. Both are red. b. Both are green. 
c. Both are blue. d. Neither is red. 
e. Neither is green. f. Neither is blue. 


. Are the events of parts a and d in Exercise 5 above complements of 


each other? Give a reason for your answer. 


A coin is tossed 4 times. What is the probability of getting: 


a. all heads? b. exactly 1 tail? 
ce. exactly 2 heads? d. exactly 3 tails? 
e. at least 1 head? 


(Hint: Consider the complement.) 


. On a 10-question true-false test: 


a. How many possible ways are there of answering all the questions? 

b. If the questions are answered at random, what is the probability of 
answering exactly 7 questions correctly? 

c. If the questions are answered at random, what is the probability of 
answering exactly 8 questions correctly? 


. Athree-digit numeral with no repeated digits is made from the digits 


1 through 7. What is the probability that the number indicated is 
a. odd? b. a multiple of 5? 
c. between 300 and 500? d. between 300 and 650? 


Four cards are drawn at random from the 13 hearts in a standard 
deck. What is the probability that the selection contains: 

a. at least two face cards (jack, queen, or king)? 

b. no face cards? 

c. both the queen and the king? 

d. the queen and not the king? 


A committee of six is to be chosen by lot from a group of 10 people. 

If Herb and Nora are among those being considered, what is the 

probability of each of these events? 

a. Both Herb and Nora will be on the committee. 

b. Neither Herb nor Nora will be on the committee. 

c. Nora but not Herb will be on the committee. 

d. At least one of the two will be on the committee. (Hint: See 
part b.) 
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12. The letters of the word QUIET are rearranged at random. What is the 
probability of each of the following events? 
a. Q will be followed directly by U. 
b. Q and U will be together in either order. 


13. Two different letters are chosen at random from the word FACETIOUS. 
What is the probability of each of the following events? 
a. Both are vowels. b. Both are consonants. 
14. A committee of 6 is to be chosen at random from 6 juniors and 5 
seniors. What is the probability that the committee will contain 
exactly 3 seniors and 3 juniors? 


15. Four boys and three girls are seated at random at 7 desks in a row. 
What is the probability that the boys and girls are in alternate seats? 


C 16. In Exercise 15 what is the probability that the three girls are in 3 
adjacent seats? 


12-10 Mutually Exclusive Events 


The diagram* in Figure 3 shows the sample space S for 
the experiment of drawing a number from ({1, 2, 3, 
4, 5, 6, 7, 8}. The diagram also shows two events A and B 
in S. A corresponds to the drawing of a number less than 4, 
so that A = {1, 2,3}. B corresponds to the drawing of an 
even number; that is, B = {2, 4, 6, 8}. Therefore, 


What is the probability that either A or B (or both) will occur? This 
amounts to asking for P(A UB). Since A U B = (1,2, 3,4, 6, 8}, 
P(A U B) = =3 Tosee the relationship between P(A U B), P(A), and 
P(B), notice that the intersection of A and B (A MB) is {2}. Also, 
P({2}) =} and 


Figure 3 


Site le 


eos 2 3 ae 
PAU B) = pants 5 tie * 


P(A U B) = P(A) + P(B) — P(A € B). 


You can prove that this relationship holds for any two events A and B 
in a sample space. If the events have no outcome in common, that is, 
A B =@, we say that the events are mutually exclusive. For mutually 
exclusive events, P(A N B) = P(®) = 0. 


*Such diagrams are used to picture set relationships and are called Vern diagrams in honor 
of the English mathematician John Venn (1834-1923). 
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Thus: 


If A and B are mutually exclusive events, 


P(A U B) = P(A) + P(B). 


EXAMPLE — Three marbles are drawn at random from an urn containing 4 white, 3 
red, and 5 blue marbles. What is the probability that at least one of them 
is red? 


SOLUTION The desired probability is the sum of the probabilities that exactly one 
marble is red (A), that exactly two marbles are red (B), or that exactly three 
marbles are red (C). 


p(ay = 01 X 9C2 _ 3X 36 _ 108 
[Ce 220 ae 

p(py = 262% 91 _ 3X9 27 
ae: 0m meee 
G 1 

P(c) = 43 = 


2 
... the required probability is $88 + 35 + 4, =38= #4 Answer. 


Oral Exercises 
A single die is tossed. State whether the events are mutually exclusive. 


1. The number of spots showing is less than 3; the number of spots 
showing is odd. 


2. The number of spots showing is odd; the number of spots showing is 
even. 


3. Six spots are showing; the number of spots showing is even. 


4. The number of spots showing is greater than 4; the number of spots 
showing is less than or equal to 3. 


Written Exercises 


1. Six coins are flipped simultaneously. What is the probability 


there are: 
a. at least 5 heads? b. at least 4 heads? 
ce. at least 3 tails? d. no heads? 


e. at least 4 heads or at least 3 tails? 
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. Two marbles are drawn at random from a bag containing 3 red, 5 


blue, and 6 green marbles. What is the probability of drawing: 
a. at least one red marble? 

b. at least one green marble? 

c. two marbles of the same color? 

d. two marbles of different colors? 


. What is the probability of getting 8 or more questions correct on a 


10-question true-false test if the questions are answered at random? 


. Two cards are drawn from a standard 52-card deck. What is the 


probability that the cards are: 
a. of the same suit? b. a pair? 
c. both spades or both jacks? 


. Three letters are chosen at random from the word RECORD. What is 


the probability that the selection will contain: 
a. E or O but not both? b. E or O or both? 


. Three dice are thrown. What is the probability of the following 


events? 
a. All three dice show the same number. 
b. Exactly 2 of the dice show the same number. 


. Two letters are chosen at random from the word GEESE and two are 


chosen at random from the word PLEASE. What is the probabity that 
the selection contains 4 E’s or no E’s? 


. Five letters are chosen at random from the first 10 letters of the 


alphabet. Find the probability that the selection contains A or B but 
not both. 


. Four beads are drawn at random from a box containing 4 black, 4 


white, and 2 red beads. What is the probability that the selection will 
contain exactly 2 black beads or exactly 2 white beads or both? (Note 
that the two events of drawing exactly 2 white beads and of drawing 
exactly 2 black beads are not mutually exclusive.) 


In Exercise 9, what is the probability of drawing exactly 2 beads of 
the same color? 


12-11 Independent and Dependent Events 


Suppose two balls are drawn at random from a bag containing 4 red and 
3 black balls. What is the probability that both balls drawn are red? 


Let A be the event of drawing a red ball the first time, and B, the event 


of drawing a red ball the second time. The sample space S of the 
experiment depends on whether or not the first ball drawn is returned to 
the bag before the second ball is chosen. The question amounts to 
asking for P(A  B). 
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Case I. The first ball is replaced before the second is 
drawn. 

The sample space S consists of all ordered pairs (x, y) 
where both x and y denote elements of a set of 7 outcomes 
(4 red, 3 black). 

Figure 4 shows the sample space containing 7 x 7, or 49, 
sample points. We use r; and 5; to designate the drawing 
of red and black balls, respectively. The colored dashed 
rectangle outlines all possible experiment outcomes in 
which the first ball is red, and the colored solid rectangle 


Second draw 


outlines all possible outcomes in which the second ball is ce e i by; b2 b3 
red. Since A M B consists of the ordered pairs of the form ag 
(red, red), there are 4 x 4 = 16elements in A M B. There- Figure 4 

fore, 


Note: 
P(A M B) = P(A): P(B). 


The outcomes in A ¢ B are in the colored shaded region in 


Figure 4. 
Case II. The first ball is not replaced before the second b3 
is drawn. b2 
Any one of the 7 balls may be selected on the first draw, 8b, 
but since this ball will not be replaced, there remain only 6 Ure 
balls for the second draw. All ordered pairs with equal 8 r3 
WY) 


components must be deleted from the sample space. Note 
in Figure 5 that one diagonal will not be in the new sample 
space. Therefore, there are 7 X 6, or 42, ordered pairs 


~ 
nN 


~ 
= 


possible. The number of these that are of the form ep 03 Tabi by iba 
(red, red) is 4 X 3, or 12, because any of the 4 red balls can AU Geis 

be the first, but there are only 3 choices for the second red Figure 5 

ball. Thus, 


Analyzing this result as 
P(AN B) =H = 4-3 
you can see that 
+ = P(A). 


We can interpret the second factor, 3, as the probability that the second 
ball drawn is red under the condition that the first ball drawn was red; we 
shall denote this probability by P(B | A). 

This example suggests a general law for a conditional probability. 
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Let P(A) denote the probability of an event A, and P(B | A) Sena | 
the conditional probability of an event B given that event A has 
occurred. If P(A M B) is the probability that A and B occur, then: 

P(A NB) = P(A): P(BIA). | 
This relation is symmetric. Thus: 


P(A MN B) = P(B)- P(A|B). | 


We say that events A and B are independent when the probability of one 
does not depend on the occurrence of the other. For example, in Case I 
where the balls are drawn with replacement, the events A and B are 
independent because the outcome on the first draw does not affect the 
outcome on the second draw. Thus, we define two events A and B as 
independent events if and only if 


PAgmna— 2 (A) P(B). 


For independent events, P(A|B) = P(A) and P(B|A) =P(B). Two 
events that are not independent are said to be dependent. 


EXAMPLE 1 A red die and a green die are thrown. What is the probability that the 
sum of the numbers shown is 6 and that the green die shows a number 3 


or less? Are these events independent? 


SOLUTION Graph the sample space. Let A be the 
event that the sum of the numbers is 6. 
This is shown by the solid rectangle. 

Let B be the event that the green die 
shows a number 3 or less. This is shown 
by the dashed colored rectangle. 

Then AB is shown by the shaded 
region. You have 


Green die 


—- YY wo FF Oo @ 


Z 
Since 4, 4 4:4, P(A N B) F P(A): P(B). Hence, A and Bare dependent 


events. Answer 


In many cases, rather than use the relationship 
P(A M B) = P(A): P(B) 


to determine the independence of events A and B, you use the fact that A 
and B are obviously independent events and employ the relationship to 
find P(A M B). 
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EXAMPLE 2 A die is thrown and a coin is tossed. What is the probability that the die 
shows a 2 or a 3 and the coin shows a head? 


SOLUTION Let A be the event that the die shows a 2 or a 3, and B be the event that 
the coin shows a head. These events are clearly independent. Hence, 
knowing that P(A) = 2 =4, and P(B) = 4, you have 


IAAL (0) JB) = 4-4 = 1 Answer. 


Oral Exercises 


In each exercise, use the probabilities given to tell wnether A and B are 
dependent or independent events. 
P(A) =4, PB) =F 2G 

P(A) =1, P(B) =1, PA NB) =} 

. P(A) = 0.2, P(B) = 04 PAs) ie 

. P(A) = 0.25, P(B) =02, PAT B= 

. P(A) = 0.1, PB) =02 Pane) a 

. P(A) = 0.25, P(B) = 025924 1B) es 


— th 


aun & WN = 


Written Exercises 


1. Given that P(C) = 0.3 and P(@|C) =O0ssemmder Cc (1D): 

2. Given that P(K) =4and PNK) =}, find PV|K). 

3. A coinis tossed twice and a die is rolled once. Find the probability of 
each event. 
a. Two heads are tossed and a five shows on the die. 
b. Exactly one head is tossed and a one or a two shows on the die. 
c. At least one head is tossed, and a two does not show on the die. 
d. At most one head is tossed and a number less than 5 shows on the 

die. 

4. Two marbles are drawn at random from a bag containing 3 green, 4 
orange, and 5 red marbles. What is the probability of drawing: 
a. one green and one red? b. one orange and one green? 
c. one red and one non-orange? d. one orange but no red? 


5. Two cards are drawn at random from a 52-card deck and then 
replaced; two more are then drawn. What is the probability of each 
event? 

a. The first two are spades and the second two are tens. 

b. The first two are face cards and the second two are aces. 
c. All four are hearts. 

d. Two of the cards are hearts and two of them are spades. 
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10. 


11. 


. Two different letters are chosen at random from the word NUMERAL 


and three numbers are chosen at random from the numbers 1, 2, 3, 
4, 5, and 6 (with repetition allowed). What is the probability of 
getting: 

a. A and N and three of the same digit? 

b. two vowels and three odd digits? 

ec. two consonants and no 3’s among the digits? 


. A single die is rolled twice. If A is the event that the sum of the 


numbers showing is 6, and B is the event of at least one 5 showing, 
calculate P(A), P(B), P(A|B), and P(B|A), and show that 
DA) FB |A) = PB): PAB). 


. Two cards are drawn at random from a 52-card deck. Calculate the 


probabilities of the following events to determine which is more 
likely. A: Both cards are of the same color. B: One card is red and 
the other is black. 


. The student council consists of 7 girls and 5 boys, of whom 3 girls 


and 3 boys are seniors. If a 4-person dance committee is to be 
chosen by lot, what is the probability that the committee will consist 
of: 

a. 2 boys and 2 girls? 

b. 3 girls and 1 boy? 

c. 2 senior boys and 2 senior girls? 

d. all seniors, of whom at least 2 are girls? 


A coin is tossed 10 times and 2 dice are tossed. What is the probabil- 
ity of the event that at least 8 heads are tossed and the sum of the 
numbers on the dice is not 3? 


Consider two mutually exclusive events A and B such that P(A) # 0 
and P(B) # 0. 

a. Find P(A): P(B|A). 

b. Tell whether A and B are independent. 


In Exercises 12-16, a cube with two adjacent faces painted green, two 
adjacent faces painted yellow, and two adjacent faces painted red is 


tossed and lands on one of its faces. The exercises refer to the 


following events: 


A: 


The cube lands on a green face. 


: The top face is red. 

: Two of the vertical faces are green. 

: Exactly one of the vertical faces is red. 

. Find the probabilities of events A, B, C, and D. 

. Are events A and B independent? Explain your answer. 
. Are events B and C independent? Explain your answer. 
. Are events B and D independent? Explain your answer. 


. Which pair(s) of events are mutually exclusive? 
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Actuaries base many 
of their decisions on 
interpretations of sta- 
tistical data which they 
receive, 


454 | Chapter 12 


Careers 


in Actuarial Science 


Actuaries collect and analyze statistical data relating to 
insurance. Actuaries must apply their knowledge of 
mathematics and statistics, as well as principles of busi- 
ness and finance. Some of the typical problems actuaries 
solve are: determining mortality, accident, sickness, disa- 
bility, and retirement rates; finding the probability of fires, 
natural disasters, and unemployment; designing insurance 
and pension plans; calculating premiums; and determin- 
ing the amount of money an insurance company needs to 
cover payment of its benefits. 

Most actuaries are employed by private insurance com- 
panies. They may also serve as consultants for large cor- 
porations, where they advise on insurance and pension 
plans for the employees. The government also employs 
actuaries who may be involved in the regulation of insur- 
ance companies or in social security programs. 


EXAMPLE In calculating the premium for a one-year 
term life insurance policy, an actuarial worker has the 
following information. Out of a given number of people 
alive at a given age at the beginning of a year, a certain 
number will be likely to die during that year. Under the 
terms of the policy, the beneficiary is to receive $1000 in 
the event of the death of the policyholder. The problem is 
to determine the amount of the premium to be charged in 
order to cover payments to the beneficiaries. 


SOLUTION The premium for persons of a given age is 
calculated by the following formula: 


( amt. pd. to ): 100 | (peed likely ie) 
ea. beneficiary/ 103 \ die during year 


Premium = = — 
number living at beginning of year 


The factor 189 takes into account the interest the collected 
premiums will earn before any benefits are paid. For age 
35, probability tables show that of 9374 people alive at the 
beginning of a year, 24 will die during the year. 
1000 - 189 - 24 

9374 


= $2.49 (for $1000 life insurance 
for 1 year, at age 35) 


Premium = 


Self-Test 4 


VOCABULARY © sample space (p. 441) 


sample point (p. 441) 


mutually exclusive (p. 447) 
conditional probability (p. 450) 


event (p. 442) independent events (p. 451) 


complement (p. 445) 
odds (p. 445) 


. A letter is selected at random from the letters A, B, and C, anda 


number is selected at random from the numbers 1, 2, and 3. List 
a sample space for this experiment and list the event that the 
letter is not C and the number is odd. 


. An integer from 1 to 8 inclusive is selected at random. What is 


the probability the integer is greater than 6? 


. In Test Item 2, what is the probability the integer is greater than 


6 or else it is 3 or 5? 


. Two dice are tossed. Let A be the event one die shows a one. Let 


B be the event that the sum of the numbers shown is 8. Are the 
events independent? Why or why not? 


Check your answers with those at the back of the book. 


Chapter Summary 


1. 


If finite sets A, B, and A M Bcontain r, s, and t elements, respectively, 
then A U B contains r + s — t elements and A x B contains rs ele- 
ments. From these fundamental counting principles you can derive a 
formula for the number of permutations of n elements, r at a time. 


ney = (nm — I(n — 2) --- (2 — (r — 1)). 


. The number of combinations of n things, r at a time, is given by 


Can aat, n-n-—-r* 


.C= a Also, ,€2—_C The coefficients of the expansion 


(a + b)” can be expressed as numbers of combinations according to 
the Binomial Theorem. (See page 437.) 


. If there are h ways in which an event A can occur, in 1 possible 


outcomes, all of which are equally likely, 0 < h <n, then the proba- 
bility of A is P(A) = a If h <n, the odds in favor of A are = h i 
n — 


Probabilities may be discussed in terms of samiple spaces and events. 


. The probability that at least one of the events A and B will occur is 


given by P(A U B) = P(A) + P(B) — P(A NB). When A and B are 
mutually exclusive, P(A N B) = 0. 


dependent events (p. 451) 


Obj. 1, p. 441 


Obj. 2, p. 441 
Obj. 3, p. 441 


Obj. 4, p. 441 


Permutations, Combinations, and Probability | 455 


7) 5 B70, 2° 1S ere Rare 


5. The probability that two events A and B will occur is given by 
P(A M B)where P(A NM B) = P(A): P(B|A). P(B|A)is the conditional 
probability that B will occur given that A has occurred. 


6. Two events are independent if and only if 


PA 0 B)=P@y-2(5): 


Chapter Review 


1, A = {1, 2,3}, B = {2,4}. State the number of elements in Ax B: 12-1 
a, Il b. 4 & 5 d. 6 


2. A contains 4 elements, B contains 3 elements, and A N B contains 2 
elements. State the number of elements in A U B. 


By 7 b. 5 Cae diz 

3. In how many ways can 4 books be arranged on a shelf? 12-2 
a. 24 b. 6 ce 4 d. 10 

4. In how many ways can 5 people be seated at a circular table? 
a. 120 b. 15 c. 24 ols 5 

5. Evaluate oP. 
a. 5040 b. 151,200 ce. 30,240 d. 604,800 

6. State the number of distinguishable permutations of the letters in the 12-3 
word MISSISSIPPI. 
a. 69,300 b. 3150 c. 138,600 d. 34,650 

7. Evaluate ,,C,;. 12-4 
a. 3570 b. 7140 c. 14,280 d. 21,420 


8. In how many different ways can 3 people be selected for the math 
team from a group of 7 people? 


a. 35 b. 840 c. 210 d. 21 

9. In how many different ways can you select 3 blue and 4 red marbles 12-5 
from an urn containing 6 blue and 5 red marbles? 
a. 20 b. 25 c. 330 d. 100 

10. Use the Binomial Theorem to find the fourth term in the expansion Zs 
(3x + 2). 
a. 840x4 b.2923x4 c. 22680% 7 d. 210x? 


5 
11. Use Pascal’s triangle to find the third term in the expansion (z + 3] : ea 


a. x3 Baa 5x? c. x3 d. 


als 
eR 
w 
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12. Four coins are tossed. How many elements are in the sample space? 
a. 4 bee eo15 d. 24 


13. A number is selected at random from the numbers 1, 2, 3,..., 15. 
What is the probability that the number is prime? 


a 2 1 8 
ae 5 b. 4 c+ d. 75 


14. A marble is selected at random from an urn containing 6 black and 4 
white marbles. What are the odds in favor of the marble being 
white? 


A 21 3 b. 2 to 3 e. 3 to 2 d. | to 3 


15. Two marbles are drawn at random from an urn containing 3 black, 7 
yellow, and 5 green marbles. What is the probability that at least one 
of them is black? 

a. 5 b. ~ ec. d. 3 


16. A die is rolled and a coin is tossed. What is the probability that the 
die shows a 3 and the coin lands heads? 


1 2 Ale LL 
ae 9 bers C3 d. 


| 
NI 


Chapter Test 


1. How many 3-letter code words can be formed from the letters in the 
word COMPLEX? 


2. How many different 6-digit license plates can be made using the 

digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, if no digit can be repeated? 

3. How many different permutations exist of all the letters in the word 
DIFFERENCE? 

4. Given a set with 10 elements. How many 4-element subsets are 
there? 

5. How many different ways can a hand consisting of 2 aces and 3 

queens be chosen from a standard 52-card bridge deck? 

. Find the eighth term of (3x — 1)°. 

. Use Pascal’s triangle to expand (y — 3)°. 

. A coin is tossed and a die is rolled. List the sample space. 

. An integer between 20 and 35 inclusive is selected at random. What 

is the probability it is a multiple of 3? 

10. Two marbles are drawn at random from an urn containing 8 black, 7 
white, and 5 red marbles. What is the probability that 1 marble is 
black and the other is red? 

11. A drawer contains 7 blue socks, 3 green socks, and 6 brown socks. If 
you choose 2 socks at random, what is the probability that they are 
both blue? 


Oo Oo AI NH 


12-8 


12-9 


12-10 


12-11 


12-1 
12-2 
12-3 
12-4 
12-5 
12-6 
12-7 
12-8 


12-9 


12-10 


12-17 
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Cumulative Review (chapters 9-12) 


. Simplify 6V —#. 


a 21/6) i =e c. 2iV6 d. —31V6 

. Express (3 — 27)? in the form a + bi. 
a. 13 — 127 b. 5 — 67 ce. 5 — 127 d. 1 — 47 

. For P(x) = x* — 3x3 + 2x — 5, use synthetic substitution to find 
P(t). 
a. —4—i b. —6—1 ec —4—5i d. 6 — 5i 

. Given that 2iis a root of x+ + 3x? — 4 = 0, find the complete solution 
(di —2i, —2, 4} b. {2i, —2i, 2, —1} ce. {2i, —2i, 1, —1} 


. Find the distance between P,(—2, 3) and P,(—5, —6). 


a. 58 b. 3\/10 c. V/130 da3o) 


. Find an equation of the line passing through (—2, 1) that is perpen- 


dicular to the graph of 3y — 2x = 10. 
aos) a= 4 b. 3x + 2y = —2 ce. 2y + 3x = —4 


Review Items 7 amd 8 refer to the circle with equation 


te 


10. 


11. 


Wh, 


x? — 8x + y? + 2y = 8. 
Find the radius of the circle. 
a. 5 b. 2\/2 c. 4 d. 3 


. Find the coordinates of the center of the circle. 


an (41) [, (= 4, ID) c. (4, —1) d. (—4, —1) 


. Find the function of the form y = a(x — h)? + k whose graph has 


vertex (2,4) and passes through the point (1, 6). 

a. y = 4(x — 2)? —2 by ey ee ee 
Write an equation of an ellipse with foci at (0, 2) and (0, —2) whose 
x-intercepts are (3, 0) and (—3, 0). 


x? 72 2 2 2 2 2 2 
LMM ay 
9 25 9 13 13 9 25 


and z = 6, find x when y = 16 and z = 8. 
a. 8 b. 16 c. 3 d. 8 
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iemoowve over ©: y = x? + 2x + 3 
=yvy-x 
Sao) ieee). ((—3, 2)} c. {(—2 3),(1,6)} “di {(3, 2), (—1, 6)} 


aS) 
14. Simplify (3) : 


. 8b b. —8b® a! cee 
: “ “Bpe 8b3 


15. State the inverse of the function y = 3x — 2. 


n$-B bonded avehd ayete) 
16. Solve x? = 216 over &. 
a. {6} b. {36} c. {18} d. {64} 
17. Simplify log, 32. 
a. 4 b. 5 ec —4 d. 3 
18. Solve log x + log 6 = log 3 over R. 
ae 3} b. {4} e130) d. {18} 
i9mse lable 5 to find log (350 = 126). 
a. 1.4407 b. 0.4437 c. 4.4437 d. 0.4042 
20. How many different codes of a single letter followed by 2 digits are 
there? 
a. 6760 b. 2340 c. 2600 d. 5790 


21. How many different permutations exist of the letters in CAREER? 
a. 120 b. 180 e, 720 d. 360 


22. In how many different ways can a committee of 4 be selected from a 
group of 7 people? 
a. 105 be 35 ce 210 d. 21 

23. Two marbles are drawn at random from a bag containing 4 red, 3 


black, and 2 green marbles, with the first marble not being replaced 
before the second is drawn. What is the probability that both are 


green? 
a. # b. 2 c 4 d. & 

24. Which of the following is equal to 64 — 144k + 108k — 27k? 
a. (3 — 4k)? b. (4 — 3k)? c. (4 — 3k)? d. (3 + 4k) 


25. Find the fourth term in the binomial expansion (a — 2b)’. 
ae 32ap° bb, —=sap: c. 8a3b3 dl, = 3aeeb* 
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This experimental rail vehicle being developed in Japan has achieved 
speeds of more than three hundred kilometers per hour. By means of a 
magnetic levitation device the vehicle will ride one hundred millimeters 


above the central coil. 


Matrices 


Basic Properties of Matrices 


OBJECTIVES for Sections 13-1 through 13-5: 
1, Find suits and differences of matrices. 

2. Find the product of a scalar and a matrix. 
3. Solve certain matrix equations. 

4. Find the product of two matrices. 


13-1 Matrices and Their Sums 


In Chapter 4 you saw that it is sometimes convenient to name a number 
a 0D 
d 


by means of a square array of numerals. Thus the determinant 


names the number ad — be: 


4 i —ad — be 


The array i “| itself is called a matrix. Notice that brackets [ ] are 
c 


used to distinguish the matrix from the determinant. In general, a 
rectangular array such as that shown in red at the right is a matrix 
(plural, matrices). 

Each numeral in the array is an entry of the matrix. The 
number of (horizontal) rows and the number of (vertical) 
columns of entries in the matrix arc its dimensions. For rowan 
example, the matrix displayed has three rows and two o 
columns and is called a 3 


3 x 2 (read “three by two’) matrix. 


column 
ft 2 


Matrices +61 


*, 


7 a ee Le Sa ee eee hh lh cee 


ui, 


Notice that the number of rows is given first and then the number of 
columns. In this book, we shall use only real numbers for entries of a 
matrix. An entry of a matrix is referred to by giving its row and column 
numbers. In matrix A, below, the entry in the third row and second 
column is 3. 

Capital letters, such as A, B, C, are used to denote matrices, and 
sometimes subscripts, as in A;, 5, are used to represent the dimensions of 
a matrix. Thus, for 


oto ee 7: —1 
A=|2 © oll, 1 = | 5], and CH= WA, 
So 8 
you might write A;,;, B,,,, and C;,,. Matrices, such as B and C, which 
have only one row or one column are called row matrices and column 
matrices (or row vectors and column vectors), respectively. Since the 
matrix A;,, has 3 rows and 3 columns, it is said to be a square matrix of 
order 3. Similarly, we have square matrices of order 2, square matrices 
of order 4, and so on. 

For two matrices of the same dimensions, the entries in the same row 
and same column are said to be corresponding entries. 

Two matrices are equal if and only if they have the same dimensions 
and all their corresponding entries are equal. Notice that matrices of 
different dimensions are never said to be equal, even if corresponding 
entries, as far as they extend, are equal. For instance, 


# te[3] ana To olAlo 0 of 


EXAMPLE Find values of x, y, and z so that 


= ee, iy 
Zaps 2) 7 10 2 


SOLUTION By the definition of equal matrices, this matrix equation is true if and 


only if 


x—-2=4, y+5=5, and zZ+3= 
or 


i. =O, 10, and Ze 


0, 


—3. 


.. the value for x is 6, for y is 0, and for z is —3. Answer. 


If two matrices A and B have the same dimensions, then their su, 
denoted by 


Jl se IB), 


is a matrix of the same dimensions, whose entries are the sums of the 
corresponding entries of A and B. For example, 


[2 —3)+[-5 4]=[(2+(-5) -34+4])=[-3 1] 
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and 
| 1 mel =| 36) Mee =| al 
=3 2 =5 7 Soe = 5) 27) = to 9) 
For any given natural numbers m and 4, in the set §,,,, of mx n 
matrices with real number entries, the zero matrix, denoted by 
Omxn (Or simply O), 


is the m X n matrix each of whose entries is 0. For example, some zero 
matrices are: 


0 0 OO G Mae 
aU re 


Because the sum of the zero matrix O,,,., and any other matrix A,,,.,, iS 
Anxn the zero matrix O,,,.,, is also called the identity matrix for addition 
imethe set S,,,,,. For example, 
fa b]) +0 OJ=[a+0 540) =[a Ji. 
The negative of the m x n matrix A, denoted by 
—A (read “the negative of A”), 


isthe m X n matrix whose entries are the negatives of the corresponding 
entries in A. For example, if 


A= EB: then =4\ = ee 


mis 27 Pee 
B=| 4 HI icy | 4 = 


and if 


Because the sum of A,,,,, and —A,,., IS Onsen» 


inverse of A,,,,. For example, if 


we call —A,,..,, the additive 


n? 


eee: -4=[2 =] 
G =@ = 
a—a b—bj|_j0 0 
a) =a wale [: a 
If two matrices have the same dimensions, then they have a difference, 
denoted by 


and 


A — B, 


which is defined to be the sum A + (—B) and is therefore a matrix. 
Thus, to obtain the difference of two matrices of the same dimensions, 


you simply subtract their corresponding entries. For example, 


_ PLEA eee En 
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i's 1) eee £288 


Oral Exercises 


State the dimension of each matrix. 


ih |; 0 | 2: 5 1 Se |i 4. 6 20 4 
0 4 -!1 —2 3 0 7 =-1 9 0 
4 -1 —3 25 2 
State the specified entry in the sum. 
| 2 Bale ||. | (h | 
= 0 8 2c d 
5. a 6. b 7.-¢ 8. d 
lf the second matrix is subtracted from the first in the addition example 
above, state the value of the specified entry in the difference. 
9. a 10. b i, 12,74 
State the value of the specified variable so that 
[: mak “| - E | 
5 z= 115 fy 2 
13. w 14. x 15. y 16. z 
17. Explain why there is not just one identity matrix for addition. In 
other words, explain why there is not just one zero matrix. 
Written Exercises 
Find the indicated sum or difference. 
A 1. | ee 2 0 4 =| ° =7 se 
= leads =5 1 3) ous 
3. I? ‘|- ees ‘| 4, [; 3|- [; =| 
6 -1 2 —-7 0 -3 2 4 
5. [3 -1 7]—[-2 -3 4] 6.| 11 5 —6 6 20 -3 
—4 0 3/+})4 —-1 —5 
2°12 WW 9 -12 4 
, Find the values of the variables for which the given statement is true. 
. i, [am = le) = | ie Hla? am | 
5 2y 2453 1B 3 227 SN le ees —9 
ole 2 — yy] = [-3 2] 10. lal] 
ol) ilps ate 


11. ive =| a) = [5 x—-—y w+ yi 
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12. [oe ae |= ||, a4 
y+2 z4y 0 3 


iseiw y xi—|k —w yl=[) —1 —4] 
14. ine l+[57- Sek | 
y-1 z 3 p52) =) | 
ie eee) 
15. LetA = ; e and B = ee att Find the determinants of A, 
B,and A + B, and show that |A| + |B| 4 |A + B|, where |A| denotes 
the determinant of A. 


16. Show that if A = b | and B = Ks rl then it will be true that 
© él ta tb 
|A| + |B] =|A + Bl. 


17. Show that if 4=|/ ‘| and be 3 then |A + B| = 
Cd V2 
A B a | wox| 
ie iBi+ |@ 2) 4 |e 4 


13-2 Properties of Matrix Addition 


With the definitions of the equality and the sum of two matrices (page 
462), for any given natural numbers m and n we can state some addition 
properties of the set §,,,.,, of all #2 & m matrices with real-number entries 
as follows: 


——= 


Theorem. For any given natural numbers m and », let A, B, 
and C be members of the set §,,,,, of all mx matrices with 
real-number entries. Then: | 


[eA BS Sn: Closure Property || 


W.A+B=B+A. Commutative Property 

NUL, GAL se JB) cL (GAN tk UB SE Associative Property 

IV. There exists in §,,., aunique Additive-Identity Property 
element O such that for each 
A= S,~,,O+A =A and 
A+O=A. r 

V. For each A & §,,,,, there exists Additive-Inverse Property | 

a unique element —A in §,,,.,, 
such that A + (—A) =O and 
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>», *& 


——— 


Compare the properties listed in the preceding theorem with the 
axioms of addition in ® given in Chapter 1. We shall consider the proofs 
of these various properties only for the representative case m = 2, 
n = 2. All the properties are direct applications of the definitions that 
we made for the equality and the sum of two matrices together with the 
corresponding properties of real numbers. 


PROOF OF CLOSURE FOR §>,> 


By definition, the entries of A + B are the sums of the corresponding 
entries in A and B. Since the sum of two real numbers is areal number, 
the entries of A + Bare real numbers, and therefore A + B is a member 


of S2x2 


PROOF OF THE COMMUTATIVE PROPERTY FOR §>,> 
Lait A = R PT and B = [<: aut Then 


Q, 0% C2 2 


Ate=[ate ee | and B+aa[ata ae | 
yee leh ae G C) +d, d,+b, 


But by the commutative property of addition for real numbers, 


a,+¢e,=¢,+4, b,+d,=d,+5,, 
@4+C,=C,4+4,, b, ds =a Dy, 
Since each entry of the matrix A + B is equal to the corresponding 


entry of the matrix B + A, by the definition of equality for matrices you 
lave A 6 — Sie 


Proofs of Parts III, IV, and V, for the representative case m = 2, 
n = 2, are similar and are left as exercises (Exercises 10-12, page 468). 
By using Part II, you need to establish only one of the equations in 1V 
and one in V. 


By using the substitution principle and the properties of equality 
(Chapter 1), you can also solve certain matrix equations. 


| . 4 Qa ee ae 
EXAMPLE Solve X + F & | = lie 5 al over Sou. 
SOLUTION Assume that there is a matrix X © §,,, such that 


a 2 Ja 6 Al 
3 “= 7 -1 5 4 


Then by the substitution principle, you have 


Qieeiie 
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By the associative property and additive identity property of matrices: 


A emealeles 1 il 


3] 
3] 


DRE DH UD 
No 


Check: Replacing X with |= 
+4 442 2+0 


4 
6 
ie 4 “|+[3 2 lle 
=4 6 =3 See ee? | 4a eS eee 7 
& 6 ‘| 
= & 2 


.. the solution set is (| 


Oral Exercises 


Exercises 1-5 list the steps you might use to solve the matrix equation 
X —[2 -3 5)=[7 —-—1 —2]. Give a reason for each step. 
eee 3 Si=17 =1 =2] 
eee le) 3 SJ =(7 —l —2) 7712 —3 5] 
X+(-(2 -3 5J+(2 -3 S5)=[9 —4 3] 
~X+[0 0 OJ =[9 —-4 3] 
(4 3 
. Suppose the addition of 1 x 2 matrices were defined as follows: 
[a b]}+[c dJ]=[a b+d]. 
Which of the properties in the theorem on page 465 would hold? 


an WN = 


Written Exercises 


Solve for the matrix X. 


axe] a6 ci eee «| 
Pe, le 2 wes= |) _ ele 
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“| in the original equation, you get 


OOO EO tUiINH* * <_--—_ 


u 
oe 
| 
- 
~l] 


ell ae 123m 


7 =| “OMe g ian 6 24 
— i. —-X= 
lex 2 3 al [= 6 ‘| [; 0 


mt 
=a 
of 

| 
bh WwW 


9. Solve for X in terms of a, b, c, and d and give a reason for each step 
of your solution: [a b] —X=[e 4d]. 


In Exercises 10-15, prove the given statement when A, B, and C are 
2 < 2 matrices. 


10. (44+8B)4+C=A4+(B4+C) WL AL@QeSA 
12, A ze (Al) = © 12 i A= Al, tlnem 4\ = ©). 
Né G4 261) = Al oe 15. If A + B =A, then B = O. 


16. Find all ordered triples (x, y, z) for which the following is true. 


ke | _ E 8 EO 
y? = 2y 32 8 See 7X? 


13-3 Product of a Scalar and a Matrix 


In dealing with matrices, we often refer to real numbers as scalars. 
We define the product of a scalar c and a matrix A, denoted by 


cA, 


as the matrix of the same dimensions as A whose entries are the prod- 
ucts of c and the corresponding entries of A. For example, if A = 


2 3 
1 OJ], then 
=f 7 


2 | 3 5(2) 5(3) 10 15 
5A = 5 Oy) = | a) 53(0) | = 5 0 
—-4 7 5(—4) 5(7) —20 35 


3 =2(2)) 2G) 4G 
—2A = —2] 1 0| Sa eee 0 
Seay a) a) 4 


and 


Notice that the product of a scalar and a matrix is a matrix. 
Products of scalars and matrices have a number of basic properties 

which follow from the definition above and the properties of real 

numbers. These basic properties are given in the following theorem. 
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Theorem. IfA€S§ 
natural numbers, and if c € ® and d € &, then: 


IecA eS II. c(dA) = (cd)A 

Ill. (c+ d)A =cA +dA IV. c(A + B) =cA,+ cB 
V.1:A=A Vi. (=) A= A 

VII. 0-A =O VII. cO =O 


—————— Se al 


nxn and BE §,,.,, where m and n are given 


As in Section 13-2, we shall consider proofs only for the representative 
case m = 2,n = 2. For the following sample proof we let 


A= K pI. 
a, b, 
PROOF OF PART VI FOR §>,> 


(-1)A =(-1)|% al 


a, Y, 
= [=e (0b) 
(—l)a, (-1)b, 


SS 7b] = =A 
[a —b, 


You should be able to supply a reason for each step given above. 


Proofs of the remaining parts of this theorem for the representative 
case m = 2,n = 2 are similar to the one we have given. Writing them is 
left to you (Exercises 19-25 on page 471). 

You can use parts of the foregoing theorem to help you solve some 
equations involving matrices. 


EXAMPLE 


SOLUTION 


r 


0 -2 5 =7 
Solve over §3,,: 5X —3] 1 Zee) 1 =3 
—4 7 -—9 2 


Assuming that there is a 3 x 2 matrix X satisfying the equation, you first 
simplify the products; thus, 


0 —6 10 —14 
5X — 3 6 |= 2 —6)}. 
—12 21 —18 4 
0 —6 
Then you add 3 6} to each member, as shown on page 470. 
—12 21 
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» % 


. 
. 


— ——- —_— 


EOE Oa EEE —_— ee 


10 —14 0 
2 —6/+ 3 
—18 4 -—12 


10 —20 
See) = 5 0 
1 


—30 DS) 
10 —20 2 —4 
x= s 5 | = 1 0 
— 30 DS —6 5 
a 
Check: Replacing X with 1 0| in the original equation, you get 
—6 5 
2 —4 0 —2 I@ =e 0 —-—6 
5 1 0; —3 1 a 5 O|— 3 6 
—6 5 —4 7 = 0 DS -12 21 
10 —14 5 —7 
= 2 —6/=2 1 —3 
—18 4 =% 2 
gee 
.. the solution set is 1 0 \7. Answer. 
=6 5 
Oral Exercises 
In Exercises 1-14, find the value of the variable so that the equation in 
which it appears is true. 
Bo a a b —-3 x =2 i¢ 
3 — — 
f | é “| “| y 5 —4 | 
a 220 Be 4. a 5. w 6. x iF Sieg 
= 3 0 5-2 ee Oo p | 
2 = 
2 4 Pak m ‘| E 34 
9. 1 10. 772 lin 12. oO isap 14. g 
Written Exercises 
In Exercises 1-12, find the 2 x 2 matrix X that satisfies the equation, if 
3-9 Gi =i 
A = = 
ie 41 ae Ee cal 
I, = BA 2, Of = —AVB SO se UN te 8 OM SA = 26 
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—6 
6 
Zi 


| 


5 3 = Al 6. 1X =B de XX 22 2A = IB Bh Oe — Zyl = 18s 
41x =A—B 1) nD, Ge a Se Yo} i, BAC = Al sb J V2, DO — JB = Bul 


In Exercises 13-18, find the 2 x 2 matrix X that satisfies the given 
equation, if A = rE = and B = | " a 


—4 5 -8 
13. X +3A=B 14. 54 — X = 2B 15. 1X +44 =B 
16. 3X — 2A = 2B 17. 44 = 5X — 3B 18. 2X + 5A = 3B 


In Exercises 19-27, prove the statement for all2 x 2 matrices A, B, and 
X and all real numbers c and d. 


ies Se § 09 20. c(dA) = (cd)A 2 - ajAr= cA dA 

2, CUA So JB) = OA JL es mo, loA =A Mm, OoA SO 

Paco. = O,,.5 26. If cX = B, then X = ae: 
eC 


Paeeae eB = A then X= — B). 
(@ 


28. Find all ordered pairs (x, y) for which the following matrix equation 
is true: 
nae x 1 
| 7 Ll 7 65 me 


programming in BASIC 


Earlier we used variables with single subscripts in handling lists. BASIC also 
provides variables with two subscripts for use in handling tables. Try this 
program: 


(Omron R=1 10.3 

20 FOR C= 1110 4 

30 READ A(R,C) 

40 PRINT A(R,C); 

50 NEXT C 

60 PRINT 

70 NEXT R 

80 DATA 10,11,12,13,14,15,16,17,18,19,20,21 
90 END 


(DIMension statements are needed if the table is to be more than 10 by 10.) 
Insert these lines in the preceding program and run it again. 


84 PRINT 
85° PRINT “A@2)3) ="%A(2,3) 
cow FaINGe AG2) = jA3.2) 
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OR SS BB Oe 8 Oy rh em 


Change the following lines in the program and run it again. 


1D POR R= 104 
20 FOR C=1 TO 


When a table, or array, is used as a matrix, BASIC provides several 
special statements that save a great deal of time. When the MATrix 
statements, however, are used on some systems, there must be a DIMen- 
sion statement for every matrix that appears in the program. 

In the preceding program make the changes 


10 DIM A(3,4) 
20 MAT READ A 
30 MAT PRINT A; 
40 

50 

60 

70 


and run it again. The semicolon in line 30 will make the entries of the matrix 
print close together. If the semicolon is omitted, the entries will print in the 
five regular zones. (Lines 40, 50, 60, 70 are deleted by typing only the line 
number followed by RETURN.) Notice that DATA for a matrix is listed row 
by row. 

To illustrate multiplication of a matrix by a scalar, delete lines 84, 85, 86 
and make these changes: 


10 DIM A(3,4),P(3,4) 
40 PRINT“ 4*A” 
50 MAT P=(4)*A 
60 MAT PRINT P; 


(Note that the scalar in line 50 must be in parentheses.) 
To illustrate addition and subtraction of two matrices, try this program: 


10 DIM A(3,4),B(3,4),C(3,4) 

20 MAT READ A,B 

30 PRINT A” 

40 MAT PRINT A: 

50 PRINT" B” 

60 MAT PRINT B; 

70 MAT C=A+B 

80 PRINT “ A+B” 

90 MAT PRINT C; 

ioe MAT Cases 

110 PRINT“ A—B" 

120 MAT PRINT CG: 

130 DATA 21,20,19,18,17,16,15,14,13,12,11,10 
140 DATA 10,11,12,13,14,15,16,17,18,19,20,21 
150 END 
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Exercises 
1. Find the sum and the difference of each pair of matrices given in 
Written Exercises 1-6 on page 464. 


2. Find the additive inverse of matrix A given in the program given at the 
bottom of page 472, and verify that A + (—A) = 0. 


3. Use the computer to check your solutions of Written Exercises 1-4 on 
page 470. 


13-4 Product of Two Matrices 


Before introducing the definition of the product of two matrices in 
general, let us consider the two matrices 


coe, 
Al scee—al ele and Be = |h eo s 
val ares 


Suppose that the numbers a, b, and c represent the price per package of 
frozen strawberries, peaches, and apricots charged by a supermarket, 
while x,, y,, and z, represent the number of packages of each sold the 
first week, respectively, and x,, y,, Z, the numbers sold the second week. 
How much money would the supermarket collect for these items? For 
the first week, the total amount collected for the strawberries is a - x,, for 
the peaches b- y,, and for the apricots c-z,. By adding these products, 
you obtain the total amount collected, ax, + by, + cz,. Similarly, for the 
second week, you have a total collection of ax, + by, + cz. 

The process of adding the products obtained by multiplying the 
elements of a row in one matrix by the corresponding elements of a 
column in another matrix suggests a fruitful way of defining the product 
of two matrices. We may say that the product of A,,, and B,,, shown 
above is 


Cix2 = Lax, + by, + cz, ax, + by, + CZ]. 
The product of two 2 x 2 matrices A and B, denoted by 
AxB or AB or AB, 


is defined as follows: 


fA =|% al dp =|% |, ah : 
a b a Cy Gd; ne 
A Heels Pil x [0 | 
diy De Cree 
= jae + bye, ad, + pee. 
) base, + b,c, “apd, eee, 
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bolt 914, Fone ©? ee Oe ees |! 


— 


Notice that the entries of a given row of A, say the ith row, are multiplied 
by the entries of a given column of B, say the jth column, in order, and 
these products are then added to obtain the entry in the ith row and jth 
column of A x B. Thus, the multiplication of two matrices can be 
described as “row by column” multiplication. 


As an example, let us find the product 


3 2 —2 

IS alt7t ol 

5 4 1G 
by displaying the computation of each entry, one at a time, in red. 
Notice that we may omit the times sign between the matrices. 


1. First row, first column: 
EE sh 
2 laa |= * _[-6+42 _|[-4 7 
Coe oe 
2. First row, second column: 


Mime ERP 


3. Second row, first column: 


FAlpiebbere) Fes. A= 2 


4. Second row, second column. 
| | El "lale Sle: a 
5 4 6 —6 5x34+4xX 6 —6 39 


th oe 


Putting Steps 1-4 together, we have 


Salli el=[Zs ssh 


Ordinarily, of course, the steps are not all shown in detail. 


—6 15 +4 24 


In general, the product AB of any two matrices A and B, where A has 
the same number of columns as B has rows, can be defined through 
“row by column” multiplication. The number of rows in the product 
matrix AB will be the same as the number of rows in A, and the number 
of columns in AB will be the same as the number of columns in B. Thus, 


Aine x Be = Caer 
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If the number of columns in A is not equal to the number of rows in B, 
then the product of A and B is not defined. Notice that B,,,, X Aj,» is 
not defined unless n = m. 

In particular, the product of a2 x 2 and a2 x 1 matrix is defined as 
follows: 


If A = K Pal ziqial je = la then 
y 


a, 9, 
22 =| ere lies «5k 
a, bijLy a,x + bry 

As you can see, the product of a 2 x 2 matrix and a 2 x 1 matrix isa 
2 x 1 matrix. Later in this chapter, we shall use products of 2 x 2 and 
2 x 1 matrices in connection with systems of equations. 

As with numbers, for square matrices A we use the symbol A? to mean 
AXA. 


Oral Exercises 


State the value of the specified letter in the computation of the product. 


2 
| AL “| 5 =| oo eel 
=2 Os Bil—2*b + 624 “Sd PIF 
val 2. D SC aaa 5. € 6. 7 


Written Exercises 
Find the given product. 


eels) “Pp ° =| 
| 


J & 
a Se 
on | 

N Ww 
Sp SS 
-————] 
a 
o9 (al 

ore 
SS 

| 

Ww — 

(=| 

oo 71) 
aa ——S4 
wn i i 

m= NO 

No aa 

— 
| 
| 
an CSS 
et 
(SS Ee 
ow | 
& NM 
| 
au — 

| 

NS 


4 


tana = : ~3) tind a2 x 2 matrix equal to the 


ForA = iE = 
2 
given product. 


9. AB 10. BA WM. A? 12. B? 


13. (A + B)? 
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ae Sete 444) oe we, 2 le ea eae A 


14. 


O - ’ 
Shewathat 11 As— i | eunel Jo) = [ | then AB = BA. 
0 a z Ww 


< 


Solve for x and y, or for x, y, and z. 


in Exercises 21 and 22, let A = [E 


21. 


ZZ. 


23. 


24. 


> alld= [2] 


= 357i ees 18 ain 

| 1 dle] = [55] Lx v1 
11 ‘ 4 2. [0 3. 0 
0 1 SU ee ee 
—l1 0 Ly lz —4 2 0 Sil 


Show that AB is in the form E ‘hh 
x 


What is the relation between AB and BA? 


Lem the mats 0 — Ee | represent the fact that wristwatch 
Model I has 17 jewels and 2 straps, while Model II has 19 jewels and 


30 40 50 
20 15 10 
factory produced 30 Model I wristwatches on Monday, 40 on Tues- 
day, and 50 on Wednesday, and on the same days produced 20, 15, 
and 10 sets of the Model II wristwatch, respectively. Simplify the 
product AB and tell what its entries represent. 


S straps. Let themmatnrix 2 — | | represent the fact that a 


Letthe matrix A = [120 15] represent the fact that a sporting-goods 
company produces 120 standard and 15 deluxe tennis rackets each 
4 0.8 
6 10 
ard racket requires 4h of labor for assembly and 0.8h of labor for 
lamination whereas the deluxe model requires 6h of labor for 

tea 
15.00 
represent the fact that the costs per hour of labor are $10.50 for 
fabrication and $15 for lamination. Simplify the product ABC and 
specify what its entry represents. 


week. Let the matrix B = | | represent the fact that the stand- 


assembly and 1h of labor for lamination. Let matrix C = 
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13-5 Properties of Matrix Multiplication 
Although multiplication of matrices with real-number entries has some 
of the properties of multiplication of real numbers, there are some 


important differences. We shall illustrate these by considering multi- 
plication in the set §,,.,. 


EXAMPLE 1 For A = | 2 | sinel Fee ie Bal find (a) AB, and (b) BA. 


Et Be) 
hace Git nel i 
dee esol LOs0 


SOLUTION a. AB =| 2 a =| 


a? 2 6 
Answer. 
b. BA =|~) || 2 ne lee =j| 4b | 
2X G\\L=4 =2 db Ba 2D |Z 
= 10 5 
=|_5 eal Answer. 


Noviceim Example | thatA # Oand B 4 ObutAB = O. Thus, in'§S,,, 
the product of two matrices can be the zero matrix without either factor 
being the zero matrix! 

Notice also in Example 1 that BA 4 AB. Therefore, multiplication in 
$2x2 is not commutative. For this reason, you must be careful to specify 
the order of the factors in matrix multiplication. To specify the product 
AB, for example, you say that you right-multiply A by B or that you 
left-multiply B by A. Some special matrix products, however, do not 
depend on the order of the factors. 


EXAMPLE 2 If I,,, = i; | and A = K mil, simplify (a) I,,.,4, and (b) Al,,>. 


0 1 an) 0; 
Seo le, els. ole al A 
SOLUTION a. /,,,A = |; alle melts jb l= be ole aunts 
alia, lk le" +0 ae Sie All A . 
Bala = B x\(0 1 | maloom dees | mile: | ue 


As Example 2 demonstrates, not only do the products of some ma- 
trices AB in §,,, commute, but also the product of any 2 x 2 


matrix A and 
il © 
1 Pye = [ | 


always is the matrix A. Thus, /,,., is anidentity matrix for multiplication 
IN § 2x2! 


Tyy2A = Aly =A 
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This property and some other properties of multiplication of 2 x 2 
matrices are listed in the following theorem. 


Theorem. If A €§,,,, 8 © Sime © S,.) and a = (mien 


I. ABE 8... IL (ABC = A(BC) 
Ill. ACB 430) =e eerie Neate) = BAe 
V. Ly A =Aly =A VI. a(AB) = (@A)B = A(aB) 


VIL. 02,54 =A0,,=C7n5 


EXAMPLE 3 Show that if A = | ; | and B = ie z then 


(a) (A + B)(A — B) £ A? — B?, but 
(b) A 432)4 S32 Seen — 


-l — —2 
SOLUTION a. First: Al 13 = | : | = | } 
—-4 -—2 2 6 —2 4 
s-82|2 °|-|- 2d 
— 2 6 —6 —8 
1 = 3 al = | 15 | 
—2 A\_—6 =S\ Si s0ee—=0 


7 _ ee all 
6) 710 30 
0 @ =5 =i5 5 15 
mel esl 
0 0 10 30 =i0 =20 
Since ee A oA ie a you have 
(A + B)(A — B) 4 A? — B*. Answer. 


b. From Example 1 on page 477 you have 


0 0 10 5) 10 5 
—/IB) — — 5 
ae E ‘ - ee aa Ee ial 


so that A2 — AB + BA — B? = A? — B? —AB+ BA 


=| 5 Ale | 10 S| 15 ZH) 
> =e 0 —20 10) a e=s0 = 0h 
5s 220 
23) 0 


(A + B)(A — B) =A? —AB + BA — B?. Answer. 


Also since (A + B)(A — B) = \ you have 


478 | Chapter 13 


To understand the results in Example 3, notice that by the distributive 
property you have 


(A + B)(A — B) =A(A — B) + B(A — B) =A? —AB 4+ BA — B?. 


Oral Exercises 


In Exercises 1-5, let A be any 2 x 2 matrix. State a simpler name for 
each of these. 


IpeAl sos 2,A + 03,5 3. A—A 4. A’0,,., Bd A 
Written Exercises 
: 2 1 —1 4 6 2 

In Exer 1-16 letA = 7 = ,C= : 

n Exercises e me el | ps = Be a 

andD = | é =k Compute the value of the expressions and state 

whether or not they are equal. 

1. AB and BA 2. AC and CA 3. AD and DA 
4. BC and CB 5. CD and DC 6. BD and DB 
WZ, AVE 46 )) ewavel AUB 2b AUG 8 A(BC) and (AB)C 

9, A(BC) and (BC)A 10. A(CD) and (CD)A 

itme@ier Ss) and (A - B)C 12. (AB)(CD) and (CD)(AB) 
Compute each of the three expressions and tell which of the three are 
the same. 

seach 8)? eA 2A EB NO IG MB BEB) SoBe 
aaa — 3)? b. A? — AB — BA + B? c. A? — 2AB + B? 
iIseam 8 KC + 2) b. AC + BC + AD + BD c C(A + B) + D(A + B) 
16: a, (A = BYC + D) beac — BC > BD Ap cpare = DD) — BCC =D) 


Prove each of the following for all 2 x 2 matrices A, B, and C, and all 
real numbers a. 


Wee eS 5.5 18. (AB)C = A(BC) 

19. A(B + C)=AB+AC 20. (B+ C)A = BA +CA 
21. a(AB) = (aA)B 22. a(AB) = A(aB) 

23. O7.2A = 02,5 24. A027 = Or, 


25. Let!A| denote the determinant of A. Show that for all 2 x 2 matrices 
A and B and all real numbers c. 


a. |cA| = c?|A| b. |AB| = |Al| BI 
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Ci ee e-POD © 


Self-Test 1 


VOCABULARY matrix (p. 461) identity matrix for addition 
entry of a matrix (p. 461) (p. 463) 
dimensions of a matrix scalar (p. 468) 
(p. 461) identity matrix for 
negative of a matrix (p. 463) multiplication (p. 477) 


zero matrix (p. 463) 


1. Simplify: 
a. | 2 | n i= | b. [- 0 >| - ° 3 | 
—5 7 —8 2 4 -1 6 6 —2 1 
ee 2 4 | Soe _f & 2 
2. Simplify 3A — 2B if A =e al and B=| Al 


3. Using the matrices A and B in Test Item 2, solve the following 
equations for X. 


a oC EE book udp — 5A 
e423 

A Sanit 
re y| 0 AG a 


Check your answers with those at the back of the book. 


programming in BASIC 


BASIC also provides for multiplication of matrices. Study this program: 


10 DIM A@3),Bi3).PG) 

20 MAT READ A,B 

30 PRINT “ A” 

40 MAT PRINT A; 

50° PRINT “Ee 

60 MAT PRINT B; 

70 MAT P=A*B 

80 PRINT “ A*B” 

90 MAT PRINT P; 

100 MAT P=B*A 

110 PRINT “ B*A”’ 

120 MAT PRINT P; 

130 DATA 11,12,13)14)15,16,17 18i19 
140 DATA 39,38,37,36,35,34,33,32,31 
lis0 END 
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Obj. 1, p. 461 


Obj. 2, p. 461 


Obj. 3, p. 461 


Obj. 4, p. 461 


Exercises 


1. Rewrite the given program to find the products of two 4 x 4 matrices. 
Supply thirty-two two-digit numbers as DATA. 
2. Matrices can also be input. Try this program: 
10 DIM A(3,4) 
20 MAT INPUT A 
30 PRINT 
40 MAT PRINT A; 
50 END 


The computer will print only one question mark, but you are to respond 
by typing in 12 numbers for the 3 x 4 matrix. 

3. Rewrite the text program so that you can INPUT the two matrices to be 
multiplied. 

4. Use the computer to check your answers to Exercises 1-12 on 
page 475. 


Matrices and Linear Systems 


OBJECTIVES for Section 13-6: 

1. Determine the inverse of a nonsingular square matrix of order 2. 
2. Use the inverse of a matrix to solve a matrix equation. 

3. Write a linear system of equations in matrix form. 

4. Use a matrix equation to solve a linear system. 


13-6 Matrix Solution of a Linear System 
Every nonzero real number r has a multiplicative inverse. That is, for 
each r € &, r £ 0, there is a number r~! € R for which 

Ge al and oie It 


Does every nonzero 2 x 2 matrix A with real-number entries also have 
a multiplicative inverse? That is, for each A € §,,., A £40, is there a 
matrix A~! © §,,, for which 


AA“!=I and A'A =!? 


3 


You can readily see, for example, that the matrix A = [, | has a 


0) . 
multiplicative inverse A7! = R ii since 


Oslo let) Lo allo sl=fo 1) 
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2.8 Sk BS ee ie) be ee Oe 


os al let us try to find 


In general, for 2 x 2 matrices, given A = | 
eee 


Atl= kK al such that 


an Sa 


veal TE 
a, b,x, Y, 
= [Ee + Dix, ayy, + nd = |; ak 
AX, + bX, ay, + 42Y2 ie 0 1 
This is true if and only if 


ax, +bx,=1, ay, + dy, 
ax, + bx, =0, any, + boy, = 1. 


Recall that in Chapter 4 we used determinants to solve systems of 
a 1D 
Ge ey 
not equal to zero, that is, if a,b, — a,b, # 0, then these equations can be 
solved for x,, x», ¥,, and yj to produce 


equations. If the determinant of coefficients in this system, is 


. b, Se 
“T= ae bab Be 
4,9, — anv, a9, — a0, 
sae a> y a, 
= »¥2 
a,b, — a,b, a,b, —a,b, 


You can check that with these values for x,, x,, y,, and y,, not only do you 
have AA~! = I,,,, but also (somewhat surprisingly, since products AB of 
matrices do not ordinarily commute) you have A~'A = I,,.,. (See Exer- 
cises 25 and 26, page 486.) 


With each square matrix \a Al we associate a particular real 
a, V2 
number, namely, the determinant a, dy , and we write 
Co ae) 
det K al = By b, = Ges — Gon 
a, b, a, by, 


The pairing of each square matrix with its determinant constitutes a 
function, since associated with each such matrix is one and only one real 
number. The symbol “det A” (read “determinant of A’’) represents the 
element in the range of the function det associated with the matrix A in 
its domain. 

Because each denominator in the preceding equations for x,, x,,y,,and 
y, is det A, you can see that 


ila! = I | b, Be 
det A L—a, a, 


Ifdet A = 0, then the equations for x,, x,, y,, and y, have no solution (see 
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Exercise 27, page 486) and so such a matrix A (called a singular matrix) 
has no inverse. If det A # 0, then matrix A is said to be nonsingular or 
invertible. 

Notice that, to find A~! from A, you interchange a, and b,, replace a, 
and b, with their negatives, and multiply by the recionoeal of det A. 


EXAMPLE 1 If A= [ ‘I find A-!. 


SOLUTION Note first that detA = 3 x 5-2 x6 = 15 — 12 =3,sothat detA £ 0. 


Then 
= eee, 
Alsat 3 . 
Ee lel 
Check [; All 3 ales Eee||- F ‘| 
2 5jL—# 1 1? _ 18 =) 4 5 0 1 
2 —2 
| 2 ‘| Answer. 
=3 


Matrix equations in the form AX = B may be solved using inverse 
matrices in the following way: 


Wo A TAM =A 'S, IX =A'B. X =A" 'B. 
EXAMPLE 2. Solve the following equation for the matrix X. 
2 -—3 8 —6 
X= 
beste es 
SOLUTION 1. First, to find the inverse of [ “eb note that its determinant is 


—10 + 12, or 2. Then 
FSi, IF | Sy 
4 -5} — ae iz il 
2. Next, left-multiply each member of the given equation by this inverse. 
of fle ke=[ob le 2 
—2 1jl4 —-5 2 1jLi4 —-8 
iL aes 
X= 
leat alle 
= 3 
x=|_ 2 ‘| 
||| 1 Ae Salil = 
SiL—2 4) 14410 12—20)7 LIM@>—s 
my | Answer. 
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We shall now consider a method of solving the system 
ax + 0)% =e 
ax +) 


by using matrices. By the definition of matrix equality, this system may 
be written in matrix notation as 


Bae] 
a,x + bj¥ el 


You saw on page 475 that 


peal: |.) 
ax toby} la, bILyd 


Therefore, you can rewrite the matrix equation as 


Le sell ale 
a, b,\Ly eal 
which represents the linear system in the simple matrix form 


AX = 7B; 


where A = K b, 
one 
2 X 1 matrices. 

If the coefficient matrix is invertible, the components of the single 
member of the solution set are the entries in A~'B; if it is not invertible, 
the equations in the system are either dependent or inconsistent. 

Cramer’s Rule for solving equations using determinants, which was 
presented in Chapter 5, may be derived from this method. 


| is called the coefficient matrix, and X and B are 


EXAMPLE 3 Use matrices to find the solution set of the system: 
SOLUTION 1. First, write the matrix equation: 
peal 
8 4illly| | 8 
2. Next, find the inverse of the coefficient matrix: 
i eee! 
3 4) ~ ML-3 -11°L § 
feel aah ieee 4 
3. Then: | = | 10 || | = | | 
» io itl 8 =! 


Checking, you find that the values x = 4, y = —1 satisfy the given 
equations. 


.. the solution set is {(4, —1)}. Answer. 
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Systems of three linear equations in three variables, and also larger 
systems, can similarly be represented in the simple matrix form AX = B, 
with the unique solution X = A~'B in the case A is nonsingular. 


Oral Exercises 


9 5 = ja e : i 
= elf As = — le he value of the specified 
Let A Ee >| L|* A give the v t pecifie 
variable. 
| eal BD, a € 4. d 5. € 
: : 3 —2]\/x —1 ¢ 
6. State the matrix equation 5 1 = 7 as a system of linear 
y 
equations. 
If the linear system se Y= 9 is written as a matrix equation 
—2x —4y=0 


|; iH |] = [eh state the value of the specified letter. 
c daily f 


aoa 8. b 9. 10. d ll. e (Oey 


Written Exercises 


Find the inverse of the given matrix if it is nonsingular. If the matrix is 
singular, so state. 


‘Boal 7 Gal dl 


6. [; | di |; ;] 8 | 1 7 9. 6 ‘| 10 le 1] 
4 -3 Sas —3 6 -5 -—3 —2 4 
AEG) eee —2 A 4 | 
= = = , and D= 6 
St E 28 B s|.¢ | Oc eis =) 
Solve each of the following matrix equations for X. 
ik, A a 18} 12 AX se 13. BX =A 14. BX =D 
is. CX =D 16. CX =A ie —C 18. DX =A 
Find the solution set of the given system by using a matrix equation. 
19. 3x +y =8 20, 2x + y= 2 217 3x oy = 7 
2 y= 5 5x + 3y = —1 —3x—2vr= 4 
22. 3x —4y = 1 23. 6x —4v =3 2a) 24 Sy = 7 
2x—2y= ax —2y=1 v+4v=8 
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Me 


For. A= [ Al prove the given statement. 
c 


z 1 a =0 1 0 1 d ol |; ‘| 
———— — 26. . A = 
ae al! °| E ‘| ° ee ee 0 1 
27. Use the result of Exercise 25(b) of Written Exercises 13-5 and the fact 
that AA~! = Jtoshow thatif det A = 0,then A has no inverse. (Hint: 


Assume A has an inverse and show that this leads to a contradiction.) 


Self-Test 2 

VOCABULARY - singular matrix (p. 483) coefficient matrix of a linear 
invertible matrix (p. 483) system (p. 484) 

1. Find the multiplicative inverse of : ;|. Obj. 1, p. 481 
6 5 2 —4 ; 

2. Solve for X: x= : . 2, p. 481 

olve for b ;| EE i Obj. 2, p 
3. Write in the matrix form AX = B: 2X ~ = 2 Obj. 3, p. 481 
5x + 45S 11 
4. Use a matrix equation to solve the system: a a Obj. 4, p. 487 


eS all 


Check your answers with those at the back of the book. 


programming in BASIC 


It has been shown in the text that a system of linear equations can be 
expressed in matrix form as AX = B. lf Ais invertible, then the solution can 
be expressed as X = A~'B. In BASIC the inverse of a matrix is found by a 
statement Such as: 


MAT V = INV(A) 
The program below finds the solution of the system: 


X+ ytez=i 
ex+ y- z=d 
x+2y+ z=4 
1 


The solution is printed as 2 which may be interpreted as: x = 1, 
—1 


Y=2, 22] 1, 
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Notice that B(3) and X(3) in line 10 are matrices with dimensions of 3 rows 
and 1 column. 


10 DIM A(3,3),B(3),V(3,3),X(3) 
20 MAT READ A.B 
30 MAT PRINT A;B 
40 PRINT 

50 PRINT 

60 MAT V=INV(A) 
70 MAT X=V*B 


If A is singular, the computer will report that. To see what happens, try the 
program with these DATA changes: 


100 DATA 2,2,—1 
110 DATA 2,2,1 


80 MAT PRINT X 
90 DATA 1,1,2 
100 DATA 2,1,-—1 
OS DAA a2, 
120 DATA 1,5,4 
130 END 


Exercises 


1. Rewrite the text program so that you can INPUT the matrices. 


2. Use the computer to check your answers to Exercises 5-10 on 
; page 158. 


—— SS == Albert Einstein aul Gace: 
) 1879-1955 4 & ise 
: : : : AK ae tar ee, 
Albert Einstein's career as a student had not beenimpres-  ¢ == + 
sive, but while working as an examiner for a Swiss patent . i S24 
office he thought a great deal about a wide variety of ~_ Z ae, 8 z, 
unexplained experiments which had to do with light and ~*~  Y@y' 22 +" 

; motion. In 1905, Einstein atempted to account for these — ‘ ah ys 
experiments in his Special Theory of Relativity. Today \ far ~ 
many observations are in complete accord with special i ) 
relativity. Among the observations predicted by the special ge of 
theory is the equivalence of mass and energy related by a yA 
the equation E = mc?, where c is the speed of light. a 


Another paper Einstein published in 1905 helped to 
establish the quantum mechanics branch of physics. This 
work contributed to the discovery of the electric eye, 
which, in turn, led to other inventions such as television. 
In 1910 Einstein included the effects of acceleration 
among various observers in what is called the General 
Theory of Relativity. In 1921 Einstein was awarded the 
Nobel prize in physics for his paper on quanta. 

Einstein left Europe shortly before World War II for a 
lifetime appointment at the Institute for Advanced Study 
in Princeton, New Jerscy. 
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Transformations of the Plane 


OBJECTIVES for Sections 13-7 and 13-8: 

1. Determine an equation of a translation of the plane when the image of one 
point nuder the translation is given. 

2. Find the coordinates of the image of a point, and also the coordinates of the 
preimage of a point, under a given translation of the plane. 

3. Find the coordinates of the image of a point nnder a given linear transfor- 
mation of the plane. 

4. Find the coordinates of the preimage of a point under a given nonsingular 
transformation of the plane. 


13-7 Transformations by Matrix Addition 


Imagine a triangular piece of cardboard resting on a coordinate plane 
and having vertices at A(—4, —3), B(3, —1), and C(2, 3), as shown in 
Figure 1. You can think of sliding the cardboard 2 units in the 
x-direction and I unit in the y-direction to the position shown in Figure 
2. In their new positions, the vertices will be at A’(—4 + 2, —3 + J), 
B'3 + 2, —1 + 1), and C2 + 2,3 =) or 2) ee 
C4, 4). By such a sliding, vou can think of each point P(x, y) of the 
plane as being imapped on a corresponding point P’(x + 2,» + 1). 


c'(4, 4) 


Peay 40) 


Figure 1 Figure 2 


The sliding described above is an example of a transformation, or 
mapping, of the plane called a translation. In the translation of amount 
h in the x-direction and k in the y-direction, the point P(x, y) is mapped 
on the point P’(x’, y’), where 

x’=x+h and y =e. 


We say that P’ is the image of P and that Pis the preimage of P’, under 
the mapping. 
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It is convenient to use matrices in working with transformations of the 


plane and to designate the coordinates (x, y) by the matrix EI Thus the 
4y 


translation given above is written simply as 


Elite o 
y y k 
If 4 and kare given, then Equation (1) can be considered as defining a + 
function, y 
epee ; 
y a - 

with domain the set of 2 x 1 matrices |* powhere 4, 7 GG, and 

range the set of corresponding matrices Eh 

Of course, the function y, 
(x,y) > x,y), J 
whose domain and range are sets of ordered pairs, describes the same 1 


transformation. Matrices are used because they are very convenient in 
studying linear transformations (Section 13-8). 


EXAMPLE In attranslation of the plane, the image of P(5, 4) is P’(8, —2). 
a. Find a matrix equation of the transformation. 
b. Find the image of Q(—4, 0) under the transformation. 


c. Find the preimage of R’(3, 2) under the transformation. 


SOLUTION a. The matrix equation of the translation, 
5 fal famee| | 
Al 2 [ [ 


is satisfied when 


Hence: 


*. the transformation is given by 


=— 


| - "| ce | : F Answer. 
y iv 6 


(Solution continued on page 490.) 
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: —4 alee 
b. To find the image of Q(—4, 0), you substitute | for a in the 
equation of the transformation: 
x’} | —4 3;_|-1 
lel elelel=:. 
*. the image of Q(—4, 0) under the transformation is Q’(—1, —6). 
Answer. 


c. To find the preimage of R’(3, 2) you substitute 3 | for >, in the 


equation of the transformation: 

S| jes 3 
allelic (6 

3 3 || _ | as Sis Si || |i ae 

H al r i us ize |_é| ~ if 
Hebei 
Ve — 6) areas 

*. the preimage of R’(3, 2) under the transformation is R(0, 8). Answer. 


Parts (b) and (c) of the Example illustrate the fact that under a 
translation every point of the plane has a unique image, and also every 
point has a unique preimage. Therefore such a transformation is a 
one-to-one mapping of the entire plane onto itself. 


Oral Exercises 


Find the images of the given points under the translation 
x! x 3 

Dela 

y uy = 


1. P(4, 2) 2. Q(3, —7) 3. R(—4, 5) 4. S(—8, —8) 5 Law) 


Written Exercises 


Find the coordinates of the image P’ of the given point P under the 
translation Fal = *| ze [] for the given matrix Fa 


yl \k k 
1 P(-5,2; | 1] 2. P(—7, 10); lage 5-4-9; [79 
4. P(0, 7); le: 5. P(a, b); |<] 6. P(a,a + b); E - al 
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Find the coordinates of the preimage P of the given point P’ under the 
translation Fa = | ap [; for the given matrix [I 


y k 
7 PG, -5); [_ 3] & P03); |? » P(-2,-6; | 3 
10. P(8, —3): lz 11. P’(0, 0); |: 12. P(a, —b); [: ss || 


Find a matrix equation of the translation of the plane that transforms 

the given point P into the given point P’. 

ee, 7); PG, 1) 14. P(—2, 6); P’(5, —1) 15. P(4, —3); P’(9, —1) 

16. P(—2, —7); P’(—8, 5) 17. P(a, b); P'(c, d) iS, Ja S26 Ia, @ = Dp IP a, 1D) 
Find the image of the point X under the translation that transforms the 

given point P into the given point P’. 

19. X(5, 4); P(O, —2); P’(8, —5) 20. X(—3, 7); P(—1, 4); P’(7, —1) 
21. X(6, 5); P(—4, —9); P'(—4, 2) 22) X(a, by; P(e,d); Pa, =6) 
Find the preimage of X’ under the translation that transforms the given 

point P into the given point P’. 


23. X’(3, —1); P(8, 0); P’(5, —2) 24. X(5, 7); P(—1, 4); P’(3, 7) 
25. X’(—2, —5); P(3, 6); P’(—1, 8) 26.4 (a, 0); Pica) P (a, 20) 


27, Let | = "| ss | and ha = "| + kal define two transla- 
y yl Lk, y yl Uk, 


tions of the plane. What is the image of P(a, b) under the translations 
applied in succession? 


28. If the order of the translations in Exercise 27 is reversed, what is the 
image of P(a, b)? 

29. On the basis of Exercises 27 and 28, is the application of successive 
translations of the plane commutative? 


13-8 Transformations by Matrix Multiplication 


The system of linear equations 


x = 3x = 2y 
y’ = 7x -— Sy 


can be written in the matrix form X’ = AX as: 
oe ||eaan ie =| | ; 
| = 2 Sie: 
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a Ae a < iy, © 


For each x, y © ®, this matrix equation yields just one E 
y 
example, 
; —2||3 —1 
elle" l- Eee 
[ sy Ly’ ] (Ll? es a4 


Accordingly, Equation (1) can be considered as defining a 
mapping function, or transformation of the plane, 


Hieabe 


with domain set of 2 « 1 matrices EL where x, y © ®, and 
y 


range the set of corresponding matrices. (See Figure 3.) Figure 3 


4 1 
IE) determine {a) the 
2 =3) || (Ly 


image of P(3, —5); and (b) the preimage of Q’(7, —1). 


EXAMPLE 1 Under the transformation F =| 
SF ra 


SOLUTION a. Substituting | | for [| in the equation for the transformation, you 
a o 


l=L2 —s)L3] 


have: 


.. the image of P(3, —5) is P’(7, 9). Answer. 


b. Substituting | i for || in the equation for the transformation, you 
= Sr 


il-[2 —sIb] 


The multiplicative inverse of | : ;| is: 


-_ 1S | | to 18 

a | ne 
Lefi-multiplying both members of the equation by this multiplicative 
inverse, you obtain: 


Ree He al 
-% ~all-1J"l-% -all-2 -3lb 


obtain: 
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Lil=Lo IE] 
BF les 


Checking that these values satisfy the original equation is left to you. 


.. the preimage of Q’(7, —1) is Q(2, —1). Answer. 


In general, any transformation of the form 


xX = AX 


where X’ = | As K a —— [| and a,, by, az, b, € &, is called 
y 4, ay 


a linear transformation of the plane. 

Each point in the plane has an image under such a transformation, as 
illustrated in Example 1(a). In particular, since AO = O, the image of the 
origin is the origin under every linear transformation. 

Further, as illustrated in Example 1(b), if det A 4 0 then each point 
also has a unique preimage because the matrix A has a unique inverse. 
In this case, the transformation is a one-to-one mapping of the entire 
plane onto itself, and is said to be nonsingular. 


EXAMPLE 2 Describe the mapping of the plane onto itself under the linear transfor- 


i é 
mation of the plane, X’ = AX, for which (a) A = é A and 
0 1 
b) A= I 
ma=[i 
ere i 0 oy al. 
SOLUTION a. Substituting | for | in 
0 -1 Op le 
Pele ly 
pl ila, “bik 
you have 


lle ib 
Bley) aaa 


Thus, for each P(a, b) the image is the reflection P’(a, —b) of Pin the 
x-axis, as shown in the figure. 


.. the transformation is a reflection in the x-axis. Answer. 


(Solution continued on page 494.) 
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Le ee Se 


0 1 b 
b. Substituting F al for & fe you have 


a, Dd, 
Fl=0 oll] 
yl Li Oo 
[J a A or (x’, y’)= (y, 2). 
ay x 
Thus for each P(a, b) the image is the 
reflection P’(b, a) of Pin the line y = x, 


as discussed on page 388 and as shown 
in the figure. 


... the transformation is a reflection in the line y = x. Answer. 


If det A = 0 then the linear transformation X’ = AX is said to be 
singular. 


EXAMPLE 3. Describe the mapping of the plane under the singular linear transfor- 


; : 0 0 21 
mation for which (a) A = [, alt and (b) A = [ sk 


SOLUTION a. For all x, y © ®, you have: 


, Thus the image of each P(@, b) is P’(0, 0). 


‘, each point of the plane is mapped onto the origin under this 
transformation. Answer. 


b. For any x and y € ®, you have 
BEE alleles.) 
y’ 4 2ILy nee || 
sothatx’ = 2x + y,y’ = 4x + 2y. Since 4x + 2y = 2(2x + y), youhave 


y’ = 2x’. Therefore the mapyof the entire plane hes onmiliesine 
y’ = 2x’. Further, each point, say (c, 2c) on this line is the image of 


many different points; for example, (c, 2c) is the image of (S. 0) and 


also of (¢. <) ; 


. under this transformation the plane is mapped onto the line 
y’ = 2x’. Answer. 


Examples 2 and 3 illustrate the theorem on page 495. 
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Theorem. The linear transformation AX = X’, where A = 


a al com [Ik a EI and a,, b,, a,b, © Risa one-to-one 
ay ee y y 


mapping of the plane onto itself if det A # 0. 


If A = O, then the entire plane is mapped onto the origin. 


If A # O but det A = 0, then the entire plane is mapped onto a 
line through the origin. 


Written Exercises 
Find the coordinates of the image P’ of the given point P under the 
linear transformation ea = B le for the given matrix [ 2 


a byILy a, 9» 
2 0 0 2 2 4 
1. : (5, (2 =, BYE 3. PO, —1): 
mee? kf ‘| Sgr E Al a) F 3 
0 —4 3 -] —4 3 
5 — 2 5. — =a) - 6. ie ? ; 
4 Pu, 2; |} ~ 4] p14; [3 oh] cE |mee| 
Find the coordinates of the preimage FP of the given point P’ under the ; 
linear transformation [| = B elie for the given matrix E al 
y a, boily a, by 
—3 0 2 OZ ; = 243 
eR : . —4): 9. P’(—2,5); 
7. P'(3, 12); | ; oi 8. P'(6, —4) Ee Al (-2,5) [, ;] 
, wi> 3 ' . 14 Al 12. P'(6, —3): [- i 
10. P'(4, —1): > | 11. P(8, 6): 3 : . PG, -3); |? | 


For each of the following linear transformations the image P’ of each 
point P(x, y) lies on a line with equation y’ = mx’. Find x’ and y’ in 
terms of x and y, and find m. 


13. F| _ [; 3| [| 14. \*.| _ | 4 le 
wl 2 eal HS We alls 
15. il _ [ae | 16. a J [ | | 
| Ls SIly y’ 4 6JLy 
Find the image of the square with vertices (0, 0), (1, 0), (1, 1), and (0, 1) 


. , xe. a, bie . ; 
under the linear transformation 4 = for the given matrix. 
y a, Dally 


17. F | 18. fF 4 al 0 = 
0 2 Os —| 0 


a 


ale ‘| 
0 1 
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Describe the mapping of the plane onto itself under the linear trans- 
formation [4 = B alle for the given matrix [3 oe 
ME a, D2ILY a, db, 


21-24. The matrices in Exercises 17-20 on page 495. 
25. |; :| 26. ? ‘| ap E fl 
0 0 Q@ 1 2 
29. Show that the images of the points (0, 0), (1, 0), (1, 1), and (0, 1) are 
the vertices of a parallelogram under any nonsingular linear trans- 


formation || = E alate 
y Cc d yi 


30. Show that if X’ = AX and X’ = BX are two linear transformations, 
then the image of point P(x, y) under the transformations applied in 
succession (B, then A) is the same as the image of P(x, y) under the 
product transformation AB. That is, show that A(BX) = (AB)X. 


(en =fe Gfama [5 1) 


Self-Test 3 


28. [; = 
0 0 


VOCABULARY _ translation (p. 488) linear transformation (p. 493) 
image (p. 488) nonsingular linear 
preimage (p. 488) transformation (p. 493) 


1. Find an equation of the translation of the plane that transforms 
the point P(—1, 4) into the point P'5, 3). 


2. Find the coordinates of the image P’ of the point P(—2, 7) under 


the translation of the plane given by [I] = i zs at 


3. Find the preimage P of the point P’(4, —9) under the translation 
given in Test Item 2 above. 


4. Find the coordinates of the image P’ of the point P(—1, —6) 


under the linear transformation el = |? A Fel 
BE Sully 


5. Find the coordinates of the preimage P of the point P’(2, 4) under 
the linear transformation given in Test Item 4 above. 


Check your answers with those at the back of the book. 


Obj. 1, p. 488 


Obj. 2, p. 488 


Obj. 3, p. 488 


Obj. 4, p. 488 
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Chapter Summary 


. Two matrices are equal if and only if they have the same dimensions 
and all their corresponding entries are equal. 


. If two matrices have the same dimensions, then their sum is a matrix 
of the same dimensions, whose entries are the sums of the corre- 
sponding entries of the given matrices. 


. In the set §,,,., of all m x m matrices with real-number entries, the 
identity matrix for addition is the zero matrix O,,,,, all of whose 
entries are zero. The additive inverse, or negative, of the matrix A 
is the m X n matrix —A,,,,, each of whose entries is the negative of 
the corresponding entry of A,,,,,. The difference Ajyn — Bunxn iS 
defined to be the sum A,,,.,, + (—B,,..,,): 


. The set §,,., of all #2 x m matrices with real-number entries has the 
same addition properties as the set of all real numbers: closure, 
commutative, associative, additive-identity, and additive-inverse. 


mxn 


. In dealing with matrices, we often refer to real numbers as scalars. 
The product of a scalar c and a matrix A is denoted by cA; it is the 
matrix of the same dimensions as A whose entries are the products of 
c and the corresponding entries of A. Basic properties of these 
products follow from the definition and the properties of real num- 
bers. 


. The product AB of the matrices A and B can be described as “row by 
column” multiplication. The product is defined only if the number 
of columns in A is equal to the number of rows in B. The product 
matrix then has the same number of rows as A and the same number 
Gweoluimius as B, Thus: A, X Bon = Goxne 


. The set §,,.. is closed under matrix multiplication, and the associa- 
tive and distributive properties hold for matrix multiplication. The 


identity element for multiplication is F al But multiplication in 


Sox2 is Not commutative, though certain products do commute. The 
product of two matrices can be the zero matrix without either factor 
being the zero matrix. 

. The determinant having the same entries as a given square matrix A 
is the determinant of the matrix. The matrix A is singular if 
det A = 0; otherwise A is nonsingular. A has a multiplicative inverse, 
that is, there is asquare matrix A~'! such thatAA~! = /and A~ 14 =], 
if and only if A is nonsingular. 

. A transformation, or mapping of the plane defined by an equation of 
the form la = [* + ar where h, k © &, is called a translation. 
Under the ene the point P’(x’, v’) is called the image of 
the point P(x, y), and P is called the preimage of P’. 
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sc i i i ti i a i Di as Ce 


Re b)[x 
10. An equation of the form | = ° |. where a, b, c, dE &, 
¥ 


C aks 
defines a linear transformation. Such a transformation is one-to-one 
if and only if its matrix is nonsingular. 


Chapter Review 


1. What are the dimensions of the matrix = ; 3) 13-1 

a. 3x2 ly 2x g & Isc 3 ol 3 S< Il 

: . =2 2 @ = 

2. Find the sum: 0 a +|_§ =a 

a. | 4 | b. 4 | c. & 4 d. ie ;| 

— — =2 2 2D =? 
; =f =2 6 —1 

: , ea eae = : - 
3. Solve for the matrix X ae | 0 | Ee all 13-2 


a. | 3 =| b. | 9 | c. E -| d. 9 Al 
=? 6 =2 =6 0 -—6 =2 © 
In Review Items 4 and 5, find the 2 x 2 matrix X that satisfies the 


2B =) 6 -9 
equation for A = Ce = , 
? E e a [; | 


tx = 2A 13-3 
a. k A b. ie me! (@ ke aul d. [i al 
SS =f 13. —10 11 —10 11 —-11 
5. X+A=8B 


‘hal “ls Gl “bal “kb ol 


6. Find the 2 x 2 matrix equal to he 4 x F =| 13-4 
3-1 0 6 
a ie i b. ie | c. lee 4 d. Be al 
8 0 9 0 9 —12 9 0 
“A € §,,. and BE Sy themqine a) (ees eee 13-5 
wea — b. A7 = AB 4 BAe on AB dae ee 
8. Find the inverse of E |} 13-6 


a. i | | i | c [3 ‘| | 1 as 
a = 11 =e 
9. If AX =B, then X = 2. 
a. AB b. Ams cee deB-1A 


pes) 
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In Review Items 10-11, use the translation *.| 2 [7] fs arp 
10. Find the image P’ of P(4, —7). 
a, (PD, = 2) b. P’(—6, —2) @, PZ, =i) as (= 6, = 12) 


11. Find the preimage Q of the point Q’(1, —1). 
a. Q(3, —6) b. Q(-1,4). « Q(-1,-6) d. Q(3,4) 
12. Find the image R’ of the point R(2, —1) under the transformation 


Pee 2:| 


a. R’(—5, —6) ob. R’(—1, 2) e kh (i 2) d. R’(—5, 6) 


Chapter Test 


13-7 


13-8 


i Simplify: | > alse “3 2, simplify: | ~* *|-[° Z| 13-1 


2 —8 3 


3. Solve: [x-—y x+v]=[6 —2] 


-3 2 0 = 
4. Solve over §,3: x -| eee lel 


6 
0 
Beoolve over §,,5: 3X4 — ls | — 4X — F Z| 


6. Solve for x and y: [; | "| = 2 


7. For A = [; x ainel 3 = F =| compute (2A)B and A(2B) and 


determine whether or not (2A)B = A(2B). 


8. Find the inverse of the matrix [ e 


4 0 
1 —3 -—10 —3 
9Selve over §3,.2' i Bx = 3 | 
10. Use a matrix equation to solve the system: 2x —3y= 6 
x +2y = -—4 


11. A translation of the plane maps P(—3, 6) on P’(—2, 1). 
a. Find an equation of the translation. 
b. Find the image of Q(—3, 0). 
c. Find the preimage of R’(—1, 4). 

12. Consider the linear transformation | = i alee 


a. Find the coordinates of the image P’ of P(0, 2). 
b. Find the coordinates of the preimage Q of Q’(1, 3). 


5 6 


12-2 
13-3 
13-4 


713-5 


13-6 


13-7 


13-8 
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uit 
Be) 


The undersea habitat shown is located at Great Lameshur Bay, St. John, 
U.S. Virgin Islands. It served as home base for four scientist-aquanauts 
who spent a record-breaking two months doing research while living on 
the ocean floor. 
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Trigonometric 


ee Circular 
Functions 


Angles and Their Measurement 


OBJECTIVES for Sections 14-1 and 14-2: 

1. Find the distance traveled during a given number of revolutions by a point on 
the rim of a wheel. 

2. Convert radian measure to degree measure, and vice versa. 


14-1 Rotations and Angles 


How can you measure the distance traveled by a wheeled vehicle in 
going from one point to another? One way may be described as follows: 
First, count the number of times a wheel on which the vehicle travels has 
rotated through a complete revolution in making the trip. Count partial 
revolutions as fractions of complete revolutions. Then multiply this 
number of revolutions by the circumference of the wheel. The result will 
be (in the absence of slippage, of course) the distance the wheel, and 
hence the vehicle, has moved. 


SODS 


Figure 1 start } revolution 5 revolution 1 revolution 
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EXAMPLE A tractor wheel has a diameter of 2m. How far will the tractor travel as 
the wheel makes 18.6 revolutions? 


SOLUTION To find the circumference C of the wheel, we use C = zd where 7 = 3.14. 
Thus, 


Gz 3142) =625: 
Then the distance the tractor travels in 18.6 revolutions is 
G2 6.28(18.6) = 11638. 


.. the distance traveled is approximately 117m. Answer. 


To study rotating objects, we need to reconsider the A 
concept of angle. An angle may have been defined in your & 
geometry course as the union of two noncollinear rays that 2 
have the same endpoint, as suggested by ZAOB pictured. ,¢, 
in Figure 2. We shall now define a directed angle as an O side B 
ordered pair of rays with a common endpoint, one ray : 
ailled Tic Tilia] side oP RS aia MM Ue sd Figure 2 
terminal side of the angle, together with a rotation from 


the initial side to the terminal side (see Figure 3). For this definition we 
drop the restriction that the rays be noncollinear. 


a. b. 
98 


2 
cat 
oe, 


Initial side terminal side 


Figure 3 


The rotation of the directed angle pictured in Figure 3b is clockwise; 
the rotation pictured in Figure 3a is counterclockwise. The angle in 
Figure 4 has a rotation of 1 of a revolution counterclockwise. An angle 
having a rotation of } of a revolution is a right angle. 


iB} 


terminal side 
& 
| a 


initial side 


Figure 4 Figure 5 


The sides of any geometric angle form the sides of many different 
directed angles. (Greek letters such as a (alpha) and f (beta) are often 
used to name angles.) In Figure 5, the sides of Z AOB are those of angle 
a,, Which has a counterclockwise rotation of } of a revolution; angle a,, 
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which has a clockwise rotation of } of a revolution; angle f,, which has a 
clockwise rotation of { of a revolution; and angle £,, which has a 
counterclockwise rotation of ¢ of a revolution. 

Angles that have the same TATE side and the same terminal side are 
called coterminal angles. In Figure 5, a, and f, are coterminal angles, as 
are a, and f,. 

To study an angle, it is convenient to consider it as placed on a 
rectangular coordinate system with the vertex, O, of the angle at the 
origin and the initial side of the angle as the ositive part of the hori- 


zontal axis, as shown in Figure 6. The figle i is then said to be in standard 
position.~ y, wNevevev The tevmiuai 


b. 


y 


By 


Figure 6 


In Figure 6a, angle a, and angle a, are coterminal. Angle a, has a 
counterclockwise rotation of 4 of a revolution, and angle a, has a coun- 
terclockwise rotation of 14 revolutions. 

In Figure 6b, angles 8, and £, are coterminal, with angle £, having a 
clockwise rotation of 44 of a revolution and angle £, having a clockwise 
rotation of 1U of a veveliten 

If the terminal side of an angle in standard position lies in a given 
quadrant, then the angle is said to lie im that quadrant. If the terminal 
side of an angle coincides with a coordinate axis, then the angle is called 
a quadrantal angle. The angles in Figure 6 all lie in the first quadrant. 
frie ain Figure 7a lies in the second quadrant; angle a, lies in the 
third quadrant. Angle f, in Figure 7b is a quadrantal angle having 4 of a 
revolution; its terminal side lies in the negative x-axis. It is called a 
straight angle. Angle f, is a quadrantal angle having 1? revolutions; its 
terminal side lies in the negative y-axis. 


a. Me 


a4 


ag O x 


Figure 7 


fide 


tWe quadrant the ang le 


lies 


us 


d eke Yuntacs 


Ci Ad 
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Oral Exercises 


How many revolutions does the minute hand of a clock make from 
4:00 p.m. to the given time? 


i, 25115) 2st 2. 4:30 P.M. 3. 4:50 P.M. 4. 5:00 P.M. 5. 5:20 P.M. 


Written Exercises on aL 


Find the distance traveled by a wheel of the given diameter as it makes 
the given number of revolutions. Use 7 = 3.14. 


1. 20cm; 1.5 revolutions 2. 3.5m; 2.2 revolutions 


3. 8m; 7.7 revolutions 4. 10m; 0.4 revolutions 
Find the radius of a wheel such that the wheel will travel the given 
distance in the given number of revolutions. Use z = 3.14. 


5. 628 cm; 5 revolutions 6. 56.52 m; 6 revolutions 


7. 94.2 m; 8 revolutions 8. 70.65 m; 4.5 revolutions 


Sketch the following angles in standard position, indicating the rotation 
with a curved arrow. 


9. ? revolution counterclockwise °' "10. Z revolution counterclockwise 
11. 2 revolution counterclockwise ‘12. 14 revolutions clockwise 
13. 2 revolution clockwise ‘ 14. 22 revolutions counterclockwise 


15-20. Express each angle in Exercises 9-14 above as a number of revolutions in the 
opposite direction, clockwise or counterclockwise. 


In Exercises 21-23, use = = 3.14. 
21. How far does a point on the outer tip of the minute hand of a clock 
travel in 5 min if the hand is 21 cm long? 


22. How far does a point on the outer tip of the hour hand of a clock 
travel in 5 min if the hand is 6.3 cm long? 


23. A satellite circles the earth once every 6h. If the satellite is 7000 km 
from the center of the earth, what is its speed? 


24. The radius of the wheel with center O is 4 times that of A 
the wheel with center P. If wheel O is stationary and @ 
wheel P rolls around it once, how many revolutions 


does radius PA make? 


25. In Exercise 24 above, if wheel P were rolling inside wheel O, how 
many revolutions would radius PA make? 
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14-2 Measurement of Angles 


In Section 14-1, angles were described in terms of com- 
plete revolutions and fractions of revolutions. However, in 
order to make effective use of angles, we need some sys- 
tem of measurement that is based on a smaller unit than a 
complete revolution. Two such systems will be described 
in this section. 

In one system a complete revolution is divided into 360 
equal parts, each of which is called a degree of rotation or 
simply a degree. If the rotation is counterclockwise, the 
measure is ordinarily taken as positive. If the rotation is 
clockwise, the measure is negative. In Figure 8, the meas- Figure 8 
ure of angle a is negative 40 degrees, written as —40°, and 
the measure of angle f is 320°. 

For more precise measurements, a degree is subdivided into minutes 
and seconds as follows: 


1° = 60 minutes (written 60’) 
1’ = 60 seconds (written 60”) 


The equals sign is used to indicate that we have written two names for 
the same amount of rotation. 


EXAMPLE 1 Find the measure in the degree system of an angle formed by a 
rotation of: 
a. 21 revolutions clockwise. __b. 4 revolution counterclockwise. 


SOLUTION a. 21 x (—360°) = —(§ X 360°) = —810°. Answer. 
b. iy x 360° = a = 1131° = 113°20. Answer. 


Several notations exist for recording angle measurements. If angle a 
has 35°, you may write 


m°(a) = 35, read “the measure in degrees of a is 35” or 


or 


ma) = 35°, read ‘the measure of a is 35°. 
If angle a has 35°23’, you may write 
m°(a) = 3528 or ia) = oe 
If a and f are coterminal angles, you may write 
m°(B) = m°(a) + k + 360, k € {the integers}. 


For a second system of measuring angles, consider 
Z AOB placed in standard position on the wv-coordinate 
axes (Figure 9). On the same set of axes, picture the unit 
circle, that is, the circle with center at (0, 0) and radius 1. Figure 9 
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Notice that any angle in standard position is determined 
by the point of intersection of its terminal side with the 
unit circle. We will measure angles by measuring the 
length of the arc of the unit circle intercepted by the angle. 

Imagine a flexible x number line tangent to the unit 
circle at P(1, 0), with origin at P and the same scale, or unit 
length, as on the uw and v axes. Think of the number line as 
being wound around the unit circle as a thread would be 
wound on aspool. The positive ray would be wound in the 
counterclockwise direction, and the negative ray in the 
clockwisé direction (Figure 10). This winding procedure 
pairs each real number (with graph on the flexible number 
line) with one and only one point on the unit circle. For 
example, 2 is paired with point S. 

As the flexible number line is wound around the unit 
circle, more than one number will be paired with the same 
point. Thus, both 7 and —7a are paired with point R. 
Moreover, S is paired with 2, 2 + 27, 2 — 27, and so on, 
and P with 0, 27, —2z, 47, and so on. 

Now we can assign a measure to any angle in standard 
position as follows: If the length of an arc on the unit circle 
measured from point P is a units, then the measure of the 
angle intercepting that arc is said to be a radians. For 
example, the measure of the angle a in Figure 11 is 2 
radians, written 28. The angle for a complete revolution is 
measured by 27°. 

A notation similar to that for degree measure is used. 
Thus, you may write 


m¥(a) = 2 or m(a) = 2", 
Also, in Figure 11, Figure 11 
m®(B) = 2 — 2a or mp) =(2= 2a. 
In general, if a and f are coterminal angles, you may write: 
m®(B) = mR(a) + 2ka, k © {the integers}. 


Since an angle for a complete revolution is also measured by 360°, you 
have 


360° = 27R, 
or 
180° = 7, 
Thus, 
R ° 
ic eae a R= 180 
180 a a 


To change from degrees to radians, or from radians to degrees, we use 
the above to get conversion equations: 
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m°(a ee AS na) ma) = TT °(a) | 


ey 


Since 7 = 3.14159, you have 1° = 0.01745" and 1" =~ 57°17’45”. In Figure 


= oR 
11, y (Greek gamma) measures 60°. Hence m(y) = 60° = Tae 0 a 


Thus, > is slightly greater than an angle that measures 1°. 


= 


EXAMPLE 2 a. If m®(a) = , find m°(a). b. If m°(B) = 240, find m*®(f). 


SOLUTION a. m°(a) = 229 ma ) = #0 (22) = 150. 


b. m®(B) = —m?(f) = 


47 
180 780 ay 3" 


EXAMPLE 3 Pind the length of the arc intercepted by a central angle with measure 
47" in a circle whose radius is 18cm. Use 7 = ¥. 


SOLUTION C= 2ar = 27(18) = 24408) = 24 = 113. 


Vics 


The angle contains = or Z of a revolution, so the length of the arc is 7 


aR 
of the circumference. £(113) = 132 


’, the length of the arc is approximately 132cm. Answer. 


In general, you can show (Exercise 33, page 508) that in a circle of radius 
r, the length, s, of the arc intercepted by a central angle « is given by the 
formula 


sa=r-ema). 


Oral Exercises 


Find the degree measure of an angle of rotation through the given Ove 
number of revolutions in the given direction. 
1, 4 revolution counterclockwise 2. 12 revolutions clockwise 


3. 34 revolutions counterclockwise 4. 2 revolution counterclockwise 


5. 22 revolutions counterclockwise 6. 12 revolutions clockwise 
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Written Exercises . td 


Express each degree measure as a radian measure using 7. 


D 120° 35° 3, 210° 4. —45° 3. 300° 
6 = 315" 7s Jes 8. 330° 9. —144° 10. 108° 
Express each radian measure as a degree measure. 
3a nF ens 508 Gacy 
= _— 135 —— 14. ——— Rats. 
11. ae 12 3 7 6 15. =. 
3arR fa ie Sak ia 
—-S 17. — 18. — — 20. —— 
ss 5 4 6 —@ 12 9 
Find the length of the arc on a circle with the given radius that is 
intercepted by a central angle of the given measurement. Use = = 22. 
21. 28cm; 270° 22, 2.1m; 390° C33, 105 ems 10° 
Sa" 5. a O7R 
24. 714mm; > 25. 49 cm; a 26. 0.56 cm; a 


Find the radius of a circle in which the arc of given length is intercepted 
by the angle of given degree measure. 


EXAMPLE’ AB: 87; m°(a) = 120 


SOLUTION Since m®(a) = ——m°(a), you have 


180 
aa 2g 
(a) = a 
Ne) an 3 
Then, since s = r- m(a), you have 
ST = 7 aaa f= i= 12. Answer. 
3 Hag 
27. AB: 157; m°(a) = 300 28. AB: 217; m°(a) = 150 
29. AB: 2; m°(a) = 135 30. AB: = m°(a) = 270 
31. AB: =e m°(a) = 330 32. AB: Ps m°(a) =c 


33. Derive the formula s = r-m(a). 


34. Write an arithmetic sequence such that each of its terms expresses 


the measure in radians of an angle coterminal with 7 
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Self-Test 1 


VOCABULARY | directed angle (p. 502) 
right angle (p. 502) 
coterminal angles (p. 503) 
standard position (p. 503) 
quadrantal angle (p. 503) 
straight angle (p. 503) 
degree (p. 505) 
unit circle (p. 505) 
radians (p. 506) 


1. How far will a point on the rim of a wheel of radius 21 cm travel Obj) 1p 501 
in 4.5 revolutions? Use 7 = 42. 
2. Convert to radian measure: 420°. Obj. 2, p. 501 
_ 11a 
3. Convert to degree measure: = 


Check your answers with those at the back of the book. 


programming in BASIC 


Exercises 


1. Write a program to change an angle measurement in degrees and 
minutes to the corresponding measurement in radians. (Use 
a 4159.) 


2. Write a program to change an angle measurement in radians to the 
corresponding measurement in degrees and minutes. 


3. You can use a defined function to round a result to a given number of 
decimal places. For example, to round to tenths, use: 


DEF FNR(X) = (INT (10*X 4+ 0.5))/10 


Add this function to the program of Exercise 2 and give the measurement 
correct to tenths of a minute. That is, if D is the integral number of 
degrees and M the number of minutes, then use: 


PRINT D; ‘‘ DEGREES”; FNR(M); °° MINUTES” 


4. Write a program to change an angle measurement expressed in radians 
to the corresponding measurement in decimal degrees. For example 


ak 
o = 229. (Use 7 = 3.14159.) 
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The Sine and Cosine Trigonometric 
and Circular Functions 


OBJECTIVES for Sections 14-3 through 14-8: 
1. Determine the sine and cosine of an angle in standard position given the 
coordinates of a point other than the origin on the terminal side of the angle. 
2. Determine oue of the values sina or cosa given the other value and the 
quadant in which a lies. 
. Find values or approximate values for cos a and sin « for specified angles a. 
4. Sketch the graph of {(x,¥): y =A sin Bx} and {(x, y): y = Acos Bx} for 
given constants A and B. 


w 


14-3 The Sine and Cosine Functions 


Figure 12 shows an angle a in standard position on a 
uv-coordinate system. P(u,,v,) and R(u,, v,) are two dis- 
tinct points different from the origin on the terminal side 
of a. PA and RB are perpendicular to the u-axis. Since 
right triangles OAP and OBR share a common acute angle, 
a, they are similar. Therefore their sides are proportional, 
that is: 


.0) B(u,0) u 


Figure 12 


Vv; _ Vy nee Uy 7 U5 


Vui+ve vVue+ v3 Vur+ve2 Vue+ va 
Although the terminal side of angle a is pictured in Quadrant I in 
Figure 12, the preceding proportions hold for an angle in any quadrant 
(see Figure 13, for example) and for quadrantal angles as 
well. The ratios above are independent of the points cho- 
sen in the terminal side of a, and so for each angle a there 
are unique values 


vy uy B(u2,0) A(u;.0) O 


and 


Vuj + v3 Va tv Figure 13 


Thus, we can define two functions as follows: 


If a is an angle in standard position, with 
P(u, v) any point other than the origin on the 
terminal side of a, and if Wu? + v? =r, then: 


3 V . 
SNSS Gk => SS cosine: a@—~ @ 
(fs Vr 
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To represent function values of these functions, this notation is used: 
sin a (read “sine of a’) cos a (read “cosine of a’) 


The preceding definitions tell you what is meant by the sine and the 
cosine of any angle in standard position. But any angle can be put into 
standard position, and so the domain of each of these functions is the set 
of all angles. Because of their relation to triangles, these functions are 
called trigonometric functions, where the word “trigonometric” comes 
from the Greek (trigonon, meaning triangle, and metron, meaning meas- 
ure). There are several other trigonometric functions, which will be 
defined later in this chapter. 


EXAMPLE _ If a is an angle in standard position and its 
terminal side contains the point (—5, 3), 
find sina and cosa. 


SOLUTION Using —5 for u and 3 for v in these defi- 
nitions of the functions, and noting that 


Vu? +? = V(—5)? + 3? = 34, 


you have 


S 


i ——— 
and 


34 
5 
cosa = ———. 
V 34 
By computation, you find that for the angle a in the example above, 


sin a = 0.5145 and cos a = —0.8575. 


The definitions of sina and cosa make it clear that these values are 
positive or negative depending on the quadrant in which the terminal 
side of a lies. Thus, since u > 0 and v < 0 in the fourth quadrant (and 
you always have r > 0 except at the origin), it follows that in the fourth 
quadrant, 


sina =—<0 T I 
ip sina >O sna>O 
rec cosa < O cosa > 0 
u 
COs a a sna<O | sna<O 
cosa< 0 cosa >O 
HH IV 


These inequalities and corresponding ones for 
the other quadrants are shown in Figure 14. Figure 14 
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Let us now find the ranges of the sine and cosine functions. Suppose 
that R(u, v) is the point of intersection of the terminal side of an angle a 
in standard position with the unit circle (Figure 15). Then you have 


w+v=1,. 


Vv 


: Vv v 
Me SS  ——_—$ SS SS ——— |S VY, 
Wie 25 ye 1 
u u 
cosa = =e 


Ni en it 


This means that the coordinates of R are (cosa, sin a). 
Thus, the ranges of the sine and cosine functions are Figure 15 
given, respectively, by 


—l<sina <1 and —l<cosa <l. 
Since the coordinates of R must satisfy u? + v? = 1, you have 
(sin a)? - (cosa)? =) 
which is usually written 
sin? a@ -1cOs* a= 


This statement is one of the fundamental trigonometric identities. 
(Recall that an identity is an equation which is true for all real values of 
the variables.) 


Theorem. For every angle a, 


| sin?a + cos?a = 1. 


There is an alternative way to define sine and cosine functions, a way 
in which the elements of the domains of the functions are real numbers 
instead of angles. Recall that when we set up the system of radian 
measure, each real number was paired with one and only one point on 
the unit circle. Thus, with each real number m*(a), you can pair a value 
sin a and a value cos a to define functions 


sine: m®(a) > sin a cosine: m®(a) > cosa 
which each have ® as domain. Each range is, as before, 
—l<sina <1 and —l<cosa <1. 


Although m®(a) was used in defining these functions, it is customary to 
represent them by using a single variable, x, y, z, etc., in place of m®(a) 
and writing, for example: 


sine: x > sinx cosine: x — cos x 
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A 


Because, in this context, values in the domains of these 
functions can be pictured as lengths of arcs on the unit 
circle (Figure 16), these functions are sometimes called 
circular functions to distinguish them from the trigono- 
metric functions with the set of angles as domains. 

The fact that each angle a has one and only one measure 
in radians ensures that the circular functions and angle 
functions have identical properties. Since it is sometimes Figure 16 
convenient (and easier) to study properties of one of these 
kinds of functions in preference to the other, we shall, hereafter, use 
whichever seems best suited for our purposes, with the understanding 
that fundamental properties developed i one kind are equally 


applicable to the other. 


Oral Exercises 


State the sine and cosine of the angle. 


loeZAOB 2, AAQE 
3. ZAOD 4. ZAOE 
5.) 2 AOF 6. ZAOG 
7. £AOH 8. ZAOI 


Written Exercises 


Sketch the angle a whose terminal side in standard position passes 
through the given point, and find sin a and cos a. Leave your answers 
in fractional form. 


I, (8, 6) p= 24) ce 5) 4. (8, 15) 5, (0; 2) 
e760 (— 3, —3) 7 (2,2) 8, (=2. 3) 9. (—3, —4) 10. (—5, 0) 


In Exercises 11-18, find sin a or cos a, whichever is not given, for a in 
the given quadrant. 


EXAMPLE - sina = 3; II 


SOLUTION | Since sin? + cos?a = 1 for every angle a, you have (3)? + cos*a = 1. 


cos?a = 1 — $= and cosa =2 or cosa = —3 
Since a is in the second quadrant, cosa < 0. 
» = 
‘. choose cosa = —2. Answer. 
Tete = — 1 a a JU 
13 13 
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13. cosa =; | 14. cosa = — Se} Il 
2 
15. cosa es IV 16. sna = _ v2. Ill 
3 2) 
V10 
17. sina Ze II 18. cos a = ag ] 


Find sin a and cos a if A(u, v) is the point where the terminal side of a 
in standard position intersects the unit circle and u and v satisfy the 
given conditions. 

EXAMPLE u=v,u>0 


SOLUTION Since R(u, v) is on the unit circle, « = cos a and v = sina and you have 
u*? + v? = 1. Replacing v with uw, 


m2 to me = il 
2u? = 1 
it 
2 


w= 


Since u > 0, choose the positive value. 


ay: 1 1 
. sin a = —— and cosa = —. 
V2 V2 
1S, m= 2Y, uw Hv 20. 3u = 4v, u > 0 
Al, fi = =3, wm < 0 a 2x7 3u, u<O0 
2307 = 2? — 1,0 >0 24. 16v = 157, wu > 0 


25. Show that if P(a, b) is a point on the terminal side of an angle a in 
standard position, then its image P’ under the linear transformation 
i ale 
| = | waa ie is on the x-axis the same distance from 
y —sina cosa]Ly 
the origin as P itself. 


14-4 Special Values of Sine and Cosine 


We use shortened notation to refer to the values of trigonometric func- 
tions for specific angles. The notation “‘sin 30°” means “the value of the 


Wow 


sine of the angle whose measure is 30°.” “Cos means “the value of 


Pas 
f] re) 


the cosine of the angle whose measure is 5 : 
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In geometry, you learned that if one acute angle of a right triangle 


measures 30° (or a ), then the lengths of the sides of the triangle are in 
the ratio 

1: Ne ge 
and that in a right triangle with an acute angle measuring 45° (or =), 
the lengths of the sides are in the ratio 

lee. 
You can use these facts to find sin a and cos a when the measure of a is 
a multiple of 30° (or =) or of 45° (or =). 


zi: 
EXAMPLE Find (a) sin 45° and (b) cos 
SOLUTION In each case, sketch an angle a in standard position with the given 
measure. 
a. Since the measure of the angle is 45°, take point A(1, 0) on the w-axis, 


and complete the right triangle AOP with dimensions as shown at the 
left below. 


 sindS = = Answer. 


~ 


Atw—— V3 


aR . ~ . 
b. Since the measure of the given angle is oa , the measure of angle f in 


the diagram is 


Take point P at a distance of 2 units from the origin on the terminal side 
of the given angle, and complete the right triangle AOP with the 
dimensions as shown at the right above. Since cos a is negative in the 
second quadrant, 
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For quadrantal angles, that is, angles with measures which are multi- 


oR . ele . . . 
ples of 90° (or a) i the definitions of sina and cosa are sufficient to 


provide these values by inspection. Thus, you can see from a particular 
point P on the unit circle (Figure 17) that: 


col ma—al cos 90° = 0 cos Is? = Sl cos 270° 
SiO" = 0) sin 90° = 1 sin 180° = 0 Sin 270° = 


| Il 
| °c 


Using these function values for quadrantal angles and 
procedures such as those supplied in the previous Exam- 
ple, vou can construct the table shown below. 

You can use this table for circular functions also, since 


sin ®(a) = sina, cos m®(a) = cos a. 


For example, 


mm ; 3 1 
if. = —, then sina. ————ancEcosma——— 
3 2 
On the other hand, for values of x between 0 and 22, Figure 17 
if sinx = ey then x =*orx = 3a 
V2 4 4 
a | 
Measure Measure 
of a , sina cosa of a 
o° | OF | 0 | 1 180° | ak 
| 
R 
a 1 \3 i 
30° = — | pombe ° = 
6 | 2 = eee 6 
° a 1 1 Bsr 
45 z == == || 225° | 
4 Ve 2 4 
R [= 
S V3 1 47 
60° = ee a ° ee 
3 2 | re || am 3 
a a 3nF 
90 5 0 270° | ae 
ies | 1 
120° = ae ° 
| 3 5 300 
. 3-F 
166 4 SAS) 
S50 
360° 
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Since coterminal angles differ in measure by multiples of 360°, or 27 
radians, it follows that for any angle a 


sin (a + k - 360°) =sina, sin (a + 2ka7®) = sin a, 
cos (a + k + 360°) = cosa, cos (a + 2ka®) = cosa. 


Sine and cosine are examples of periodic functions. A function f is 
periodic if there is some nonzero constant p such that f(x + p) = f(x) for 
all x in the domain of f. p is called a period of the function. If there is 
a smallest positive constant p for which fis periodic, then p is called the 
fundamental period of f. Sine and cosine both have fundamental 
periods of 360° or 27®. If their domains are cach ®, the fundamental 
period is 2z. 


Oral Exercises 


Find the given function values. 


R 
isin, OU” 2. sin 420° 3. cos —30° 4 sin 2 
Written Exercises 
Find the given function values. 
1. cos 585° 2. sin (— 750°) 3. cos 855° 4. sin 570° 
R R R &_R 
5. sin 6. sin Tk cos (~= } 8. cos (-=) 
R R mr 
9. sin (- ia ) 10. cos Lin ii cos(=77) 12. sin avis 
3 6 4 
Find all values of a for which the terminal side of ain standard position 
passes through the given point, where (a) a is in degrees, and (b) a is 
in radians. 
EXAMPLE (-—5,5) 
SOLUTION a. Using —5 for u and 5 for v, you have 
Vie = V5)? ay 0 = 2. 
: 5 1 —5 l 
Then sina = ——— = —— and cose = ——= —-——. 
Svea yy? 5/2 V2 
From the table on page 516, a = 135° + k- 360°. Answer. 
b. In radians, a = a + 2k. Answer. 
13. (3, 1) 14G, —4) aS) 16 7) 
ie 6, = 1/2) 18. (— 3, 3) 19. (~2\/73, —2 V3) 20. (4, —4/3) 


Trigonometric and Circular Functions | 517 


B 21. Show that the line defined by vy = \/3x makes an angle of 60° with 
the positive x-axis. 

C 22. What is the fundamental period of the function y = sin x where n 
is a positive integer? 


14-5 Using Tables 


In the preceding section, you computed values of sine and cosine for 
some special angles. Values in general can be computed to any desired 
accuracy bv the methods of advanced mathematics. Some of these 
values have been collected in the tables given at the back of this book. 

Table 6, at the back of the book, gives approximate values of the sine 
and cosine functions (together with those for other functions that you 
will study later) for angles whose measures run from 0° to 90° in 
multiples of 10’. (Methods of finding function values for angles outside 
this range will be discussed in the next section.) The left-hand column, 
beginning at the top of page 640 and continuing to the bottom of page 
644, lists such angle measures from 0°0’ to 45°0’. The right-hand column, 
beginning at the bottom of page 644 and continuing to the top of page 
640, lists angle measures from 45°0’ to 90°0’". Most of the values are 
approximate and are given correct to four significant digits. Of course, 
the values of sin 0°, cos 0°, sin 30°, cos 60°, sin 90°, and cos 90° are exact. 


To find a four-significant-digit approximation for the value of sin a 
or cosa for an angle a whose measure is listed in Table 6: 


1. a. If 0° < m1(a) < 45°, find +72(a) in the left-hand column, and 
read across the top to identify the column containing values 
of the specified function. . 
b. If 45° < m(a) < 90°, find m(a) in the right-hand column, and | 
read across the bottom to identify the column containing 
values of the specified function. 


2. The intersection of the row containing the angle measure and the 


| column tor the specified function contaiits the desired value. 


EXAMPLE 1 Find sin 61°10’. 


SOLUTION In the right-hand column of Table 6 you find “61°10’." In the row 
opposite this, above the label sin a at the bottom of the page, you find 
0.8760.” .°. sin 61°10’ = 0.8760. Answer. 


If you wish to find the approximate value of a given function tor an 
angle measure that is not a multiple of 10’, you may use the process of 
linear interpolation as vou did for logarithms on page 400. In so doing, 
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you must be careful to take into account whether the values of the given 
function increase or decrease when (a) increases from 0° to 90°. 


EXAMPLE 2 
SOLUTION 


Find cos 37°18’. 


cos 37°10’ > cos 37°18’ > cos 37°20’. Using a convenient vertical ar- 
rangement for the linear interpolation, you can write: 


ma) COS @ 


8’ 37°10" | 0.7969 d A negative number 
10’| | 37°18’ ua —0.0018 <«because 


Bie207 0.7951 cos 37°20’ < cos 37°10’ 


a 
10 ~ —0.0018 ’ 


cos 37°18’ = 0.7969 + (—0.0014), or 0.7955. Answer. 


As (0.0018) = 001 


You can also use Table 6 to approximate to the nearest minute the 
measure of an angle a with measure between 0° and 90° when you are 
given the value for a trigonometric function of a. 


EXAMPLE 3 
SOLUTION 


Table 7 gives values of circular functions for0 <x < 


Find m(a), where 0° < m(a) < 90°, if sina = 0.3891. 


You first locate the nearest values given for sina that are above and 
below 0.3891. Then you arrange the values as follows: 


ma) sin « 


22°50’ 0.3881 Positive numbers 
of" Ee 130 0.0026 osc ; 


23°00’ | 0.3907 sin 2370 > sin 22°50° 


d _ 0.0010 10 10 
Se een = ee SI 
10 = 00006 = 26s ee 


m(a) = 22°50’ + 4’, or 22°54’. Answer. 


- 
ad 


5" together with 


values of trigonometric functions for angles such that 0 < ma) < 4 at 


intervals of 0.01. 


EXAMPLE 4 
SOLUTION 


Find cos 0.42". 


Locate “0.42” in the left-hand column on page 645. In the row opposite 
this, below the label “cos x or cosa,” vou find “0.9131.” 


‘> cos 0.428 = 0.9131. Answer. 


Trigonometric and Cirenlar Functions | 519 


— we “ae ee, ee 


By using linear interpolation in Table 7, you can find approximate 
function values for x (or m®(a)) given as multiples of 0.001. 


Oral Exercises 


State each function value from Tables 6 and 7 at the back of the book. 


rm 

1. sin 15°30’ 2. cos 24°10’ 3. cos 56°50’ 4. sin 73°40’ 
5. cos 42° 6. sin 42°20’ 7. sin 0.63" 8. cos 1925" 
9. sin 1.08" 10. cos 1" 11. sin 1.46" 12. cos 0.07% 


Use Table 6 to state the value of a in degrees and minutes for which the 
given function has the given value. 


eee = O.S7 i, Gone SORE 18. sina = 08746 
fev cose aoe 17. sino 0.9996 tia a = 016494 


Written Exercises 


In Exercises 1-24 use Tables 6 and 7 at the back of the book and linear 
interpolation as necessary. Find a four-significant-digit approximation 
of the given function value. 


1. cos 28°15’ 2. sin 3°37’ 3. sin 29°26’ 4. cos 45°59’ 
5. sin 40°3’ 6. sin 68°21’ 7. cos 58°18’ 8. cos 87°42’ 
9. sin 1.057" 10. cos 0.844" 11. cos 1.429" 12. sin 1.516" 


Find the measure of a in degrees and minutes, to the nearest minute, 
for the first-quadrant angle with the given function value. 


13. sin a = 0.5040 14. sina = 0.3807 15. cos a = 0.9670 
16. cos a = 0.6663 17. sin a = 0.8799 18. cos a = 0.5609 


Find the measure of x in radians, to the nearest thousandth of a radian, 
for the first-quadrant angle with the given function value. 


19. sinx = 0.5826 20. sin x = 0.9377 21. cos x = 0.9529 
22mCOSEu— 104740) 23. sinx = 0.1663 24. cos x = 0.0498 


Find the first-quadrant angle (to the nearest ten minutes) whose termi- 

nal side in standard position passes through the given point. 

25. (3, 4) 26, (12, 5) 27,013,015) 28. (21; 20) 
29. (1, 2/2) 30. (5, 2) SIG 5,2) 32. (2, 2/3) 


33. For what acute angle a does sina = 3 cos a? 
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14-6 Reference Angles and Arcs 


We shall now discuss how to find values for the sine and cosine func- 
tions for angles with measures outside the range 
0° < m(a) < 90°. 


First consider an angle in each of Quadrants II, III, and IV, as in Figure 


18. Let P(a, b) be any point other than the origin on the terminal side of : 
a. Let T be the point with coordinates (ja|, |b|); thus, T lies in the first 

quadrant. Then let @ (Greek theta) be the angle whose terminal side ¢ 
contains T. 


T (lal, tbl) 


a in Quadrant II a in Quadrant Ill a in Quadrant IV . 


Figure 18 


Now, notice that for ain Quadrant II, right triangles OMP and ONT are 
congruent and 6’ = 6. Thus, the v-coordinates of P and T are equal, but 
their w-coordinates are negatives of each other; that is, a = —|a|. This 
means that, by definition, - 


b |b| ay 

me S———— = ee = Sin 
a =) 

cosa = lal —cos @. 


Va+b? Vilar +|bP 


By observing similar relationships between a and |a| and b and |b] in 


each quadrant, and noting that Va? + b? = V|a|? +b|?, you can see 


that the sines and cosines of a and @ are related as shown_in the table 


below. Either @ or @’ is called a reference angle for a, because Yeu can 
use it to determine values for trigonometric functions of a. The reference. 


angle will hereafter be denoted by @. 


; Quadrant in which a lies | 
Function ‘ = 


value Hn} IV 
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EXAMPLE Find an approximation for (a) cos 153° and (b) sin 312°. 
SOLUTION Use a sketch to help you picture the angle. 
a. From the sketch you see that 
m°(@) = 180 — m°(a) = 180 — 153 = 27. 
From the table on page 521, 
cos 153° = —cos 27°. 
Then, from Table 6, cos 27° = 0.8910. 
.. cos 153° = —0.8910. Answer. 
b. From the sketch you can see that 
m°(@) = 360 — m°(a)= 360 — 312 = 48. 
From the table on page 521, 
sin 312° = —sin 48°. 
Then, from Table 6, sin 48° = 0.7431. 
.. sin 312° = —0.7431. Answer. 


For angles with measures outside the range 0° < m(a) < 360°, you use 
the periodic properties of the trigonometric functions (page 517) to find 
first an equivalent function value for an angle with measure in the range 
0° < m(a) < 360°, and then use an appropriate reference angle. For 
example, to find sin 672°, you would first write 


sin 672° = sin (672° — 360°) = sin 312°, 
and then proceed as in Example b, above. 
When angle measures are given in radians, measures for reference 
angles can be approximated by using 


Em 157, «= 314, = FOO, aad) Op 


When finding values of circular functions, you may 
think of the real number x as the measure of an arc on the 
unit circle, and use a reference arc with measure x’, as 
shown in Figure 19. For example, 


cos 4 = —cosi(4e=a) 
= —cos (4.00 — 3.14) 
= —cos 0.86. 


Then, from Table 7, 
xin iit 


cos 0.86 = 0.6524. 
*. cos 4 = —0.6524. Figure 19 
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Oral Exercises 


@ the measure of the reference angle 4 you would use to evaluate 


the given function. 


1. sin 110° 2. cos 233° 3. cos 345° 4. sin 254° 
5. cos 207° 6. sin 168° 7. sin 291°10’ 8. cos 212°40’ 
9. cos 4.26° 10. sin 5.898 11. cos 1.938 12. sin 2.76® 
\) \ 
=a \ieeN 
ae @ 


Written Exercises 


1-12. For each of the function values in Oral Exercises 1-12, (a) find the 
reference angle of the given angle, (b) make a sketch showing the 
given angle (labeled a) and the reference angle (labeled @), and 
(c) evaluate the function using Tables 6 and 7. 


Evaluate the function using Tables 6 and 7. 


13. sin 138°40’ 14. sin 317°50’ 15. cos 224° 10’ 16. cos 119°30’ 
isin (— 132°) 18. cos (—245°) 19. cos 381° 20. sin 673° 
21. cos 816° 22. sin 536° 23. sin 955° 24. cos 1014° 
25 e0s (— 3.5)" 26, sin (— 2.6)® 27. sin 8.5° 28. ‘cos 11:7" 


In Exercises 29-36 use Table 6 to find the measure of a in degrees and 
minutes (to the nearest 10’) such that a satisfies the given conditions 
and 0° < m(a) < 360°. = 2 eh Te 


29. sina = —0.2924; cosa < 0 30. cos a = 0.9775; sina < 0 
31. cosa = —0.3201; sina < 0 32. sina = 0.6884; cosa < 0 
33. cosa = —0.9426; sina > 0 34. sina = —0.7934; cosa < 0 


35. sina = 0.8542: cosa < 0 36. cosa = —0.0756; sina < 0 


Find the measure of the angle a in degrees and minutes (to the nearest 
10’) such that the terminal side of a in standard position passes through 
the given point and such that 0° < a < 360°. 


Bie. 4) 36012) —5) oo, (ely 20, (24, —7) 
Ain 2) 4/5) A221, —20) a 10, —4) 44, (—5, 21/6) 


Follow the directions for Exercises 37-44 above but find a in radians (to 
the nearest hundredth of a radian) such that 0° < a < 2x", 


45, (4, —3) 46. (=3, V7) M7. (—1, —2°/6) as. (5, —avD) 
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14-7 Graphs of Sine and Cosine I 


The sine and cosine circular functions, when specified as sets of ordered 
pairs of real numbers, are represented respectively by 


sine = {(@.5))y =sine} 
and 
cosine = {Gy}: ¥ ="ces x). 


Each has a domain &, and as range the set of real numbers {y: |y| < 1}. 
Therefore, each can be graphed in the coordinate plane. Because both 
functions are periodic with fundamental period 27, we need to deter- 
mine their graphs only over the interval 0 < x < 27; the pattern over this 
interval then repeats endlessly in both directions along the x-axis. 
From the table on page 516, you can determine the ordered pairs in 


{@a0F y = sine 


T 


that have multiples of z or [as first components. 

When all such ordered pairs with first components in the interval 
0 <x < 27 are graphed, you obtain Figure 20. Assuming that the graph 
of sine is asmooth unbroken curve (as it is), you can connect the points 
shown in Figure 20 to produce the graph shown in Figure 21, which 
represents one fundamental period. 


Figure 20 Figure 21 


Now you need only to duplicate the pattern shown in Figure 21 over 
successive intervals of length 27 along the x-axis to obtain as much of the 
graph of the sine function as you wish. Figure 22 pictures the graph over 
—47 <x <4. Do you see why this graph is called a sine wave? 


{(x, y)i y = sin x} 


Figure 22 
To graph 
{x,y}: y = cosin) 


you can use the same procedure as for the sine function. Graphing 
points for ordered pairs from the table on page 516, you obtain the 
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pattern shown in Figure 23, and, upon connecting the points, you have 
the graph of one fundamental period of the cosine function (Figure 24). 


Figure 23 Figure 24 


Drawing three more periods produces the graph of cosine over 
—47 <x < 47, as shown in Figure 25. This graph is also an example of 


a sine wave, but one displaced along the x-axis = to the left. 


Figure 25 


Notice that both curves (Figures 22 and 25) lie between the graphs of 
the maximum ordinate, 1, and the minimum ordinate, —1. When a 
periodic function attains a maximum value M and a minimum value m, 
you say that the function has an amplitude of 

M—m 

~ aa 
We a) 
=e 

Notice that the maximum ordinate in the graph of y = sin x occurs at 
4 of the distance across the fundamental periodic interval, 0 < x < 27 
(see Figure 21), that is, 


Thus, the amplitude of sine and cosine is or |. 


: WT 
sin — = 1, 


2 


and the minimum ordinate occurs at 3 of the distance across that 


interval, that is, 


ny = —I. 


2 


Correspondingly, the maximum ordinates ‘in the graph of y = cos x 
occur at the beginning and the end of the interval (see Figure 24), that is, 


cos 0 =] and cos 27 = 
and the minimum at the midpoint of the interval, that is, 


COs a =S Il. 
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Next consider 
{(x, ¥)t jy "2 ces x} and {Ug y): y = —2 sine 


Notice that the y-component of each solution of y = 2 cos x is 2 times the 
y-component of the corresponding solution of y = cos x. Similarly, the 
y-component of y = —2 sin xis —2 times the y-component of the corre- 
sponding solution of » = sin x. Their graphs are shown in Figures 26 and 
27, respectively. The fundamental period of each of these functions is 
27, and the amplitudes are each 2. Notice also that the graph of 


{(x, y): y = —2sinx} 


is a reflection with respect to the x-axis of the graph that would be 
drawn for 


{eye y = 2 sing). 


Figure 26 Figure 27 


Hence, for J = {the integers}, in Figure 27 


the maximum ordinates occur at sin (= + 2k S71 J), a OF } 
and the minimum ordinates at sin (5 + 2k) = -2,kE/, ae a 17 10 
1,0 
/ 
Similarly, in Figure 26 
the maximum ordinates occur at cos (2kz) = 2, k € J, oh 
and the minimum ordinates at cos (7 + 2k7) = —2,k EJ. 
In general, the functions U,” 
{(, y): » =A sina} and {yh y =A cos x} AA 
have fundamental period 27 and amplitude |{A|. 
Oral Exercises 
State the amplitude of each function. 
ley = S sine 2, y= te os.s 3. y Sf sintx 
4. y=4cosx 5. ¥ = cos x 6. y = —3sin x 
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Written Exercises 
Sketch the graph of each function on the interval —27 < x < 2z. 


A 1-6. Sketch the graphs of the functions in Oral Exercises 1-6. 


7 y = —$sinx 8. y = —¢cosx Oy = J COsy 
In Exercises 10-13, give the maximum and minimum values of the 
: function and state the amplitude. 
10. y=2sinx +1 (Q1l. y = 3cosx — 2 
12, y=4cosx + 3 13. y= —4sinx +1 


B 14-17. Graph the functions in Exercises 10-13 above on the interval 
Jr <x < 2r. 
C 18. Graph the function y = sin (x + =) over the interval —27 < x < 27. 


Can you recognize this graph as the graph of an equivalent function? 


14-8 Graphs of Sine and Cosine II . 


In Section 147 you saw that the graphs of 
Hit y =A sm x} and (Ge, yy = cos} 


were sine waves with amplitude |A| and period 27. 


Next consider 
{GO yey = sin 2x}. 
Notice that as x varies from 0 to z, 2x varies from 0 to 27. Hence, sin 2x 
will assume all the values of sine while in the interval 0 < x < 7. Thus, 
| the fundamental period of this function is 7 rather than 27. The graph is 
shown in Figure 28. 


Figure 28 


In general, the functions 
Hay) y = sin Bx} and (9 = Conan B= 0 


em 
|B| 


Combining these results with those in Section 14-7, you have the result 


have fundamental period and amplitude 1. 


at the top of page 528. 
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| 
The functions 
| 
la) 


{(x,y): y = Asmeex (7) 
{@, y)! y = Aleas Bx | (2) 
each have amplitude |A| and fundamental period an Their graphs 
are sine waves. 


These facts can be used to make a rapid sketch of such a graph. 


EXAMPLE _ Sketch the graph of {(x, y): y = 3 cos 4x} over one fundamental period. 


SOLUTION The amplitude is 3 and the fundamental period is oe = 47. Then over the 
2 


interval 0 <x < 4z: 


1. The maximum points are (0,3) and 
(47, 3). 


2. The minimum point occurs when 
xX =1% 47 = 27, It sia 5). 

3. The intercepts are midway between the 
turning points, i.e., at (7,0) and (37, 0). 
These facts yield the curve shown at the 
right. Answer. 


To graph the trigonometric functions sine and cosine, 
each having as domain the set of all angles, we represent 
each angle by its measure. If the angles are measured in 
radians, the graphs are the same as those of the associated 
circular functions. If the angles are measured in the de- 
gree system, the scale on the horizontal axis must be la- 
beled accordingly. At the right is the graph of one funda- 
mental period of 


{(a, yt y = cosas, (any) 7 = cos at 


where m®(a) and m°(a) are shown along the horizontal 
axis in red and black, respectively. 


Oral Exercises 
State the amplitude |A| and the fundamental! period p of the function. 


Li y = cos 2% 2. y sin 3x 3.y = 2 singh: 
4. y = 3cos 2x 5. y = icos 4x 6. y = —2sin 2x 
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Written Exercises 


Sketch the graph of the given function over the interval 0 < x < 2z if 
its fundamental period p < 27. Otherwise, graph the function over the 
interval 0 < x < p. 


1-6. Graph the functions in Oral Exercises 1-6. 

7. y = —4cos 4x 8. y = 2sin 2x 9. y = 3sin 3x 
10. y = 2cos (—3x) 11. y = 3sin (—2x) 12. y = sin 7x 
Graph each pair of functions on one set of axes over the given interval. 


(Beye sin ze: y =tsin 2x; 0 < x < Qn 


14. y=4sindx; y=4sinlx; 0<x< 67 ia M 
GL yo 
say = COS 7x; y = cos 5x; Oren 4 a 
iemye— 2 C08 2x; y =2cos3x; 0< x < 27 
bees 3x; y=24+ sim 3x; O< x < 20 
18 y=cos2x; y= —l1+cos2x; 0<x< 27 
fey —sintx; y = sin (4x +2); 0<x<4r 
20. y=sin4x; y=|sin4x|; 0<x< 27 
Self-Test 2 
VOCABULARY sine of an angle (p. 510) periodic function (p. 517) 
cosine of an angle (p. 510) fundamental period (p. 517) 
trigonometric function (p. 511) reference angle (p. 521) 
circular function (p. 513) amplitude (p. 525) 
1. Find sin a and cos a if the terminal side of angle a in standard OD) 1. De510 
position passes through the point (—7, 4/2). 
2. Find cos a if sina = — 34 and the terminal side of angle a is in Obj. 2, pear 0 
quadrant IV. 
alt : 
3. Find (a) sin 495°, and (b) cos 37 Obj. 3, p. 510 
4. Use Tables 6 and 7 at the back of the book to find: 
a. sin 69°28’  b. cos 0.652" ~—c. sin 236°10’ ~— dt. cos 5.14" 
5. Graph y = 2 cos 3x for 0 < x < 2z. Obj. 4. p. 510 


Check your answers with those at the back of the book. 
OY 6S 2 ee ee 
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Other Trigonometric and Circular 
Functions and Applications 


OBJECTIVES for Sections 14-9 and 14-10: 
1. Find values for sec x, tan x, csc x, and cot x for certain specified values of x. 
2. Solve and apply solutions of right triangles. 


14-9 The Tangent, Cotangent, Secant, and 
Cosecant Functions 


Several other trigonometric functions in common use are defined in 
terms of sine and cosine as follows: 


sin a 


tangent: a— ———, cosa 40 secant: a—> , cosa FZ 0 
cosa cos a 
cosa |. 7 
cotangent: a > ———, sina #0 cosecant: a > u , sina #0 
sin a sin a@ 
Values of these functions are denoted by: 
tana (read “tangent of a’) sec a (read “secant of a’’) 
cot a (read “‘cotangent of a’’) csc a (read ‘‘cosecant of a’) 


Notice that tangent and secant are not defined when m(a) is 90°, 270°, 


o : 
etc. (or 7 : etc.}, and cotangent and cosecant are not defined when 


m(a) is 0°, 180°, etc. (or <®, etc.). 


EXAMPLE If sina =2 and cosa = #, find: 


a. tana b. cota c. seca d. csca 
‘a g 4 
sin a 2 3 cos a 4 4 
SOLUTION a. tana = Ses b. cota = — = 
cosa # 4 sina # 3 
Sea = | oe) d. csca = a a 
cosa ¢ 4 sina 203 


By using the definitions of sine and cosine on page 510, 
sine: a > a cosine: a > 4, 
le le 


you can verify the theorem stated at the top of the following page. 
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Theorem. If « is an angle in standard position, with P(u, v) any 
point other than the origin on the terminal side of a, and if 


Vu? + v* =r, then: 


tangent: a— Ss) uZ0 secant: a—- 
u 


2, 
cotangent: a > ga v £0 cosecant: a> —,v #0 
v 


Do you see why tangent and cotangent are called reciprocal func- 
tions? Sine and cosecant are also reciprocal functions, as are cosine and 
secant. 

Although the theorem above is stated for angles in standard position, 
the domain of each of the functions is the set of all angles, since any 
angle can be put into standard position. 

We can now extend Figure 14 as shown in Figure 29. 


Vv 


sina > 0 cosa > 0 tana >0O 
cota >0 


sina > 0 cosa <0 tana << O 
cota << 0 


6) 


sina <0 cosa >0O tana <0 
csc a < O seca >0O cota <0 


sina << 0 cosa <0 tana > 0 
Ce a <= seca < 0 cota >0 


Figure 29 


Circular functions tangent, cotangent, secant, and cose- 
cant are defined in terms of arc length on the unit circle 
(Figure 30); since sinx = v and cos x = u; 


tanx=~,u 40 ee ee ee 
u u 
u I 
cotx=—,v 0 Bee = 
v 


Special values for tan a, cot a, sec a, and csc a can be computed from 
the values for sin a and cos a given inthe table on page 516. You can use 
these values in sketching graphs of these functions, as shown in Figures 
31-34 on page 532. 
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Figure 31 {(x, y) y = tanx} Figure 32 {(x, y): y = sec x} 


T 


( 


Figure 33 {(x, yi: y = cotx} Figure 34 (ix Vay = ese) 


Tv 


Compare the graph of Figure 31 with the graph of the reciprocal 
function in Figure 32. Also, compare Figure 33 with Figure 25 and Figure 
34 with Figure 22. 

We can now summarize the properties of the six circular functions 
that we have discussed (J = {the integers}). 


sine: Domain: ® cosine: Domain: & 
Range: {vy ye @, [y= 1) Range: {y: ) =) [vie 
Fundamental period: 27 Fundamental period: 27 
2k + 1)r 
tangent: Domain: (x: KeEWxs ai Ke 1} 
Range: & 
Fundamental period: 7 
cotangent: Domain: {x: x © @,x #ka,k EJ} 
Range: ® 
Fundamental period: 7 
2k + 1): 
secant: Domain: (x: Bele (Gy, So Se ——— a= i 


Range: {y: y © ®,|y|> 1} 
Fundamental period: 27 


cosecant: Domain: {x: x © @,x #ka,k EJ} 
Range: {y: y © ®,|y»|> 1} 
Fundamental period: 27 
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Notice that the fundamental period of tangent and cotangent is 7 
rather than 27, and that each of the latter four functions has certain real 
numbers excluded from its domain. 


é T 2 
Furthermore, as x increases from 0 to >" the function values vary as 
follows: 


sin x increases, tan x increases, sec x increases, 
cos x decreases, cot x decreases, csc x decreases. 


Values of tangent, cotangent, secant, and cosecant can be found from 
Tables 6 and 7 at the back of the book. 


EXAMPLE Find x where 0 < x < a if tans = 1305; 


SOLUTION Use Table 7. 


- 0.910 1.286 0.019 A positive number 
0.010 at 1.305)" 0.027 « because 


0.920 sis tan 0.920 > tan 0.910 


A 0.019 
= n= 0.007 
0.010 ~ 0.027° ” 


.. x 0.910 + 0.007 = 0.917. Answer. 


Oral Exercises 


Use Figure 29 to predict whether these will be positive, negative, or zero. 


il, tear ey 2. sec 314° 3. csc 209° 10’ 4. sec 113°40’ 


5. cot 256°48’ 6. csc 298°4’ 7. sec 2,52" 8. csc 3.79" 


Written Exercises 


Use Tables 6 and 7 and linear interpolation as needed to find the given 
values to four significant digits. Make a sketch showing each angle in 
Standard position. 

1-8. Find the values of the functions in Oral Exercises 1-8. 

9. tan 5.83" 10. csc 6.01° 11. cot 4% 12. sec 


Use Table 6 and linear interpolation as needed to find a in degrees and 

minutes satisfying the given conditions, 0 < a < 90°. 

13. tan a = 0.3378 14. seca = 1.853 15. csca = 
16. seca = 1.261 17. tana = 10.00 18. cota = 


0.733" 


1.290 
4.470 


Trigonometric and Circular Functions | 533 


>= — i 


a ee” we) Pe, ee 


~ 


Use Table 7 and linear interpolation as needed to find a in radians to 


the nearest 0.001 radian satisfying the given conditions, 0 <a < = 


19. tana = 0.8423 20. seca = 2.142 21. 
22. cota = 0.5059 23. csc a = 2.027 24. 


Find the values of the six trigonometric functions of the angle a whose 
terminal side in standard position passes through the given point. If the 
function is not defined for the angle, so state. 

25. (8, 6) 26. (—12, 5) 27. (0, —2) 

29. (—3, 0) 30. (2, —3) 31. (1,26) 


Find the values of the other five trigonometric functions of the angle a 
in the given quadrant and having the given function value. 


: 1 
33. IV: sina = —} sel JUUG Cosa = = —— 
2 2 
35. II: sim = 2 ao, UU See a = = 
4 | 
of, le esca = a [We cosa = SS 
V7 V13 
y/ lel 
39. We tana = 2 \ 4011: cota = - 


(Hint: In Exercises 39 and 40, let u = sina and v = cosa and solve two 
simultaneous equations involving u and v.) 


41. Use the theorem on page 531 to prove that for any angle a: 
1 + tan?a =sec7a. 


42. Use the theorem on page 531 to prove that for any angle a: 
Ie cot? a — csc" a 
Graph each of the following functions over the given interval. 


43. y =tandx (—7 <x <7) a y = 2escex (—-7 << x < a) 


45. y = —tan 2x (-7 <x < 7) 


ey — 4s csc 24 (0 = 4 ag/y = 3 cot 2x (0 < x < 7) 


Use the diagram at the right, in which P(u, v) is a point on 
the unit circle O, and AB and CD are tangents, to prove 
each of the tollowing. 


49. AB = tana 50. AO = seca 
51. CD = cota 52. OD =csca 


(Hint: In Exercises 49-52, use similar triangles.) 
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w= secx = ca 2a) 


csca = 1.844 
tan a = 0.1247 


28. (24, 
32. (—6, V/13) 


programming in BASIC 


BASIC provides the function TAN(X) as well as SIN(X) and COS(X). It also 
provides the function ATN(X), which will give the measurement in radians 
between — a and al the angle whose tangent is X. For example, you can 
use this program to check the Example on page 533. 

1O SPRING = leANex = ”*: 


20 SINPOT 
30 PRINT “THEN X(R) = ";ATN(T) 
40 END 


Exercises 


1. To see how ATN(X) works, try the program given above for values of 
tan x: 


0.6249 0.8693 sO 2.145 


Round your results to 4 decimal places, and compare them with the 
corresponding values in Table 6. 


2. Repeat Exercise 1 using the negatives of the values given. 


ON THE CALCULATOR 


The sn}, cs], and «) keys are helpful in evaluating trigonometric func- 
tions. Most calculators have features allowing you to work with degrees 
or radians. All of these exercises are to be done in the degree mode. 


EXAMPLE ~ Evaluate —2 sin 30°. SOLUTION 32 «) x) 2 +-)=)— 4 Answer. 


1 
3cos 45° 


SOLUTION #5 =) x}/F SJujaRtTivG452 Answer. 


EXAMPLE = Evaluate 


Exercises 
Evaluate. State your answers in decimal form. 
1. }sin 45° 2, —tan 38° 3. 4cos 20° 
a 5, V3sin 218° 6. —2cos 91.5° 
tan 120° 2) 
7. (tan 25°)(sin 115°) 8. saw 9. \/5 tan 12.8° 
10. 3 sin(—15°) 11. —3cos(—120°) 12. 15tan 140° + 4cos 140° 
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14-10 Solving Right Triangles 


To solve a right triangle means to find the measures (or approximations 
to these) of various parts (angles and sides) when measures of other 
parts are given. In working with right triangles, it is customary to use 
either capital letters or Greek letters to identify the angles, and the 
corresponding lower-case Roman letters to represent the lengths of the 
sides opposite these angles (see Figure 35). It is also common practice to 
label the vertex of the right angle as C. The trigonometric functions 
discussed earlier in this chapter can be used to solve right triangles. 


Figure 35 Figure 36 


Any right triangle is congruent to a right triangle placed with an acute 
angle in standard position (Figure 36). If a of right triangle ABC is placed 
in standard position with side AC along the positive w-axis, then the 
definitions of the six trigonometric functions can be interpreted as 
follows: 


If a is an acute angle of a right triangle, then: 


' length of side opposite a length of side adjacent to a 
Se cos d = 


length of hypotenuse length of hypotenuse 
length of side opposite a length of side adjacent to a 
tan a = Ce = 
length of side adjacent to a length of side opposite a 
length of hypotenuse length of hypotenuse 


sec a SS _ — S  _ Ce a = 


length of side adjacent to a length of side opposite a 


From these statements, you can see that for right triangle ABC in 
Figure 35: 


: b a é 
sin 8 =— = cosa cos 8 =— =sina 
@ Cc 

a 
tan § = 2 cone cot 8 =—=tana 
a b 
a C 
Sec 8 —= — = csc csc Hi = see 
a 


536 | Chapter 14 


Angles a and § are complementary angles, and the pairs of functions 
sine and cosine, tangent and cotangent, secant and cosecant are called 
cofunctions. 


EXAMPLE 1 Solve the right triangle pictured, stating lengths of sides correct to the 
nearest hundredth of a unit of length and angle measures to the nearest 


minute. 
SOLUTION Since m(A) + m(B) = 90°, 
m(B) = 90° — m(A) = 90° — 42° = 48°, 


To find c you can use 


csc A =5 or @ = Vege adn. 


Za 
From Table 6, csc 42° = 1.494, so that A-————— b—+1C 


c¢ = 9(1.494) = 13.446 = 13.45. 


To find b, you can use 


tan B =3 or b = 9tan 48°. 


From Table 6, tan 48° = 1.111, so that 
b = 9(1.111) = 9.999 = 10.00 


... the measures of the remaining parts of the right triangle are 


m(B) = 48°, c = 13.45, and b = 10.00. Answer. 


In theoretical examples like Example 1, the given measures (in this 
case, the measures of side BC, angle a, and the right angle at C) are taken 
to be exact. Notice also that the cotangent and cosecant were used 
instead of tangent and cosine to avoid long divisions. 

In using Table 6 in the solution of triangles or in solving practical 


problems, lengths need be stated to no more than four significant digits, 


since this is the limit of the accuracy of the entries in this table. The 
following relationships between angle measure and length can be used 
as a guide in the exercises in this and later sections. 


Angle measure 


to nearest corresponds to length to 


ee ne 62-2. ae ee 2 significant digits 
eR ae se 3 significant digits | 
PO 4 significant digits 


Trigonometric and Circular Functions | 537 


verte to het 1) A@ beter a ay: . 


EXAMPLE 2 Solve the right triangle pictured. 


ae ae 


SOLUTION Assume that the given measures are exact. Thus, with the tables in this 
book, you may compute b to 4 significant digits and the measures of 
angles A and B to the nearest 1’, according to the chart given above. To 
find (A), voucan use sinA = 7; = 0.2941. From Table 6, you find that 
m(A) = 17°6’. Since m(A) + m(B) = 90°, you have 


pds) = SO = pn A) = SO = NP = FBS 


To find b, you can use 


cosA = <. or b = 17 cos 17°6’. 


From Table 6, cos 17°6’ = 0.9558, so that 
b = 170.9558) = 16.25. 
". m(A) = 17°6’, 2(B) = 72°54’, and b = 16.25. Answer. 


In many practical problems applying trigonometric function values, an 
angle is described as an angle of elevation or an angle of depression (see 
Figure 37). Since the point B is elevated with respect to the observer at 
A, ZCAB, the angle between the horizontal ray AC through A and the 
line of sight, is an angle of elevation. The point T is depressed with 
respect to the observer at R; therefore, Z TRS, the angle between the 
line of sight and the horizontal ray RS, is an angle of depression. 


WUNYy 
HI fil is 


Figure 37 
Oral Exercises 
Give a fraction equal to the stated function evaluated at 4 7 
the given angle in the diagram. 13 ‘ 
1. sina 2. COS a 3. tana 4. csca 
5. sin fp 6. cos /? 7. sec f 8 tanp A 12 C 
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Written Exercises 


Solve the right triangle with the given parts. In each triangle 7C isa 
right angle. Make a sketch with sides and angles labeled according to 
the data. State the lengths of sides to three significant digits and the 
measures of angles to the nearest 10’. 
mA B= 24°50’; c = 40 2:17 ZA = 72 20 c= 80 
mZA = 30°50’; b = 60 4. mZB=77°20': b = 440 
.mMZA = 58°40’; a = 64 6 Woe —Aa ad = 15 
Vee 10 40% a= 25 S77 Ae = 120 
ieee — 04) Cc = 75 10-72 = 82 7-6 = 2750 

NN. a= 24:6 =15 12, #= tle € = 0 
“13, b = 20: c = 29 14. a = 16; c = 65 

US, Gt = Be b Ss SE 16. = 26° © = 

17. a= 90; b = 400 18) a — 12076 — 130 

19. b = 19.6; c = 27.8 209 a — 198236 


on uw = 


aS 28 @& 8a 


Problems 


Give the measures of angles to the nearest 10’; give all ‘ ye ve 


other answers to three significant digits. af 
14m 


all 


ee 
len 7 _——_—~ 


A 1. A fire ladder 17m long will reach a height of 14m 
measured along the side of a building. What angle 
does the ladder make with the ground? How far is the 
base of the ladder from the building? T 


2. Two ships start from the same point and sail on ! 
courses 53°20’ apart. After 0.5 h one ship is due north 53°20! . 
of the other, which has gone 4km due east. How far | = 
apart are the ships at this time? ¢< 

3. The angle of depression measured from the top of a « 
building 98 m high to the base of a building across the Sa 

street is 78°10’. How wide is the street? 78°10" 

: 4. A straight ski run down a mountain 1.1 km high is 5 km | 
long. What angle does the ski run make with the hori- 1 
: zontal? Exa3 x ; 

5. From the top of a lookout tower 30 m high, what is the 
angle of depression to the top of a tree that is 14 m tall 55 7 - 
and whose trunk is 250 m from the base of the tower? \ 

: 


6. The top of a stairway is 2.5 m higher than the bottom. pe 
The angle of depression from the top of the stairway to uf 
the bottom is 33°. What is the horizontal length (x) of —— 
the staircase? Ex.76 = 
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125 


. Froma point A directly opposite a point B on the banks 


of a straight river, the angle CAB to a point C, 50m 
upstream from B, measures 38°50’. How many meters 
wide is the river? 


. Find the measure of angle A in the isosceles triangle 


pictured at the right. 


. When a rocket which has taken off vertically from a 


point on a straight line between two observers reaches 
a height of 12 km, the angles of elevation of the lines of 
sight of the observers are 81°50’ and 78°20’, respec- 
tively. How far apart are the two observers? 


At 6:00 A.M. on a certain day a tree casts a shadow 
11.5 m long, and the angle of elevation from the tip of 
the shadow to the top of the tree is 58°. At 6:00 p.m. the 
tree casts a shadow 8m long in the other direction. 
What is the angle of elevation from the tip of this 
shadow to the top of the tree? 


The angles of elevation from two ships at points A and 
B, which are on a straight line with the base of a 
lighthouse 20m high, are 38°40’ and 53°30’, respec- 
tively, to the top of the lighthouse. How far apart are 
the ships? 


In Exercise 11, if the ships are exactly 15m apart and 
the angles of elevation are the same as above, how tall 
is the lighthouse to the nearest tenth of a meter? (Hint: 
Let BD = x and CD =,y, and solve two equations in 
two variables.) 


Be 


i, 


Exe 


Exe 


\ 
| 
\ 


[78° 20’ | ei” 50'| 
9 


} 


A 
cl 
Al 
N 
al 


EX 


10 11.5 m><+8 m> 


O 


11 torn 


Self-Test 3 


VOCABULARY tangent (p. 530) cosecant (p. 530) 
cotangent (p. 530) reciprocal functions (p. 531) 
secant (p. 530) cofunctions (p. 537) 


Give the measures of angles to the nearest 10’; give all other 
answers to three significant digits. 


1. Find the values for the six trigonometxic functions of an angle Obj. 7, p. 530 
whose terminal side in standard position contains the point 


(Ay aa). 


2. Solve the right triangle ABC in which mZC = 90°, mZA = Obj. 2, p. 530 


58°20’, and b = 16. 


Check your answers with those at the back of the book. 
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programming in BASIC 
In BASIC you have these trigonometric functions to work with: 
SIN(X), COS(X), TAN(X), ATN(X) 


Exercises 


Write a program to solve a right triangle ABC with angles measured in 
degrees when given: 


1. mA), 2 2. MA), b 3. M(A), Cc 4. a,b 5.4. ¢ 


(Suggestions: Represent a, b, c by S1, S2, S3, and use 8 
conversion factors C1 = 3.14159/180 and C2= 
16073-14159.) 

6. Write a program that combines the preceding programs 7=8) 
into one that solves a triangle when given angle, adjacent 
leg; angle, opposite leg; and so on. (Suggestions: To 
guide choices through the program, use questions that can Cc BESSA 
be answered 1 for yes, 0 for no.) 


c=S$3 


Chapter Summary 


1. A directed angle is an ordered pair of rays with a common endpoint, 
one ray called the initial side and the other the terminal side of the 
angle, together with a rotation from the initial side to the terminal 
side. Angle measures are ordinarily expressed in either degrees or 
radians. These measures are related by the conversion equations: 


m°(a) = BLE) ma) = 53077) 


‘a 


2. If ais an angle in standard position, with P(u, v) any point other than 
the origin on the terminal side of a, and if Vu2 + v? =r, then the six. 
trigonometric functions are: 


2 S : if 
sine: a > sn @ = cosine: a — cosa = — 
r 


v 

e 

v u 
tangent: a > tana =—,u #0 cotangent: a > cote =—,v £40 

u 7 

sa, 


- 
secant: a > seca =—, u #0 cosecant: a > csca =—, v #0 
u Vv 


3. Trigonometric and circular functions are periodic, and values for these 
functions can be found from tables in terms of reference angles or 


reference arcs. 
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4. Graphs of periodic functions consist of basic patterns repeated over 
each interval having a length of one fundamental period. The graphs 
of sine and cosine are sine waves. For asine wave, the absolute value 
of one-half the difference of the minimum and maximum ordinates 
on the curve is called the amplitude of the wave. 


5. Many practical problems can be solved by applying trigonometric 
function values. 


Chapter Review 


1. A wheel has a radius of 2.8m. Find the distance traveled by the 14-1 
wheel as it makes 4.2 revolutions. Use 7 = #2. 
a; Poem b. 36.96m c. 72:83 1m d. 36.39m 
2. If m(a) = =, find m°(a). 14-2 
a. 60° b. 300° c. 108° de 2265 
sili (f) = 260°, find m*(p). 
4cR lege Lon” Lid? 
_— b. —— ._— d. —— 
8 9 7 8 
4. If sina = 3 and cosa > Q, find cosa. 14-3 


V7 
a. 4 b. 3 c. ae d. 12 
5. If Bis an angle in standard position and its terminal side contains the 
point (—3, 4), find sin Pp. 


v3 v3 


a — & 
yo b. 4 eee d. 


2 3 
6. Use the table on page 516 to find sin 1305°. 14-4 
3 1 1 
a — a8 b. —= ce. —4 d. ———= 
3 We v2 


7 
7. Use the table on page 516 to find cos. 


V3 
4 


a. —|1 b. ——— @ d. 
zZ 
8. Use Table 6 to find a four-significant-digit approximation for the 14-5 
value of sin 38°15’. 
a. 0.6191 b. 0.6676 c. 0.7815 d. 0.7423 
9. Use Table 7 to find cos 1.27%. 
a. 0.9551 b. 1.047 & bos d. 0.2963 
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10. Find a four-significant-digit approximation for sin 575°. 


a. —0.7071 b. —0.5736 c. —0.7854 a, 037071 
11. Find the amplitude of the function y = —3cosx. 
a. 3 b. —3 onl dy a] 


— 


2. State the period of the function y = 3 cos 3x. 


Fa 2a 
a. 37 b. 3 oe Ae 
4 us re 3 
2 
13. If sine = a and cos a > 0, find tan a. 
2 Z 
Re 2 gud 4.3 


V7 V2 
44. If AABC is a sa right triangle with mZA = 52°, mZC = 90°, and the 
~ length of AC = 10, find the length of AB. 
a. 12.69 b. 12.8 c. 16.24 a. 7.813 


Chapter Test 


\ 1. If a wheel travels 5.6 m as it makes 2.4 revolutions, find the diameter 
of the wheel to the nearest 0.01 m. (Use 7 = 3.14.) 
2. Find the length of the arc on a circle with radius 12cm which is 


intercepted by a central angle of — a . (Use 7 = 3.14.) 


3. If m°(a) = 210, find m*(a). 
4. If cosa = }and sina < 0, find sina. 


5. If5<*<a, and-sin x = 4, find x. 


6. Use the periodic properties of cosine to find cos 630°. 

ae Find a four-significant-digit approximation of cos 1.362". 

8. Find the measure of a in degrees and minutes (to the nearest minute). 

for the first-quadrant angle such that sina = 0.6461. 

9. Make a sketch to help you find an approximation of sin 258°. 

10. a. Sketch the graph of y = 4sin x over the interval —27 < x < 2z. 
b. Find the amplitude. 

11. Sketch the graph of y = 2 cos ly. Find the amplitude and the fun- 
damental period. 


12. If sina =4and cosa > 0, find 
a. tana b. csc a c. seca d. cota 
13. AABCis a right triangle with m ZB = 90°, the length of AB = 10, the 
length of AC = 15. Find mZA to the nearest ten minutes. 


14-6 
14-7 


14-8 


14-9 


14-10 


14-1 


14-2 


14-3 


14-4 


14-5 
14-6 
14-7 
14-8 
14-9 


14-10 
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These photographs of 
the Straits of Juan de 
Fuca were made 
through different 
filters. The photo 
above emphasizes 
cultural features such 
as metropolitan areas. 
The photo at left 
emphasizes 
geographical features 
such as land forms 
and the boundary 
between land and 
water. 
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Trigonometric 


Identities and 
kormulas 


Identities 


OBJECTIVE for Sections 15-1 and 15-2: 
1, Prove simple trigonometric identities. 


15-1 Fundamental Identities 


Following are listed the eight fundamental trigonometric identities, 
some of which you have already met. You saw in Section 14-3 that the 
values of the sine and cosine functions are related by the identity 


sin?a + cos?a = 1. (1) 


In Section 14-9, the following statements were made as definitions: 


ian cosa £0 (2) cota = 8" sina 0) (3) 
COS a sin a 

seca = | , cosa #0 (4) eg = a sina 40 (5) 
COS @ sina 


Since values of trigonometric functions are real numbers, the proper- 
ties of real numbers can be used to find other relationships between the 


Trigonometric Identities and Fornnilas | 545 


4 Lat be dee 4 


function values. From (2) and (3) vou have 


sine. sina #0, cosa £0, 
cos a cos a 
sin a 
that is, 
tana = J , tana 4~ UFeota 4:0. (6) 
cota 


The last two of the eight fundamental trigonometric identities can be 
obtained from (/) as follows. For angles a for which cos a # 0, you have 
sin? a | COS" a mee 
cos*d  (c@S*q Casa 


or 
tan?a +1 =sec*a, cosa £0. (7) 


Similarly, for angles a for which sina 4 0, you have 


sin? @ | €OS2a. ae! 
=e La. = sino 
sin?7a sin?@  sim@a 


or 
1 4+ cot? a = csc" a, esi 0: (8) 


Of course, Identities (/)-(8) are equally valid for the circular func- 
tions. You know that for every real number x, 


sin? x + cos?x = 1, 


because sin x and cos x are coordinates of points on the unit circle. The 
fact that the remaining circular functions are defined in precisely the 
same wav as the corresponding trigonometric functions of angles guar- 
antees that every trigonometric identity is as valid for values of circular 
functions as it is for values of those functions with the same names 
whose domains are the set of angles. 


EXAMPLE 1 Express tan a csc a in terms of cos a, noting any restrictions. 


SOLUTION _ The given expression is defined provided cosa 4 Oand sina ¥ 0. Thus, 
from Identities (2) and (5), you have 


tana cse @ z , cosa £0, sina £4 0. Answer. 


cosa sina COS a 


EXAMPLE 2 Express cosa in terms of sina. 
SOLUTION From Identity (J), sin?a + cos*a = 1 


cos?a = 1 —sin2a 


‘. cosa = Vl —sin?a or cosa = —V1—sin?a. Answer. 


Notice that, in Example 2, the result is a disjunction of sentences. 
Since V1 —sin*a always represents a nonnegative number, and 
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A 


— V1 — sin’a always represents a nonpositive number, it is customary 


to use the information in Figure 29 on page 531 and express this dis- Oo 


junction as follows: 


cosa = V1 — sin’a if a lies in Quadrants I or IV. 
cos a = —\/1 — sin’a if a lies in Quadrants II or III. 


Oral Exercises 


State an equivalent expression in terms of the sine function only. Note 
any restrictions. 


1.1—cos?a@ 2. cosatana 3. csc*a@ 4. sec?a 5. cosacota 6. secatana 


State an equivalent expression in terms of cos x only. Note any re- 
strictions. 
sin? x 
tan? x 


7. sin?x 8. csc xtanx 9. 10. csc x cot x 11. sinxtanx 12.8csc?x 


Written Exercises 


Write an equivalent expression in simplest form, using the sine function 
only. Note any restrictions. 


1. sin? a cot? a fe ean’ a cos? acsc a Bcsc x Sec x col x 
sancot’ x + | 5 sin x cot x + cos x 6. coSx cot x + sin x 
tan? a g, cot? a o ( 9, sec?x — 1 
' 14 tan2a ’ 1 —sin? a acos 


10-18. Rewrite the expressions in Exercises 1-9 as equivalent expressions 
in simplest form, using the cosine function only. Note any re- 
strictions. 


Write an equivalent expression in simplest form expressed in terms of a 
single function or constant. 


19. secacosa tan? a 20. sec? a — cosa 21. sec x csc x — tana 
2q@ — 2 sec? x — tan’ x CSE 2 = Sin se 

22, sci a — cot’ a 23, SC AT 1 oy See 
il = Gos? @ cos? x cos x 

25. sin x(cos x + sin x tan x) 26. sin a(tan a — sina sec a) 


Express in terms of sin x and cos x only, and simplify. Note any re- 
Strictions. 


a7, tein se 46 oy se 28. (tan x + sin.v)(1 — cos x) 
DOmsee CSC? Xx 30. (cot x + cos x)(csc x + 1) 
Bimmer - cse- x + | 32. (cos x cot? x sec x)(tan? x csc?2.x — 1) 
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‘33. If a is an angle in quadrant IJ, express cos a in terms of tan a. 


34. If a is an angle in quadrant III, express csc a in terms of tana. 


35. If a is a positive acute angle and sina = i express tan a in terms 
F 
of +. 


15-2 Proving Identities 


Is the equation 


ts 5, er 

1 + sin x 1 — sinx 
true for every real number x for which both members are defined? That 
is, is it an identity? One method of proving that an equation is an 
identity is to transform the more complicated member to the form of the 


simpler member. 


_ bh eee 
1 + sinx il = Sin x 
restrictions on values for x. 


EXAMPLE 1 Prove that = 2sec’?x is an identity, noting any 


SOLUTION First notice that the left-hand member is not defined for numbers x for 
which sin x = 1 orsin x = —1,and the right-hand member is not defined 
for those x for which cos x = 0. For all other values of x we can rewrite 
the left-hand member to obtain 


101 — sin x) 1(1 + sin x) 
(1 + sinx)(1 —sinx) (1 —sinx)(1 + sin x) 
n= sin x) eine) z 
7 1 — sin? x ~ ] —sin?x 
= — = 2 see. 
COs- x 


which is the right-hand member. Since no new restrictions on x were 
introduced in the process, the original sentence is an identity when 
cosx #0. This restriction is sufficient to ensure that sinx #4 —1 and 
sina # 1. 


You can also prove that a given equation is an identity by showing that 
it is equivalent to a known identity. 


EXAMPLE 2 Prove that (sec a)(sec a — cos a) = tan?a, noting any restrictions on 
values for a. 


SOLUTION Begin by noting that neither member is defined for cos a = 0; then write 
both expressions entirely in terms of sina and cos a. 
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1 1 sin? a 
— cosa} = ———— 
cosa \cos « cos? a 


Apply the distributive property to the left-hand member to get 


1 P= sin? a 


cos? « ~ cos? a’ 


Multiplying each member by cos? a then produces 
I =C0s? a — sin a 
or sin? a + cos? a = 1, which is an identity for all values of a. 


.. for all values of a for which cosa # 0, the given sentence is an 
identity. 


7 ) 
In proving trigonometric identities, it is helpful to observe the | 


following items. 


1. Use the eight fundamental trigonometric identities to simplify 
the more complicated member. | : 


2. Use the transformations that produce equivalent equations. | 


3. Observe restrictions on variables and make sure that no new 
ones are introduced in your work. 


4. If no other approach suggests itself, express all function values 
in terms of values of sine and cosine. 


. Introduce radicals only when absolutely necessary. 


Oral Exercises 


Give a reason for each of the steps in the following proof of the 
identity 2 cos? x — 1 = cos? x — sin? x. 

Sin oe cos" x = | 

. sin? x + 2cos?x = 1 + cos?x 

Peos’x = | + cos? x —sin* x 


2cos?x — 1 = cos? x — sin? x 


woe YY 


. Are any restrictions on the variable necessary? 


Written Exercises 
Prove each identity. 


le sim a(cse a — Sina) = cos? a 2. seca — cosa = Sinatana 


3. tana + cota =secacsca 4. sin x(csc x + Sin x sec? x) = sec? x 
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Prove each identity. 


: eeicoten: 
5. sinx + cosxcot x =cscx cei = ot? x 
Il Se jigtal® se 
(sin a — cos a)? . cos x cos x 
Se ES GC —S 2S Se SS © 2 iT 
COs a 1 —sinx 1+sinx 
¥ 
9, Ose eee — 2 cota 10. csc a(seca — tanasina) = cota 
seca + 1 seca — l 
| 
11, Se oS ccm 2 —1_, ae a eee 
1 + tana seca — 1 seca + 1 
ore sin a rad 
13. seca(csc a — cot?a sina) = tana i 1 Ol a S Ee 
1+ cosa 
m : : 1 tan x 
15. (an x -— sin 1)(1 — cos x) =sin* vices 16. , i = sec x 
Sia ge <6 GOS 5 
tanacsca Ss — a eca ec a 1 
17, tanaescia _ seca = COSA) _ 152 yl ne oo 
cosa sina tana seca — 1 tan‘ a 
a tana 
19. secta — tanta = sec?a 4+ tanZa je Sos —e—e—ee 
1+ csca 1+ sina 
—ssece ina 1+ cosa 
Dip SEE = Seeer 27, Sa 2 eee 
1 — cos x 1 — cosa sin a 
tana seca — 1 : 
ee 24. (sec x — cos x)* = tan? x — sin? x 
1+ seca tana 
95, Sec x — 1 tanx _— 2sinx 
tan x secx +1 1+ cosx 
sin x sin x cos x : 
 =—<— ee | = sin?x + 2cosx 


CSC SS = COL Sf csc x + cotx 


See nu— la (4 =n) 


27. = 
gee AA 25 tena 41 cosA 


yy eneersi ys _ (7 — 


tanB—sinB sin B 


Nicolas Bourbaki 


Nicolas Bourbaki is the pen name for a group of European 
and American mathematicians, whose goal is “to present a 
view of the entire field of mathematical science as it 
exists.” Since 1939, more than 40 volumes of Bourbaki’s 
Eléments de Mathématiques have been published and 
there are more volumes to come. The composition of the 
Bourbaki group changes, with members retiring when 
they reach age 45 and being replaced by new ones. The 
Eléments de Mathématiques uses a formal axiomatic ap- 
proach, attempting to integrate all of mathematics into a 
single framework. 
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Self-Test 1 


Prove each identity. 


1. sec a(cos a + sina tana) = sec? a Obj. 1, p. 545 
ae eee. 
ee ts cos 3, cosa | sina _ | 
1 — cosa sec a csc a 


4. secacsca — tana = cota 


Check your answers with those at the back of the book. 


Functions: Sums and Differences 


OBJECTIVES for Sections 15-3 through 15-6: 
1, Use reduction formulas to find function values in quadrants other than 


Quadrant I. 

2. Use formulas of sums and differences of trigonometric function values to 
evaluate expressions involving such suns or differeuces. 

3. Prove simple trigonometric identities involving double- and lhalf-angle 
fornuilas. 


15-3 The Cosine of a Sum or a Difference 


If m®(a,) = x, and m*(a,) = x,, then the sum of a, and a,, denoted by 
a, + a,, is an angle whose measure in radians is x, + x,: 


WG) =<, ae 
Similarly, the difference of a, and a,, denoted by a, — a,, has measure 
Hi — X,: 

Wie, =i) =X, = xy 
Angles a,, a, 4, + @, @, — a, Where all are in the first quadrant, are 
pictured in Figure 1. 


Figure 1 
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The negative of a,, denoted by —a,, has measure —x,: 
a eee 
m*(—a,) = —X,. 


Angle a, (in the first quadrant) and angle —a, (in the 
fourth quadrant) are pictured in Figure 2. 

Figure 2 can be used to deduce two very important 
properties of sin (—x) and cos (—.x) and of sin (—a) and 
cos (—a). Because of the symmetry of the unit circle with 
respect to the axes, the points R and S have equal abscis- 
sas, but ordinates which are the negatives of each other. 
Since a similar situation exists if a is in any of the other 
quadrants, you can assert that for each real number x, Figure 2 


sin (—x) = —sinx and cos (—x) = cos x. 
In terms of angles, for each angle a you have 
sin (—a) = —sina and cos (—a) = cosa. 
A function for which 
f(—x) = —f@) 


for every x in the domain of fis called an odd function, while a function 
for which 


f(—=2) = fG) 


for every x in the domain of fis called an even function (see Section 8-1). 
Thus, sine is an odd function, and cosine is an even function. 

Figure 3 shows x, — x, when x, corresponds to a second-quadrant 
angle and x, to a first-quadrant angle: 


T 
i i 
/ 
(cos x,. sin x,) 
(~ (cos (x,—X2). sin(x,—x,)) 
Figure 3 


Observe that the segment UV, whose endpoints are the graphs of x, and 
x, on the x number line, is congruent to the segment ST with endpoints 
corresponding to 0and x, — x,. Therefore, the arc of the unit circle from 
S to R is congruent to the arc from N to P, and consequently chord SR is 
congruent to chord NP. Expressing this latter fact by means of the 
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distance formula (page 342), you have 


Vicos (x, — x2) — 1]? + [sin (x, — x,) — 0]? 
= V(cos x, — cos x,)? + (sin x, — sin x,)?. 


Squaring both members of this equation, you find that 


cos? (x, — x,) — 2cos (x, — x2) + 1 + sin? (x, — x,) 
= cos?x, — 2cos x, cos x, + cos’? x, 
+ sin? x, — 2sin x, sin x, + sin’ x,. 
On rearranging terms, you have 
cos? (x, — x,) + sin’ (x, — x.) — 2cos (x, — x,) +1 
= cos’? x, + sin?x, — 2 cos x, cos x, 
+ cos?x, + sin? x, — 2sin x, sin x}. 
Because cos? x + sin?x = 1 for every real number x, you can replace 


each of the three pairs of terms shown in red in the preceding equation 
with “1” and simplify the result to obtain the following: 


cos (x, — x,) = cos x, cos x, + sin x, sin x, 


Since the development given is not limited by the particular values of x, 
and x, shown in Figure 3, the preceding equation is an identity. It is 
sometimes called the formula for the cosine of a difference. In terms of 


angles, this formula could be written: 


cos (a, — a) = cos a, cos a, + Sina, sina, 


EXAMPLE 1 Find cos ao 


SOLUTION _ Express ro as the difference of two numbers for which you know the 


sine and cosine. (Refer to the table on page 516.) Thus, 


Then, replacing x, and x, in the formula for the cosine of a difference 


with a and re respectively, you get 


Fe oa ip ae 3 GT A aa 
— — —] = cos — cos — + sin—sin—. 
cos (4 4 3 4 3 4 


From the table, you have 


a 1 x 
See on. 5 


vin 
(OS == 
4 


(Solution continued on page 554.) 
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Therefore, 


mane) HY 
v2, v6 1 
4 


=a qiv2+ \/6). Answer. 


By replacing x, with —x, in the difference formula, you obtain 
cos [x, — (—x,)] = cos x, cos (—x,) + sin x, sin (—x,). 


Then, since cos (—x) = cos xand sin (—x) = —sin x (page 552), you have 
the formula for the cosine of a sum: 


cos (v, + x,) = cos x, cos x, — sin x, sin x, 
In terms of angles, this formula could be written 
cos (a, + a,) = cos a, cosa, — sina, Sina,. 


You can develop a number of other valuable identities by using the 
formulas for the cosine of a difference and the cosine of a sum. 
For example, if vou let x, =a and’ x, = im the difference fomnula; 
you have 
cos (x — x) = cos cos x + sing sinx 
= (—1)cosx + (0)sinx = —cos x. 
Similarly, if 2(a,) = 180° and a, =a, you find from the difference 
formula that 
cos (180° — a) = cos 180° cos a + sin 180° sina 
= (—1) cosa + (0) sina = —cosa. 


You can also show (Exercise 26, page 557) that 


cos (z + x) = —cosx and cos (180° + a) = —cosa. 


Figure 4 Figure 5 


cos is — x) = —cos x cos (7 + x) = —cos x 


These identities are valid for all real numbers x and all angles a. If 


Uz < = then < — x is the measure of a unit-circle arc in Quadrant II 
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and a + x is the measure of a unit-circle arc in Quadrant III. Thus, x 
becomes the measure of the reference arc for the arcs with measures 
a — x and a + x. Compare Figures 4 and 5 with parts a and c of Figure 
19, page 522, where the reference arc has measure x’. 


Now if you let x, = 5 and xX, = xin the difference formula, you have 


cos (2 = x) = cos 5 cos x + sin 3 sin x 


(0) cos x + (1) sin x = sin x. 


Notice that since the measures of the acute angles of a right triangle can 


a : : 5 
be expressed as x and a radians, the preceding formula is a gener- 


alization of the corresponding one given on page 536. 
You can also show (Exercise 29, page 557) that 


60st ax) = — sini. 
3 ye ) ‘ 


bor Or x< x these results are pictured in Figures 6 and 7. 


Figure 6 Figure 7 


Byleting x, = = in the sum and difference formulas, you can find 


two more identities (Exercises 27 and 28, page 557). Because all these 
formulas can be used to “reduce” a given circular or trigonomctric 
function value in any quadrant to a function value in Quadrant I, they 
are called reduction formulas. Here is a list of the most useful reduction 
formulas for cosine. From now on we shall work primarily with formu- 
las stated in terms of x, whcre x is areal number, with the understanding 
that corresponding formulas hold in terms of angles. 


cos (4 = x) = sinx 
2 


cos {= 4+ x) = —sinx 
(F +2) 


cos (7 + x) = —cosx cos (; — x) = —cos + 
37 : om : eeae. 
cos |—— + ¥} = sinv COS Se SI 
Ms 2 
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~_ 


~é 
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—_—_ 


ie Cee 
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EXAMPLE 2_ Reduce cos i= to an equal function value for a number x such that 


0 ee 
SOLUTION Because 7 < i3z = a =, you can use either 
l3a, 2 ee 130 ee 
9 "oe (=o 
Method I: Using = from cos (7 + x) = —cos x you have 
cos 432 = cos (= a +) = —cos—. Answer 


137 3a 7 7 
—— a SS | ws UN 
cos 9 co ( 5 =) sin 8 nswer 
. of 4a 7 4a 7 
Note: —sin — = — —b — + — = —, 
sin 18 cos 9 ecause 18 + 9 5 
Oral Exercises 
Express each of the following in terms of a single cosine. 
1. cos 45° cos 30° — sin 45° sin 30° 2. cos cos = sin sine 
3 4 3 4 
3. cos 18° cos 35° + sin 18° sin 35° 4, — Cos 7 cos + — sin sin a 
eas cos ein 6: sin 75° sin 10° —cos@5, cosma. 
9 9 9 9 
i" { Ww (Ons a al 
So. 2 
‘Re Ce \ ae. mye 


2 x 


Written Exercises 


In Exercises 1-8 express each angle as a sum or difference of two of 
the angles listed in the table on page 516. Then apply a sum or 
difference formula to evaluate the given function. Express your answer 
in radical form. 
1. cos tn 2. cos 105° S, COS- 255 4. cos 195° 


5. cos 345° 6. cos 285° 7. cos 375° 8. cos 165° 
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Express the given function value as a function value for a real number 


x such that 0 < x <5. 


Ta 137 On 4x 
9. — = 10. —— 11. a 12. —_—— 
cos 3 cos B cos 7] cos ( =) 
lia 13a 
13. cos —— 14, COS ia 15. cos 1.67 16. cos (—0.77) 


Express each quantity as a single cosine and evaluate the functidn. > ~ 


17. cos cos + sin 22 sin 18. cos Z cos = Sin Z sin 22 
82 2a 2, OM 6 Ae A 5 a eo Ree 

19. OE AOU oe + sin ay le a 20. cos 155° cos 5° + sin 155° sin 5 
21. cos 1.37 cos 0.27 — sin 1.37 sin 0.27 
22. cos 175° cos 50° — sin 175° sin 50° _ i 
23. cos (— 25°) cos 265° — sin (—25°) sin 265° Lc Oa. ;- 
24. cos 140° cos (— 15°) + sin 140° sin (— 15°) 
Use the formula for the cosine of asum or a difference to prove each of 
the following identities. 
25. cos (x = z) = sin x AG, COR (Ge 4b 2) S —GOS 

37 : 3a - ‘ 
27. COs sae = sinx 28. COS ayes = —sinx 

7 : 7 V3 cos x + sinx 
29. cos (z + x) = —sin x 30. cos — —}) = Ss 

i 3 2 

31. cos a _ cosx + V3sinx 32. cos (+ x) = 2 (cos x + sin 

5 2 4 z 
For each of the following identities draw a sketch, similar to that in 
Figure 7, that shows the geometric significance of the identity. Assume 
thatO0<x< a 

3a — oe a. 
33. cos al 3 |) = Soi se 34. cos 5 x}= -—sin x 
35. cos (x — 7) = —cosx 36. COS ( — =) = Silla Je 
37. cos (x — 3a = —sinx 38. cos (x ah =) = —cos (x - =) 

; 2 2 2 
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Find sin x, sin y, and use these values to find a value for cos (x — y) 
under the given conditions. 


39. cosx = 3 0<x<Fi cosy =; oa 


40. cosx = — 4; oe cos y = 45; Oy 
ee 3a jee 

MN, GOSH = 35° BS 7 cosy = 5) 5 ae 

42. cosx =; Bex< Dine cosy = — 4; n<y<t 


Find sin x, sin y, and use these values to find a value for cos (x + y) 
under the given conditions. 


5 i 1 37 
43. cos.x = 20, O<xes Ooi a SS 
WHE 3a 1 7 
44. x= -—-—35 @G@ —; P=S—e 0 — 
COs x 4 Ea Gare 5} COS ¥ 3 5 
45. cosx = = 4; 5S EST cosy =<; Bicy <n 


46. cosx = 4; Va cosy = VIS Ue 


15-4 The Sine and Tangent of a Sum or a Difference 


To find formulas for the sine of a sum and of a difference, first recall 
(page 555) that 


cos (5 = x) = sin x. 


If you replace x with = — x, you obtain 


cos (5 = (5 = x)) = sin (5 — x), or sin (= — x) = COs. 


To find a formula for sin (x, + x,), use the above and the formula for the 
cosine of a difference to get: 


sin (x, + x,) = cos (s — (x, + x) = cos (5 — x) x) 


m2 


ij ° TT . 
= cos ( = x,) cos x, + sin (3 — x,) sin x 
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a 


3 T : 5 
Since cos (5 — «) =sinx, and sin ( — a = cos x, you have the 


Nm] 3 


formula for the sine of a sum: 

sin (x, + x,) = sin x, cos x, + cos x, sin x,. 
In terms of angles, you have 

sin (a, + a,) = sina, cos a, + cos a, sina,. 


If, in the formula for the sine of a sum, you replace x, with —x,, you 
obtain 


sin (x, + (—x,)) = sin x, cos (—x,) + cos x, sin (—x,). 


Then, because sin (—x) = —sin x and cos (—x) = cos x (page 552), you 
have the formula for the sine of a difference: 


sin (v, — x,) = sin x, cos x, — cos x, sin x, 


In terms of angles, you have: 


sin (a, — a,) = sina, cos a, — cosa, sina, 
EXAMPLE 1 Find sin +. 
SOLUTION un can be expressed as the sum of two numbers for which you know 
the sine and cosine, namely, 
Lite ee 37 
reapers 


- 
ae 


Then, you can replace x, and x, in the sum formula with a and =, 


respectively, to obtain 


sin UE = sin (2 +37) = sin Z cos 32 + cos Z sin 
Since 
— a eae) Pee ae 
Ono 4 Seer a a 
you have 
> ae (= 7) - (5)( ez) payee) 
si NG ae ie ees ee) ee 


= Bes 1). Answer. 
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Following are the reduction formulas for sine corresponding to those 
for cosine given on page 555. The second of these was derived above. 
You can prove the others (Exercises 43-47, page 563). 


sin (= 4+ x) =cosx sin (3 — x) = cos. 
Zz Z 
Sin (Gr 25 39) = Sin enn (qq = 33) = Sia 4 
sin (= + x) = —COos x sin (= = x) = —cosx 


Two of these are pictured in Figures 8 and 9. 


Figure 8 Figure 9 


Sum, difference, and reduction formulas for the functions tangent, 
cotangent, secant, and cosecant can be obtained by using appropriate 
formulas established for sine and cosine, in conjunction with the defi- 
nitions of the other functions. Although the formulas for sine and cosine 
hold for all values of the variable, there are certain restrictions placed on 
the domains of the variables in formulas for the other functions. 

In practice, the only ones of these additional formulas that are of 
much concern to us are those for tangent, because to find values for 
cotangent, secant, or cosecant, you need only take the reciprocal of the 
corresponding values of tangent, cosine, or sine. 

To start, notice that tangent, like sine, is an odd function (page 552), 
since 


sin (— x) =m 3 sin x 
tan (=4) = 2?) 
cos (—x) cos x cos x 
Thus, 
tan (—x) = —tan x, cos 


To obtain a difference formula for the tangent function, you can 
replace x with (x, — x,) in the definition of tan x to obtain 


sin (x, — x,) 


tan (x, — x,) = cos (x, — x2) #0. 


cos (x, — x2)’ 
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From this, you find 


Sima) COSA — COs», sllm, 
tan (x, — x.) = ———_—_—_—————. 
cos X, CoS xX, + sin x, sin x, 


Then, if cos x, cos x, # 0, you can divide the numerator and denomina- 
tor of the right-hand member of this identity by this product to obtain 
SINx,COSX, COS X, SiN X, 


COSX,COSX,  COSX,COSX, 


tan, — x5) = y eos % COs 45 70. 


COs © COs mESII x, SIN, 
COs x) COs emecos x, COSx, 


From this and the definition of tanx, you have the formula for the 
tangent of a difference: 


tanx, — tanx ms 
tan (x, — x.) = ——_____+ ( cos (x; — x) #0 


1+tanx,tanx,’ (cosx, £0, cosx, £0 


Using the fact that tangent is an odd function, you can replace x, with 
—x, in the formula for the tangent of a difference to deduce that 


tan x, — tan (—x,) 

tan [x, — (—x,)] = ————_————_~ 

Ey 1 + tan x, tan (—x,) 

from which you have the formula for the tangent of a sum: 
tan x, + tan, ( cos Ge aL a) =-1(0) 


iain (Ge, Se se) = 5 
} “J =tanx,tanx, cos x, £0, cosx, £0 


You saw from the graph of tangent on page 532 that the period of 
tangent is 7 (or 180°) rather than 27 (or 360°). You can readily verify that 
a is a period by replacing x, with 7 and x, with x in the formula for 
tan (x, + x,) to obtain 


tan7 +tanx _ 0O4tanx 


ee = tans, Cos 8. 
1 — tan 7 tan x 1 — (0)(tan x) 


(iam (@ 4 =) = 
This latter relationship can then be used to obtain a reduction formula 
for tan (7 — x). If you replace x with —x, you have 

tan (7 — x) = tan (—2), 
or 
tan (7 — x) = —tan x, cosx £ 0. 
Notice that the formula for tan (x, + x,) cannot be used to produce 


: T 37 
reduction formulas for tangent for values > mreoe (ODE =e + x, because 


tan a and tan = are not defined. Such formulas, however, for tangent 


can be found directly from the definition of tan x. 
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EXAMPLE 2 _ Prove that tan (5 = x) = cot x, sinx £0: 


SOLUTION By definition, 


*. tan (z - +] =Cotx, sinxw a 0! 


Following are reduction formulas for tangent. Three were derived 
above. You can prove the others (Exercises 51-53, page 563). 


a 


tan (z + x) = —cotx, snx#0 tan (4 _ x) = cOtra, sina 7 0 


tan (7 + x) = tan, cosx #0 tan (q — x) = —tanx, cosx #0 
tan (4 + x) = —cotyx, sinx #0 tan a — x) = cOLy olin AU 


Oral Exercises 


State the requested value. 

1. If sin x, = 0.4794, then sin (—x,) = ? 

2. If cosx, = —0.7648, then cos (—x,) = ? 
3. If tania, = 1.557, thenitani( =), 

4. If sinx, = —0.8415, then sin (7 + x,) =? 


5. If cos x; = —0.2190, then sin (2 ab xs) —? 


Written Exercises 


Use the formulas for the sine and tangent of the sum or difference, and 
the chart on page 516, to evaluate the given function. Express your 
answers in radical form. 


ans: btn 255° 3, sin 
cin 5) ese Fests (-=2) 
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Express the given function value as a function value of an angle a such 


that 0° < m(a) < 90° or of a real number x such that 0 < x < = 


vein Wn, sin ee 11. sin 195° 12. sin 320° 
8 16 
13. sin (— $7) 14. sin 1.77 15. sin 230° 16. sin (—170°) 
17. tan 132 18. tan tz 19. tan 245° 20. tan 325° 
20 8 
21. tan 422 BD. tan 452 23. tan (— 130°) 24. tan 290° 


25-32. Evaluate the tangents of the angles or real numbers given in 
Exercises 1-8 on page 562. 


Use an identity to express each of the following as a function of a single 
angle and evaluate. Express your answer in radical form. 

33. sin 75° cos 15° — cos 75° sin 15° 

34. sin 80° cos 160° + cos 80° sin 160° 

35. sin 255°cos 75° + cos 255° sin 75° 

36. sin 345° cos 120° — cos 345° sin 120° 


S72 sinel05° cos 105° 38. 2 sin 7) (cos 75" 
(Hint for Exercises 37 and 38: 2sin x cos x = sin x cos x + cos x sin x.) 
39, tan 35° st tigi iS) tanwllosie—at anes Ole 
1 — tan 35° tan 85° tan dos: tanes0- 
2 tan 165° G. 2 tan 1124° 
1 — tan? 165° 1 — tan? 1124° 


Use the formulas for the sine and cosine of the sum or difference to 
prove each identity. 


43. sin (= aL x) = COS. 44. sin(@a + x) = —sinx 
45. sin (72 + x) = =COS % 46. sin @ — x) = sin x 
47. sin (= = x) = —COS X 48. sin ( — =) = —COS Xx 

F : ctf) eee ee , 
49. sin(x — 7) = —sin x 50. sin (x — oe = COS X 

(Hint: In Exercises 51-54. rewrite tan x in terms of sin x and cos x.) 

oe 
51. tan (z + x) = —colx S2y etal (= + x) = —cotr 
53. tan (= - x) = Coll 5 54. tan (x — =) = —colr 
2 
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Use the definition of the function and the formulas for a sum or differ- 
ence to find the given function value. 


EXAMPLE | sec 75° = a = Pe 

= ce SE ae 
55. sec 165" 56. csc 105° 5d CO. 58. csc 345° 
59. cot = 60. sec ve 61. csc = 62. cot ae 


In Exercises 63-66, find sin (x + y), where x and y satisfy the given 
conditions. 


63. sinx = 3; (222 = sinyo ee C252 — 


2 13 2 
64 sinx = 5; > te cosy = — 3; n<y< 
65 cosx = 3 = ee Re siny = — 3; icy <a 
66 sinx = — 3, rence cosy = — 3: eye 


In Exercises 67-70, find sin (x — y), where x and y satisfy the given 


conditions. 

3 7 ’ a Of 
67. =—; 0 =F ——— = 

sin x 55 <i cos y 2 5 

. 5 7 ¢ Ci 
68. sins = 22, 5 = ae UD 

i 4 
69. cosx = — 1, T< ES oar Saye 
ay 37 2. 37 

70. cos x = 22, Sy siny=— 3; TS ae 


Prove each of the following identities. 


ee ey) cotxcoty — 1 7 ee sec x sec y 
a Oi (Ge Se , see ) = ————_ 
2 cot x + coty y 1 —tanxtany 
) i - cos (x — 
73. csc (x 4+ y) _ eae 74. Siu) Cos (x= 9) aa eee 
cot x + coty sin y cos y 
cos(x+y)  sin(x +4) 
5. ——————_._ +. ————— = cos x sec ycscy 
sin y cos y 
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15-5 Double-Angle and Half-Angle Formulas 


All the identities derived in the preceding sections of this chapter result 
from the basic sum and difference identities: 


SiniG7) == 45) = sim Os x, = Cos x, sinix, 


GOs U2) —(eOsn COS x, a= SIM xy SIneC, 


We shall now derive still more identities. 
fie 0, = x, then 


sin (x + x) = sin x cos x + sin x cos x, 
or 5 


sin 2x = 2 sin «cos x. . 
Similarly, 


cos (x + x) =cos x cos x — sin x sin x, 
or 


cos 2x = cos?x — sin? x. 


You can easily obtain two additional expressions for cos 2x. Since 
sin? x + cos?x = 1, you have 


sin? x = 1 — cos? x 
and 


cos x= 1 — sin? x- 


Therefore, on replacing sin? x with (1 — cos? x), in the identity for cos 2x, 
you have 


Cos 2=cos- + — (1 — cos’ x), 
or 
cos 2x = 2cos?x — 1. 


On the other hand, if you replace cos? x with (1 — sin? x), you have 


Cos 20 — = sin’? x) — sine x, 
or 
cos 2x = 1 — 2sin?.. 


Also, for all x for which tan x is defined and |tan x| # 1, 


tan x + tan x 


tan (x +x) = ; 
( ) 1 — tan x tan x 
or 
anv 
fae ee 
il = (iain oy 


Corresponding identities can, of course, be written in terms of angles, 
and so these identities are often referred to as the double-angle formulas 
(or identities) for sine, cosine, and tangent. 
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Now, on replacing x with a in cos 2v = 2cos?x — 1, you have 


cosa = 2cos* = — il. 


or 
x _ 1+cosx 
2 


xe 14+ cos x 
cos — = + ----——. 
2 V 2 


If you replace x with a cos 2x = | — 2sin’ x, you can use a similar 


aes /1 —cosx 
sin — = Se 
Z Z 


In applying the formulas for sin a (or sin <) and cos = (or cos <), 


the choice of the positive or negative root depends on the quadrant in 


which 7 (or <) lies. For example, if 


Therefore, 


process to find that 


Om a6 a (or O° <m (S) <a 90°), 


2 
90° < m (+) < 1 80° ) , vou would select the positive root for sine and the 


you would select the positive root for each, but if oe ee, (or 


negative root for cosine, and so on. 


For tangent, if x is a value for which tan = is defined, you have 


— 1 —cosx 

sin carers 
nee 7 2 _ 1 —cos x 
2 cos? = 1 {send 1 + cos x 


from which 


Again, the choice of root is determined by the location of 5 (or <). 


A simpler formula for tan > (or tan 4 can be found by using the 


double-angle formulas as follows: 


ome x : o 
2 sin = cos > = sin x 2 cos’ > = 1 + cos x 
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Then 


sin S 2 sin 5 cos = 
tan mY = = >. 
cos = 2 Cos? 
2 Zz 
and so 
tan = Sins 
2 1 + cosx 


Corresponding identities can be written in terms of angles, and so 
these identities are often called the half-angle formulas (or identities). 


Oral Exercises 


1 V2 
1. If sinx, = —~ and cos x, = —— 
v3 v3 


Celiecos:, — 0.8 and sin x, = 0.6, find cos 2x,. 


Pind sin 2x,. 


Oe 


. If sinx, = —0.6 and cos x, = —0.8, find sin 2x3. 
aetitanx, — 0.2, find tan 2x,. 


Written Exercises 


Use the half-angle formulas to find each function value. 


EXAMPLE | tan a 


vs 


SOLUTION Using tan a ee with x = 


—, vou have 
2 | 2b GOS 4 


oo 
iS) 
=] 
Il 
| 


7 V22— V2) 2V2-2 | 


ian 2—1. Answer. 


8 (2+ V2\(2— v2) 2 
Ieecosy 05" Qasim W22” 3. sin 165° 4. tan 15 
5. tan 1574° 6. cos 165° 7. sin 8. vos = 
9. tan 5 10. sin 122 11. cos = 123 tan 132 
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Find sin 2a for the angle a in the given quadrant satisfying the given 
condition. 


Ieee sia = 2 14. III; sina = —#% 15. II; cosa = —?# 


16. IV; cosa ae 17) Von — == 18. I; tana =v 


3 V13 


Find cos 2a for the angle a in the given quadrant satisfying the given 
condition. 
; 1 V15 
19. I; cosa mee 20. II; sina = — 21. II]; sina = ——— 
5 + 
1 


22. Il; cosa = ——— 23. IV; cosa _- 24. I; tana me 
V10 3 5 


Find sin 5 and cos 5 for the angle ain the given quadrant satisfying the 


given condition. Make a sketch of the angles a and to decide the 


sign of the answer. 


25.1; “cosa = 26. II; cosa=—% 27. 1; ‘sina =a 
1 


i) 


28. II; sina =? 29. Ill; “cosa = — 2 30. IV; sina = —$ 


Use the half-angle and double-angle formulas to verify each of the 
following. 


31. sin E (=)| = Sins 32. cos E (=)| = COS 3 


33. sin? > de cos? > =] 34. sin? 2x + cos? 2x = 1 
35. 1 + tan? = sec?2 (Nove: seo J | 
2 2 cos = 
2 


36. Show that if sina = cos £, where both a and f are in quadrant I, 
then sin 2a = sin 28. Make a sketch of the angles a, B, 2a, and 28 
showing how this is possible. 


15-6 More on Identities 


The following is a list of useful identities to which you can refer as 
needed. These identities hold for all values of the variables for which the 
function values are defined. Corresponding identities hold in terms of 
angles under similar restrictions. 
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Quotient Identities a 


sin x 
tan x = 

COS x 

COs x 
cot x = ———_ 

sin x 


Pythagorean Identities 
sin? x + cos?x = 1 
tan? x + 1 =sec?x 
1 + cot? x = csc?x 


canny, = 5) = 


Double-Angle Identities 


sin 2x = 2 sin xcos x 


cos 2x — cos? x — sin* x 


1] = 2 sin? x 
= 2 GOS? = Il 


ee iieiiigs 
PS are 


Summary of Useful Identities 


Reciprocal Identities , 


sin x csc x = 1 
COS 3 S2C He = Il 


Pane ac Olea—sl 


Negatives wy, 


Sin (39) = Sin 


cos (—x) = cos x 
tan (—x) = —tan x 


Sum and Difference Identities 
Simi(c, 2245) = Sil 4 cos x, 2 COS 4) cimex, 
Cos(c) = 44))—= COS 4, COSA, = SIN Ceiiex, 

tan x, + tan x, 
1 = tan x, tan x, 


Half-Angle Identities 


eee ll = COS 5 
ous, sts ja ae 
G ll 46 GOS & 
aa — 
co 5 / 5 


3) 
5 
Ne 
II 
It 
ar ||| 
alle 
one) 
nin 
als 


Written Exercises 


Prove each identity. 


cos2a _ = 


: tan* a 
cos2a 


1. 


3. (sina + cos a)? = 1 + sin 2a 
5. (1 — tana)? = sec? a(1 — sin 2a) 


7. coSa — sina tana = cos 2a sec a 


_ sin 2a 
~~ 2 


4. cos*a(1 — tan?2a) = cos 2a 


2. cos?a tana 


6. sin? 2a =4sin?a — 4sinta 
sin 2a 


ee = fe 
1 + cos 2a 
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Prove each identity. 
1 — tan’?a 
! 2 tane a 
10. 2cot 2a = cota —tana 


(tru: Clty = cos 20.) 


= cos 2a 


sin 2a 


11. costa — sinta = cos 2a 


i, eee & 
CIE @ 24 GONG 2 
j sin a 
ie cose tan = 14. cot ©. = eee 
2 2 2 me 1 — cosa 
15. sin 3a = 3sina — 4sinia 16. cos 3a = 4cos? a — 3cosa 


17, COS 4a = COS’ a + Sin? a — 6sin- dicos- a 
18. sin 4a = 4sinacosa — 8sin?acosa 


19. tan > =csca — cota 


Fo ee ES Sey) Ds, 


cosa — sina cosa + sina 


COs a sin a 
Ql, — SS SS = = ttn 2 
cosa + sina cosa — sina 


: a : in 2a 
22. sin? a tan > = sin te 


23. sin (a -— #)/sin(a— 2) — sin a — ci 
24. cos (a + f) cos (a — 8) =cos*a —sin’?p 


The following are sometimes called the sum and product identities. 


25. sin (a + 8) + sin (a — 8B) = 2sinacosf 

26. sin (a + £) —sin(a — 8B) =2cosasinB 

27. cos (a + PB) + costa — 8) = 2 cosircos,: 

28. cos (a + 8) — cos (a — 8) = —2sinasinB 

A+B = A = B 

(Hint: Let A =x, +x, and B= 4) 7 eamcmuse Exerciscu2>) 


29. sin A + sin B = 2sin 


30. sin A — sin B = 2cos 


A +3 sin 458 
31. cos A + cos B =2cos# + cos 4 = 
32. cosA — cos B = Fen Se in 52 
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Self-Test 2 


VOCABULARY _ reduction formula (p. 555) half-angle formula (p. 567) 
double-angle formula (p. 565) 


1. Reduce to a function value of an angle in quadrant I. Obj. 7, p. 557 
R 
a. sin 315° b. cos a 

2. Use a sum formula to evaluate sin 345°. Obj. 2, p. 5517 


3. Find cos 2a if sin a = 4 and a is in quadrant II. 


CSC Qa 
OS a 


4. Prove that csc 2a = is an identity with suitable restric- Obj 4p. 551 


tions on cos a. 


Check your answers with those at the back of the book. 


Solving General Triangles 


OBJECTIVES for Sections 15-7 and 15-8: 

1. Apply the law of cosines and the law of sines to solve general triangles. 

2. Apply the law of cosines and the law of sines to solve simple practical 
problems. 


15-7 The Law of Cosines 


The Pythagorean Theorem enables you to find the length of one side of 
a right triangle when you know the lengths of the other two sides. To 
find a more general relationship between the lengths of the three sides of 
any triangle, look at Figure 10. In Figure 10a, 2 BCA is in standard 
position, and so the coordinates of point A are (b cos C, bsin C). By the 
distance formula then, 


c= Vibcos C — a)? + (bsin C — 0)?. 


C(acos8,asin8) 


B(ccos|A.csinA) 


A(b coft. b sine) 


Figure 10 
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Squaring and simplifying the right-hand member, you have 


c? = b*? cos? C — 2abcosC + a? + b* sin? C 
= a* + b* (cos?C + sin? C) — 2abcosC, 


Olesince cos: © 4+ sine C = 1, 
c? = a* + b? >2Zabieos, (1) 


By reorienting the axes so that angles A and B are, in turm, in standard 
position (See Figures 10b and 10c on page 571.), you can obtain the 
analogous relationships: 


a> +c? —2accosB (2) 
a? = b?4 c? —2bcecosA (3) 


These three relationships together are the law of cosines. 

Notice that if one of the angles of the triangle, say C, is a right angle, 
then cos C = 0 and you have c? = a? + b?, which is the Pythagorean 
Theorem. Thus, the Pythagorean Theorem is a “special case” of the law 
of cosines. : 


EXAMPLE _ Solve the triangle pictured, assuming the data to be exact. 


SOLUTION cosC = cos 102° = —cos (180 — 102)° = —cos 78°. From Table 6 at the 
back of the book, —cos 78° = —0.2079. Then, using the law of cosines, 
vou have Cc 


c? = (16)? + (13)? — 2(16)(13)(—0.2079) Pe a 
~ 256 + 169 + 86.5 = 511.5. 


6 2 Vee A E 8 


From Table 3 you find that to the nearest unit, c = 23. To find (A), you 
can use 


a? = b? + c? — 2becosA, 
= b74 on an 
from which Sess: 
Cospe ~Wictae 
2 2 2 5 5 
5? +o? — a? _ 256 + S115 — 169 _ 598.5 ~ 9.9139 


AS ob See SSIES CE) BEG. S 
on ne 736 736 


*, mA) = 36". 

Since in any triangle, m(A) + m(B) + m(C) = 180°, you have 
36° + m(B) + 102° = 180° or m(B) = 42°. 

-~.c2 23, m(A) = 36" Jand 718) 42°. Answer 


Notice that solving (3) for cos A gives 


bee. 


2bc ’ 4) 


cosA = 
which, as illustrated in the Example above, can be used to find m(A), 
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when a, b, and c are given. Similarly, solving (/) and (2) for cos C and 
cos B gives formulas for finding m(C) and m(B), respectively. 


Written Exercises 

Find the length of c to the nearest tenth in AABC. 

ia — ©, b= 16, m(C) = 60° a 
3. a= 13,b = 8V, mC) = 30" 4. 4a 
Bea 5, 0 = 10, mi(C) = 47° a 


= 32, b = 9, m(C) = 45° 
4, b = 3, m(C) = 60° 
25, b = 10, m(C) = 70° 


I| 


In AABC find m(A) to the nearest 10’. 
h @ S32, d=3C=2% Sai 580. —10"e— wr 
2@=25,b=8 6212 10; @=]=4 b=? € SiZ 


Solve each triangle. Give measurements to the nearest unit of length 
and the nearest degree. 


ll. a=4, b = 10, m(C) = 59° 2, @ = 25, © =5, ras) = Ba" 
13. p=S2hices® m(A) = 60° 14. a = 5, b=8, m(C) = 63° 
13. @S4 b=h 6€=e 16 @=I12,b =, € =F 


17. Show that one angle of a triangle with sides of lengths 5, 7, and 8 has 
the same measure as one angle of a triangle whose sides have lengths 
3, 5, atnel 7% 


Problems 


In each problem, give lengths to the nearest tenth of a unit and angles 
to the nearest 10’. 


1. How far apart are the outer ends of the hour and minute hands of a 
clock at two o'clock if the hour hand is 10cm long and the minute 
hand is 16cm long? 

2. Two ships leave from the same point at the same time on courses 32° 
apart at speeds of 15 km/h and 18 km/h, respectively. How far apart 
are the ships after 1h? 


3. Cities A, B, and C are located in the diagram at the S\\% 
right. If two airplanes take off from city A flying toward S c. 
cities B and C, respectively, by what angle do their ° 
headings differ? A 550km 8 


4. Two adjacent sides of a parallelogram form an acute angle and have 
lengths of 10cm and 12cm, respectively. If the shorter diagonal of 
the parallelogram has length 7cm, what is the angle between the 
sides? 
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5. A rear windshield wiper of length 30 cm (distance from the pivot to 
the outer end of the blade) sweeps out an angle of 120°. How far 
apart are the two outermost corners of the swept-out area? 

6. From a point near one end of a pond, the angle determined by a 

survevor’s transit and points A and B on opposite sides of the pond 

measures 28°. The transit is located 200m from point A and 180m 
from point B. How wide is the pond? 


7. Points A and B and points C and D are the vertices of a A B 


trapezoid, in which the length of AD = 5, the length of 
CD = 21, and the length of AB = 10. If mZ ADC = 60° 
and m Z DCA = 13°10’, use the law of cosines to find 2 Cc 


the length of BC. 


8. Each of the two diagonals from one vertex of a regular pentagon has 
length 40 cm. What is the length of a side of the pentagon? (Note: The 
degree measure of each interior angle of a regular pentagon is 108.) 


9. Noralie Cox, whose rowing speed in still water is 
8km/h, is rowing due east across a current heading 
south with a speed of 2km/h. The diagram at right can 8 km/h 
be used to determine her speed and the angle by which 
her course diverges from an east-west line. Find the 
length of the hypotenuse to determine her speed of 
travel, and find the degree measure of Za. 


Y/Usy ~ 


15-8 The Law of Sines 


As noted in Section 15-7, by choosing the coordinate system appropri- 
ately, you can position any triangle ABC so that any one of the angles A, 


A(bcosC, bsinC) 


Figure 11 


B, or Cis in standard position. Because the area of a triangle is equal to 
one-half the product of the length of a base and the corresponding 
altitude, you can express the area of triangle ABC in Figure 11 bv 


Area = tab sin C. 
Similarly, with angles A or B in standard position, we get 
Area = tbc sin A and Area = }ca sin B. 


Thus, in general, we have the following. 
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Theorem. Thearea ofa triangle is equal to one-half the product 


of the lengths of two sides and the sine of their included angle. 


EXAMPLE 1 Find the area of a triangle in which a = 8, b = 14, and m(C) = 23°10’. 


SOLUTION _ From Table 6, sin 23°10’ = 0.3934, so that 
Area = 4ab sin C = 4(8)(14)(0.3934) = 22.03. Answer. 
Since each of the three expressions for the area of triangle ABC 
represents the same number, you know that 
tbesin A = fac sin B = fab sin C. 
Dividing each member of this compound sentence by 4abc produces 


sinA _ sinB _ sinC 


a b © 


This relationship is formalized in the following theorem. 


Law of Sines 


The sines of the angles of a triangle are proportional to the lengths 
of the opposite sides. 


Notice that if one of the angles of the triangle, say C, is a right angle, 
then sin C = 1, and the law of sines yields the familiar right-triangle 
relationships 


Si) and sin B = uy 
¢ Cc 


EXAMPLE 2. Solve the triangle pictured. 


SOLUTION Since (A) + m(B) + m(C) = 180°, vou 2 
have b f oc 
27°20’ + 48°10’ + m(C) = 180° _ a Ln 
or m(C) = 104°30’. 


From the law of sines: 


sin 27°20’ _ sin 48°10’ _ sin 194 30" 


a b 40 


(Solna, & runued on page 576.) 
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a '’ Ae eel hen eb ee ee ee ee a 


Solving separately for a and b, you find: 


sin 27°20’ _ sin 104°30’ sin 48°10’ _ sin 104°30’ 


a 40 b 40 
_ 40 sin 27°20’ » — 40 sin 48°10’ 
~ sin 104°30’ ~ sin 104°30’ 
40(0.4592) 40(0.7451) 
= ——_—— = 18.97 SS BS Fi), 
0.9681 ™~ 0.9681 ~~ ote 


“, m(C) = 104°30’, a = 18.97, and b = 30.79. Answer. 


The law of sines gives you a way to solve any triangle if you know 


(a) the measurements of two angles and the length of any one side, as 
illustrated in Example 2, or 

(b) the lengths of two sides and the measurement of an angle opposite 
one of them—insofar as there is a solution. 


In the latter case, the data may be ambiguous. Figures 12 and 13 
illustrate the possibilities for a triangle when you are given a, b, and 
m(A). 


G GC G C 
Lo Lf a 2 
Palle Za) ee ad L_ Figure 12 
A A B A By ae) <A “B 
a<bsind a=bsinA bsnAca<b a>b m(A) < 90° 
No solution One solution Two solutions One solution 
G e G 
/ 
‘ 4 b a 
{__ Figure 13 
A A ‘B 
AS fb a>b 90° < m(A) < 180° 
No solution One solution 
EXAMPLE 3 _ Solve the triangle for whicha = 40,b = 42, C 


and m(A) = 27°. 


SOLUTION _ A sketch of the triangle, roughly to scale, 
suggests that there are two solutions. This A 8B, 
can be verified by noting that bsinA 
= 42(0.4540) = 19.07 and 19.07 < 40 < 42 
(see Figure 12, part 3). 
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B, 


To find m(B), we use 


sin A = sin B ae Re = bsin A = 19.07 


a b a 40 
i. either m(B) = 28°28 or 7i(B) = 80° = 28°28’ = 151732". 


it 72(B) — 28" 28 then m(C) = 180" = 27° — 28° 28’ = 124°32’ 
tint DB) — 1532 gihen i(C) = 180° = 27° — 151°32) = 1°28", 


04768. 


From 
sinA _ sinC 
a a 
or Ca asin C 
sinA 
; : 40(0.8238) 
tak C= 24532, find that c = ————. = 72.58, 
aking m(C) you fin atc 0.4540 72.58, and 
: : 40(0.0256) 
tak C= 1 2a; find that c = ————— = 2.26. 
aking m(C) you fin atc 0.4540 2.26 


. . the two possible triangles have the following parts: 
mbps 28 28, WC) 24 327 6 = 72:58; 
and mais) = 151° 32, m(C) = 1 28", ¢ = 2.26, “Answer. 


Written Exercises 


Solve the AABC with the given parts. Give lengths to the nearest tenth 
of a unit and angles to the nearest 10’. If no solution exists, so state. If 
two solutions exist, give both. 


oO NN UW WD Mm 


» HHA) S BOY, @ = 20, wa) = 3x0" 


For each triangle ABC with the given parts, find the area to the nearest 
square unit. Ifno triangle exists, so state. If two triangles exist, give the 


area of each. 

11. a =6, b =7, m(C) = 30° 

ise e = 90°, b= 4a = 3 

15. a = 40, b = 30, m(B) = 30° 
(Hint for Exercises 15 and 16: Use the law of sines to find (C).) 


12. b = 25, c = 15, wi(A) = 41°5 


16. a = 35, b = 18, »1(B) = 20° 


0’ 


lr) = 75°10 a = 20, c = 30 


2o7(CB y= 30 e(C) = 63°, b= 150 
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a = 50, b = 32, m(A) = 120° 4. a =40, c = 15, m(C) = 30° »e Se 
. m(A) = 13°, m(B) = 130°, a = 90 6. m(A) = 30°, a = 18, c = 25 
. a = 95, m(B) = 30°40’, m(C) = 127° 8. a = 13, b = 20, m(A) = 57°40’ ne 
L AB) = 3, @ S40, b= S0 10. 2(C) = 27°, a = 26, c = 40 


_— |. 28 6 


In Exercises 17-19, use the diagram at right. 


17. Find an expression for the length of CD in terms of b C 


and a trigonometric function of ZA. b F 


18. Find an expression for the length of CD in terms of a 
and a trigonometric function of ZB. A= . - —__48 


19. Use the results of Exercises 17 and 18 above to prove the first part of 
the law of sines: 


sin B _ win C 


20. Use a diagram similar to the one above to prove 
c 


21. Use the fact that the area of a triangle can be given by Area = 
b? sin A sin C 
sink 
22. Show that if a, 77(B), and m(C) are given in \ABC, then b can be 
sin (B + C) a sin B 
a be 
23. In the diagram at the right, AC is a diameter of cir- Yes B 


cle O. Show that for any angle a, the area of 4 eo || 
AAOB = the area of ABOC. Cy 


tbc sinA to prove the formula: Area = 


found from the equation 


Problems 
Give lengths to the nearest tenth of a unit and angles to the nearest 10’. 


1. Find the area of a parallelogram with adjacent sides of length 10cm 
and 25cm and with an angle of measure 137° included between the 
sides. 


2. Find the area of a regular 10-sided polvgon inscribed in a circle of 
radius 50cm. 


3. The angle of elevation of a rocket measured from one tracking station 
is 79°, and 88° measured from a second station. The second station is 
12.5 km from the first and lies on a line through the first station and 
the launch pad. How far was the rocket from the second station when 
the angles were observed? 


4. Otis Washington starts out hiking from a camp at point A on a course 
31° from the line through A and a town at point B 10km away. He 
heads for a ridge at point C intending to change direction there and 
head for the town, but when he arrives at C he finds that the trail 
marker saying “12km to town B” has fallen down. By what angle 
should he now turn in order to head straight for B? 
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. The pitches of the front and back roofs of a saltbox 


house are 45° and 30°, respectively. If the width of the 


back roof is 7.5m, what is the width of the front roof? /5\ Se 


25cm, how long is the shaft? 


== = 75 | 


. A clock pendulum swings through an angle of 20°. If the distance 
between the two extreme positions of the bob at the end of the shaft is 


20° 


25cm 


. What is the acute angle between the diagonals of a rectangle if the 


area of the rectangle is 304 cm? and each diagonal has length 40 cm? 


Sue Philips wants to know the distance between two 
points A and B on the opposite side of a river from her 
position. She finds that the length of CD = 91m, 
Vue De = 60°, mZLACD = 54°, and mZACB = 68°. 
What is the distance from A to B if A, B, C, and D are 
the vertices of a trapezoid? 


. Points A and B lie along a line with the base of a radio 


tower, and point B is 50m closer to the tower than 
point A. The angle of elevation of the top of the tower 
measured from point A is 37°, and its angle of elevation 
measured from point B is 42°20’. Find the height of the 
tower. 


50 m 
Self-Test 3 
VOCABULARY _ law of cosines (p. 572) law of sines (p. 575) 
In AABC, find a to the nearest tenth of a unit. 
i fee — 6 7A) = S35 20 Obi; D571 
Pee BD) = 6s, 0 = 102 
3. Find the area of AABC if a = 10, b = 25, m(C) = 24°50’. 
4. Find the length of a side of a regular 9-sided polygon inscribed in Ona spe oft 


Check your answers with those at the back of the book. 


a circle of radius 50cm. 


. A ship is sighted from two radar stations 125km apart. The 


angle between the line segment joining the two stations and the 
radar beam of the first station is 43°, and between this segment 
and the beam from the second station is 107°. How far is the 


ship from the second station? 
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Chapter Summary 


il, 


You use the fundamental trigonometric identities together with prop- 
erties of real numbers to establish additional identities. 


. The formula cos (x; — x») = cos x, cos x, + sin x, sin x,is the formula 


for the cosine of a difference. You can use this formula to derive 
reduction formulas and formulas for values of functions of sums and 
then for double- and half-angle formulas. 


. If you know the measures of three parts of a triangle, including the 


length of at least one side, you can find the measures of the remaining 
parts by using the law of cosines, c? = a? + b? — 2abcos C, or the law 
sinA _ sinB _ sinC 

a> = a 

When given data for a triangle consist of the lengths of two sides and 
the measure of an angle opposite one of them, there may exist no, one, 
or two triangles with the given measurements. 


of sines, 


. The area of a triangle is equal to one-half the product of the lengths of 


two sides and the sine of their included angle. 


Chapter Review 


1. Rewrite u 
c 


in terms of sina. 


sc? a 
a. eel. b. poner EE Cc. si a d. —sin? a 
sin? a 1 — sin? a 
. Simplify (tan a + cota) assuming sina # 0, cosa £ 0. 


seca 


a. CSC a b. 1 c. cosa d. seca 


. Which one of the following is equal to sin x cos x + sin? x tan x, 


assuming cos x # 0? 


a. COS X b. sec? x @& GRE sz d. tan x 


. Express sin 105° as a function value of an angle a, 0° < m(a) < 90°. 


ZA, Gos ai” b. sin 75° ec. —sin 15° d. —sin 45° 


37 


T . 6 . . . 
. Evaluate cos 7 598 — —sin =F sin i (First express it as the cosine 


4 
of a single real number.) 


. —l b. | oO gle 
a c 2 
Ifsin x = dandcos y = —} find sin (x — y). 0<x<22<y<al 
a. — $3 b. $3 ce # d. — 223 
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15-1 


15-2 


15-3 


15-4 


7. Which expression equals tan (x, + x,)? 


tan x, + tan x, tan x, — tan x, tan x, — tan x, 
a. a Ce 
1 — tan x, tan x, 1 + tan x, tan x, 1 — tan x, tan x, 
x Which expression equals cos = 15-5 


il 2 GOS 3 1 —cosx il = Sin z 
QL = /——— b = /———— —————————— 
2 2 2 


9. Which expression equals tan 2x? 


2tan x r 2tan x . 2 sin x 
1 + tan? x il = {iin 35 il = (em 


In Review Items 10 and 11, answer (a) true or (b) false according to 
whether the given identity is true or false. 


10. cos 2a = 1 — 2sin? a 11. 1 + cot? x = sec? x 15-6 

12. Which is the correct expression of the law of cosines for AABC? 15-7 
ae + c* — Jab cos C bio =a 6 200 eos oD 
Ce Ga Cos dl, (4 = @ se (ob? = Dae C68 JB 

13. In AABC, if sinA = 0.8, sin B = 0.2, and a = 4, find b. 15-8 
a. 0.8 b. 1.6 e il d. 16 


Chapter Test 


1. Express cot? a in terms of tana. 15-1 
2. Prove that (1 — sina)seca = aes 6 amees ate any necessary 15-2 
1+sina 
restrictions. 
3. Express cos 105° as a function of a first-quadrant angle. 15-3 
4. Use the formula for the sine of a sum to evaluate sin 75°. 15-4 
5. Use the formula for tan 2x to evaluate tan 2x, when tan x, = 0.6. 1555 


6. Given sin x = 0.6 and z >x > oe find sin, 


7. Prove that — =, = sec acsca and state any necessary restrictions. 15-6 
sin 2a 

8. In triangle ABC, if a = 15, b = 30, and m(C) = 60”, find c. 15-7 

9. In triangle ABC, if m(A) = 45°, m(B) = 60°, and a = 30, find b. 15-8 


. 
- 
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i) es ey) “ 8. ; 
This photomicrograph shows a cross section of ‘‘cilia,’’ which are small 


hair-like organelles found in both plants and animals. The black loops 
are small filaments which expand and contract to cause the cilia to 


move. 


Inverses; 
Polar Coordinates 


Inverse Functions 


OBJECTIVES for Sections 16-1 and 16-2: 
1. Find values of inverse trigonometric and circular functions. 
2. Solve simple trigonometric sentences. 


16-1 Inverse Functions; Principal Values 


You find the inverse of the function specified by 
ia): y = sin x} 


by interchanging the x and the v in the defining equation, thus obtaining 
the relation specified by 


iy): x = sin yy 


Both relations are graphed in Figure 1. The inverse relation is denoted 


Figure 1 Figure 2 
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- AST ET 


= 


ee 


either by {(x, y): y = sin’! x} (read “y = the inverse sine of x”) or by 
{(x, y): y =aresin x} (read “y =the arcsine of x’). Notice that the 


inverse relation {(x, y): y = sin”! x} is not a function. 


Inverses of the other circular functions that you have studied are 


defined similarly: 


(Gy vos 1a (Gon ae = ta 
(Gay = <a) {(x, y): y = sec7! x} 
(Gaye y= esc> os 


Figure3 Figure 4 


Figure 5 Figure 6 


You can see from the graphs in Figures 1 through 6 that none of these 


inverse relations is a function. 

By suitably restricting the ranges of the inverses of the 
circular and trigonometric functions, however, you can 
define for each such function any number of inverse 
functions. For example, as suggested by Figure 7, if the 
range is restricted to a suitable interval of length 7, the 
resulting relation will then be a function. 

According to custom, the principal-value inverse func- 
tion for sine is defined for real numbers to be 


(«.: x =siny and —2<y< 4] 


and is denoted by Arcsin or Sin~', with capital letters, and 
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Sin-1x 


Cos -!x 


Figure 7 


read “principal arcsine of x” and “principal inverse sine of x,” respec- 
tively. In terms of angles, you have: 


Arcsin = Sin’ = {(x, a): x =sina and —90° < m(a) < 90°}. 


Miesdomain of Sin~! is {x: |x| < 1}. 
On the other hand, it is customary to define the principal-value 
inverse function for cosine to be 


Arccos = Cos“! = {(x, y):x =cosy and 0 <y <7}. 
In terms of angles, you have 
mrceos = Cos | = {(x a): x = cosa and 0° < mia) < 180°}. 


The domain of Cos! is also {x: [x] < 1}. 
The graphs and definitions of the remaining principal-value inverses 
for the circular functions are shown in Figures 8 through 11. 


(O; Vex = fanny} 
Domain = & 


Figure 8 Range = ly: 25 Vira 3] 
{(x, y): x = cot y} 
Domain = R 
Figure 9 Range = {y:0<y< 7} 
{(x, y): x = sec y} 
Domain = {x: |x| > 1} 
Figure 10 Range = {yo<y<nye3| 
{(x, yi x = esc y) 
Domain = {x: |x| > 1} 
Figure 11 Range = [y: -3<y<S.y#0 


When 0, me nm, etc., are replaced with 0°, 90°, 180°, ctc., and y with 7(a), 


in the foregoing definitions, the results will define the principal-value 
inverse functions for the corresponding trigonometric functions. 
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EXAMPLE 1 a. Specify the members of {y: cosy = —7 = Gi). 
b. Find Cos~! (—4) for both the inverse circular and the inverse trigo- 
nometric function. 


SOLUTION a. First, find all values of y such that cos y = —4and0 < y < 27. These 


are the values = and = because 


cos = = | andicos = en 
5 2 3 2 
{yo cosm@m= —) ye 
(: y= 72 4 abel U x y= 2+ re}, 


where k € {the integers}. Answer. 


b. For Cos~! the range is 0 < y < =, or 0° < m(a) < 180°, and thus 


Cos7! (-4) = 2a oie (Cos! (-4) = 120°. Answer. 


Throughout the remainder of this chapter, the variable k will always 
have {the integers} as its replacement set. 

Sometimes you must use a table of function values to approximate 
elements in the range of an inverse relation. 


EXAMPLE 2. a. Specify the members of {y: siny = §,» © ®} to the nearest hun- 
dredth. 


b. Find Sin~'{ for both the inverse circular and inverse trigonometric 
function. 


SOLUTION a. Using § = 0.8750, you find from Table 7 that, for0 < y < oy, pipes UE 
Moreover, since in Quadrant II sin y is positive, you also have 
Yaa — eu? = 3.14 — 1.07 = 20% 


'. {yi siny = 2) eG 
{y: y x 1.07 + 2kz} U {y: y = 2.07 + 2kz}. Answer. 


b. For Sin7', the range is — 3 SS = or —90° < m(a) < 90°, and thus 
Sing! 4 = 107 or Sin"! 4 = 61°3. “Answer. 
Thinking of principal-value inverses in terms of angles instead of 


numbers gives the easiest way to obtain values for such compositions of 
functions as 


ein (Cos ="), and Tan“! (sin). 
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For example, Figure 12 pictures the angle function value 
a =Cos~'(). After using the Pythagorean theorem to 
compute the length of side AB of AAOB to be V/5, you can 
read from the diagram such values as 


: 2 5 
ia (cos 4 - 2. es (cos = a Y ee 
ee 3 
esc {C 12) = —. 
( - 3 V5 Figure 12 


EXAMPLE 3 _ Simplify sin (Cos~'a + Sin~! b). 
SOLUTION _ By the sum formula for sin (a, + a,), you have 


sim (Cos 'a + Sinn )) 
= [sin (Cos! a)}[cos (Sin~! b)] + [cos (Cos~! a)][sin (Sin~! b)]. 
Now Cos~! a represents an angle in either 
Quadrant I or II, so that sin (Cos! a) is 
positive. Thus, you need only depict V1 a? 
Cos~!a as an angle in a right triangle as 4 
shown. By inspection, 


sin (Cos-!a) = V1 — a?. 


Similarly, Sin~'b lies in Quadrant I or B 
Quadrant IV; in either case, cos (Sin"' b)is A 
positive, so that, from the sketch at the .1—-— 5? 
right, you see that 


cos (Sin7'! b) = V1 — b?. 


Then, because for every a in the domain of Sin™!, sin (Sin~! a) = a and 
for every b in the domain of Cos~!, cos (Cos! b) = b, you find 


sin (Cos"'a + Sin”! b) = (V1 — a2) V1 — b?) + ab 
= V(1 — a?)(1 — b?) + ab. Answer. 


Oral Exercises 

State the value of each of the following for both the inverse circular 

function and the inverse angle function. 

1. Sin“! 1 2. Cos"! 4 3Cosn. (—1) SaSiny '(— 1) 


l 
5. Cos! 6. Sin”! | 7. Cos '(-—) 8. Tan !] 
2 
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Written Exercises 


In each of the following, a denotes the degree measure of an angle. 
Specify the members of the given set using an expression in which k 
can have any integral value. 


1. {a: sina = 0} 2. {a: cosa = —1} 3. (a. sinae— 1) 
4 fa: lame — 1} 5. {a: csca = V2} Goa: SCC A= 2) 


In each of the following, x denotes areal number. Specify the members 
of the given set using an expression in which k can have any integral 
value. 


The (x: Sie | 8. (x: COS = -1| 9. {x Sia 1} 


V2 2 z 
1 1 
10. {x: cosx = -} 11. {x: tanks = —1} 12, {x: tan = | 
V2 V3 
State the value of each of the following for both the inverse angle and 
inverse circular functions. Use Tables 6 and 7 as needed. 
1 ; 
13. Cos"! 3 14> Sine (- —;) 15. Arcsin (—1) 
Z V2 
1 
16. Arccos —— 17. Tan7! (— V3) 18. Cot7! 1 
V2 
19. Sin~! 0.3584 20. Cos! 0.4384 21. Arcsin (—0.9397) 
22) Cos '(—0.777)) 23. Tan~! 0.2126 24. Arctan (—0.3640) 
Evaluate without using tables. 
25S. (cos =) 26. Cos! (sin 180°) 27. Sin’ ‘(sin 270%) 
28. Cos7! (cos i) 29. Sin7! (sin +) 30. Sin”! (sin ==) 
31. Cos! [cos (- =) 32. Tan~! (tan 45°) 33. Tan7! (tan 22) 


Use a diagram similar to Figure 12, page 587, to find each of the 
following values. 


34, sin (Cos! 3) 35. cos (Sin! +) 

36. tan (Sin! 44) 37. sin (Tan7! & 
fi 

38. cos (Tan aL 39. tan (sin +) 


40. sin [Cos~! (—4)] 41. cos [Sin-'!(—}] 
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Simplify. 


42. cos (Sin-' 4 + Cos7! 44) 43. sin (Sin-!2 + Cos! 4) 
44, sin (cos! <2 + Tan“! 3) 45. cos (sin = == (Coss! 3) 
geecos (2 Sin" ' 7, 47. sin (2 Cos~' 4) 


C 48. a. Is it true that if 0 < x < 1, Sin-!(—x) =—Sin=! x? 
b. Use part (a) above to show that if O<x <1, then 
cos (Sin! (—x)) = cos (Sin! x), 
49. a. Is it true for inverse circular functions that if 0<.x < 1, 
Cosme) Coss ee 
b. Use part (a) above to show that if O<x <1, then 
sin (Cos! (—x)) = sin (Cos~! x). 


Prove the following for inverse circular functions over the indicated 


domains. 
50. ping Cos x = + O< x <1 
aioe 4+ Cot ! x => x 


16-2 Equations Involving Circular and 
Trigonometric Functions 
The equation cos x = c, where c € @& is a constant, either has an empty 


solution set (if |c| > 1), or else has a solution set containing infinitely 
many members. For example, the solution set over ® of 


cosx = —} 


was found in part a of Example 1 in Section 16-1 to be 
{x: a =. + 2ka n|U [= £= ¥ + 2k, where k € {the integers}. 


Over the set of angles, the solution set of cosa = —4is 
fa: m(a) = 120° + k- 360°} U {a: m(a) = 240° + k + 360°}, 
where k € {the integers}. 


In either case, such a solution set is referred to as the general solution of 
the equation. The subset consisting of the solutions in a specified 
interval is called a particular solution. The particular solution of the 
equation cos x = —4 in the interval 0 < x < 27 is 


PF 
Clem 
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In the interval 0° < m(a) < 360°, the particular solution of cosa = — tis 
fa: ma) = 120°) U {array = 24078 


In the latter case, we shall use the abbreviated notation {120°, 240°}. 
(Compare this with the abbreviated notation introduced in Section 14-4.) 


EXAMPLE 1 a. Find the general solution over ® of 3sinx + cos x = 0. 


b. Find the particular solution in the interval 0 < x < 27. 


SOLUTION a. To obtain an equation involving a single function value, you can add 
—cos x to each member to obtain: 


3sin x = —cos Xx. 


Then, observing that cos x 4 0 (because if cos x = 0, sinx 4 0), you 
can divide each member by 3 cos x to obtain 


Sime 
cos x 3° 
Since en x, you have tan x = —4 = —0.3333. From Table 7 
cos 


you see that tan (0.322) 4. From Section 15-4 you know that 
tan (—x) = —tanx, so tan(—0.322) = —4+. Since —0.322 is in the 
range of Tan7!, 


Tan! (—4) = —0.322. 
Tangent has period 7, so you have, as a general solution, 
{x: x = —0.322 + kz}. Answer. 


b. Particular solutions in the interval 0 < x < 27 are obtained by letting 
k = 1and k =2. The particular solutions are {2.82, 5.96}. Answer. 


EXAMPLE 2 a. Find the general solution over the set of angles of 
cos 2x +sinx —1=0. 
b. Find the particular solution over the interval 
0° < m(a) < 360°. 


SOLUTION a. You can begin by replacing cos 2x with 1 — 2sin’x to obtain 
1 — 2sin?x + sinx =J7 = 0 irom which: 2sin- <—*sinee =) 
Factoring the left-hand member vields 


Sin 2 (Y Sin se = 1) = ©, 
which is equivalent to 
Sinpa—0 or 2sinx —1=0. 


Since'sin x = 0 for x =k- 180, andsinz =1for4 = 30 =2360, 
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and x = 150° + k - 360°, the general solution set is 


tee = ore UH = 30° isl”) 
U {x: x = 150° +k - 360°} for k & {the integers}. Answer. 


b. Over the interval 0° < m(a) < 360°, the set of particular solutions ts 
{0°, 30°, 150°, 180°}. Answer. 


Written Exercises 


Find (a) the general solution set of each equation for m(a) in degrees 
and (b) the particular solution set for 0° < m(a) < 360°. 


A 1. 2sina+1=0 Pe icosa-e /3 =0 
3. V2sina+1=0 4. V3seca —2=0 
emesca 2 = 0 6. 2cos?a —1=0 
7. 4sinr?a —3=0 S 3ianea— 1=0 
Find (a) the general solution set of each equation for x © ® and (b) the 
particular solution set for 0 < x < 27. Be sure to check the proposed Y 
solution set. 
9. sinx = —cos x 1@ssin? x = 3 cos’ x 11) cos.x = sim 2y 
12. sin x = —sin 2x igmcos 2x = —1 14. 2cos 2x = 1 — 2sin?x 
Find the particular solution set for O° < m(a) < 360° or for 
0 < x < 27. Use Tables 6 and 7 as needed. If necessary, give your 
answer to the nearest 10’ or hundredth. 
foe2sin- @ — | = sing 16. tana = 2sina 
17. 2 + cosa =2sin’2a [SscOS see = 2 
isin 2. — —sin 2x 20. cos 3a = sin 3a 
21. 3sin?x — 2sinx = 1 22. cos 2a + cosa = 0 
23. 3csce*>x —7cscx +4=0 Diesce = 5) tallow 
25. (1 + tan x)? = 2tanx + 2 2%. 2sin?a — cosa =1 

zk 2 

B27. (sin 3 — cos x| =5 28. tan’ x —secx = 1 
29. cos 4a = cos 2a 30. sec? 2a = 2 tan 2a 
Sileicinee -- Cos x)* = 2 sin 2x 32. cos 2v¥ + 3cosx +2=0 
338 ocos' a — 10cos?7a + 3 =0 34. 8sinta + 2sinZa = 3 


essen 2 cosa = 2.cos 5 36. cota — tana = 2 


: [ams cos 3x sin 3x , 
37. V3cos2a — 2sinacosa = \/3sin2a Se 
sin x cos .v 
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Self-Test 1 


VOCABULARY _principal-value inverse function for sine (p. 584) 
principal-value inverse function for cosine (p. 585) 
general solution of a trigonometric equation (p. 589) 
particular solution of a trigonometric equation (p. 589) 


. 

1. Specify the members of (x: sinx = — a a = ait Obj. 1, p. 583 
2. State the value for the inverse angle function of: 

1 

a. Tan! 3 b. Cos7! (- -1) 

V2 
3. Solve over ®: sec?x —2 = 0. Obj. 2, p. 583 
4. Solve for 0° < m(a) < 360°: cos 2a + 1 = cosa. 


Check your answers with those at the back of the book. 


ON THE CALCULATOR 


Use of the calculator can make it a relatively simple matter to find a 
solution to an equation involving trigonometric functions. Note that the 
complete solution set may not be generated. Enter the constant first, 
then the inverse of the operations indicated on the left side of the 
equation. Begin with the operation farthest from the variable. 

All of the examples on this page are to be done in the degree mode. 
Make sure your calculator is in the degree mode before you begin. 


EXAMPLE Find a value for a such that Jsin?a = 0.2. 


SOLUTION &2-x) 7 =) va) ac] mJ) STE AIA Answer. 

Exercises 

Find a solution to each equation. 

1. 4sina — 2.8 = 0.0284 2. 3cosa + 12 = 12.6 3. 4sina? = 3 

4. 4sin2a = 3 5a cos7a = 00 6. cos*(4a) = 0.01 
7. tanta = 12 8. sin(2a — 72) = 0.63 9. 3 tan? > = 15 
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relar Coordinates 


OBJECTIVES for Sections 16-3 through 16-5: 

1, Express the coordinates of a point in Cartesian or polar form when it is given 
in the other form. 

2. Use DeMoivre’s theorem to find powers and roots of complex numbers. 

3. Resolve a given vector into horizontal and vertical components, and find the 
sum of two given vectors. 


16-3 Polar Coordinates; Polar Graphs 


In Section 3-2 you learned that each point in a plane can be paired 
uniquely with an ordered pair of real numbers (1, y) in a given Cartesian 
coordinate system for the plane. Another coordinate system can be 
developed as follows. 

Each point in the plane lies on a ray with initial point at the origin. If 
r represents the distance from the origin to a point P, and if an angle 
having the nonnegative x-axis as its initial side and the ray OP as its 
terminal side is denoted by @, then the ordered pair 


(r, m(@)) 


clearly specifies the location of P in the plane (Figure 13). The compo- 
nents of the ordered pair (r, m(@)), usually written as simply (r, 8), are 
called a pair of polar coordinates of P. The nonnegative x-axis is then 
called the polar axis, and the origin is called the pole. 


4 
P(r. m(8)) 
Figure 13 Figure 14 


If ris negative, then we measure the distance |r| along the extension of 
the terminal side of @ through the origin (Figure 14). For example, 
(—3, 30°) is a pair of polar coordinates for the point P which also has 
coordinates (3, 210°). 

In this system, since @ is coterminal with infinitely many angles having 
the polar axis as initial side, the location of P can also be given, for 
example, by any of the ordered pairs 


(r,6 + 2k) or (r,0 + k + 360°). 


If r = 0, then any value might be assigned to »2(0). Thus the pole might, 
for example, be assigned polar coordinates (0, 0°), (0, 45°), or (0, $=). 
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>> 


In general: 


In a system of polar coordinates, each ordered pair (r, 6) can be 
associated with one and only one point of the plane, but each point 
of the plane may be associated with any number of ordered pairs 
(7, 4). 


EXAMPLE 1 List all other polar coordinates of P(2, 120°) for 
which —360° < m(@) < 360°. 


SOLUTION Sketch the graph of P(2, 120°). By inspection, P 
has the additional coordinates 


(—2, 300°), (—2, —60°), (2, —240°). Answer. 


When the polar axis of a polar coordinate system coincides with the 
nonnegative x-axis of a Cartesian coordinate system, the polar and 
Cartesian coordinates are related as shown in Figure 15. 


Pi(rcos @,rsin @) 


> i, 


i 


P(rcos 6, rsin @) 


Figure 15 


If r > 0 (Figure 15a), then @, }) = @ cos @) rain @). 
If r= 0, & y) = (rcos@,rsin @) = (0, 0). 
If r < 0 (Figure 15b), then 


(x, y) = (|r| cos (6 + 180°), |r| sin (@ + 180°)) 
= (—|r| cos 6, —|r| sin 6) 
= (r cos 0, r sin @). 


In general: 


The polar and Cartesian coordinates of any point P are related by: 


co 


e me A 
yY = simig 
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These equations can be used to find Cartesian coordinates for a 
point whose polar coordinates are given. 


EXAMPLE 2 


SOLUTION 


Find the Cartesian coordinates of the point P with polar coordinates 
(4, —120°). 


Using Equations (/), you have: 


x =rcos§ = 4cos (—120°) = 4(—}) = —2 


y=rsin@ = 4sin(—120°) =4(-8) = -2\3 


‘. the required Cartesian coordinates are (—2, —2\/3). Answer. 


Given the Cartesian coordinates (x, y) of a point other than the 
origin, a pair of polar coordinates of the point can be found from 
the equations: 


(ps ae ne he. os = (2) 
ad 


———__-—___ 


EXAMPLE 3 


SOLUTION 


Find a pair of polar coordinates of the point P whose Cartesian coordi- 


a3) ) 


nates are (- 


nts 
From Equations (2), using r = Vx? + v’, vou have 
( Ee [27 
_ =) ee V9 = =a 
33 
aes x | 
Since cos @ = ; = ey and siné = a =Sn sou see by in- 
spection that @ can be an angle measuring 150°. Thus, a pair of polar 
coordinates of Pis (3, 150°). [By usingr = — Vx? + y? = —3, vou would 
find cos 6 = XS and sin § = —4, and soa second pair of coordinates is 


(—3, 330°).] Answer. 


Polar equations such as 


r= 4cos6, r =2, jase and g@ = 30° 


have ordered pairs of the form (r, #) as solutions. The graph of the set of 
all solutions of such an equation is called the graph of the equation. 
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EXAMPLE 4_ Sketch the graph of r = 4cos@. 
SOLUTION _ The table below shows selected Solutions of the equation for 
0° < m(@) < 360°. 


ea [ane [ase [oe [sor [vane [same | 950° [100°] 
cra [ave [avel 2 | 0 | -2 | -av | -2ve] a 
ra asor_[ ease | aa [270° [200° | a152 [so | ane 
jr] =2vs | -ave} -2 | o | 2 | aveleval 4 | 
If you plot all these solutions in succession, you will twice plot the points 


in the figure at the left (below). That is, the points associated with 
0° < m(6) < 180° 


are the same as those associated with 


180° < m(6) < 360°. 


| 
| 
| 
| 
| 
| 
| 
| 


Connecting the points with a smooth curve yields the graph shown at the 
right (above). You can verify (Exercise 26, page 597) that the graph is a 
circle. 


Oral Exercises 
Give a set of polar coordinates with —7 < x < a for the given point. 


1, (2, = 30) 2. (—3, 210°) 3. (—1, —135°) 4. (4, 150°) 


Written Exercises 


Find a set of polar coordinates with —180° < m(a) < 180° for the 
point whose Cartesian coordinates are given. Graph the point in the 
plane. 


1. (4, 4) 2 (a /3, 1) a2, = 3.2) 4. (5, —5\/3) 
5. eae SE. SEG ad) Boies 
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Find the Cartesian coordinates of the given point. Graph the point in 
the plane. 


9. (3/2, 135°) 10. (5, 30°) i. (260) 11, SN 
ia) | —1, =) 14. (-3 22) 15. ( =) : (- = 2) 
( 2 - ye ; 16 V6, 3 
Use Equations (7) on page 594 to transform the given equation into an 
equation in polar coordinates. 
a= 2 18 y = —3 19 x+y—-2=0 
20. x7 ++ y2=4 21 x? — ye = 16 22, x2 + y?-— 9x =0 
In Exercises 23-37, (a) sketch the graph of the given polar equation, 
and (b) transform the equation into an equation in Cartesian coordi- 
nates. 
2, PS Ss 24. r= —4 25. @ = 45° 
26. r= 4cos 9 Bh Ff S BASS 28. r= —4csc@ 
29. r= 2 — 2cos8 30. r=1+4sin@ Si = 2 sin 28 
32.7 = cos 26 33. r = —2 cos 26 34. r= 1—2cos@ 
35. r = 6(@ in radians) 36. r*> = 2cos8 S77 — sin 20 
You may use your calculator to find a solution to an equation involving 
circular functions of real numbers, as well as to an equation involving 
trigonometric functions. (Recall that the entire solution set may not be 
generated.) The solution technique is the same in either case. Just check 
your calculator manual for instructions about how to change from one 
mode to the other. 
These exercises are all to be done in the radian mode. 
EXAMPLE Find a solution to 5cos x? = 1. 
SOLUTION # () 5 =) (ere) ms) Vx} 8 TieiAd ¢R. Answer. 
Exercises 
Find a solution to each equation. 
ile sin= =1 2. cos(3x + 1) = 0.754 3, tane +1=3.4 
4. 3cosx = 0.4 5, ors ee 4b Il = ILS 6. sint(x + 7) = 0.25 
pmcese — 1)’ = 0.8 8. tan(S +7)=4 9. 4sin(2v) = 3.1 
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16-4 Graphs of Complex Numbers; De Moivre’s Theorem 


Complex numbers may be graphed on a set of rectangular 
coordinates in the complex plane. (Such graphs are also 
called Argand diagrams.) Each complex number x + 1y, 
where x, vy © ®, is associated with the point (x, y). We 
represent the complex number by a point or by an arrow 
from the origin to the associated point. In Figure 16, 
—2 +/iis represented by a point and 2 + 3: by an arrow. 
All of the real numbers appear on the horizontal axis in the 
form x + Oi, and the pure imaginary numbers appear on 
the vertical axis in the form 0 + wv. 

Complex numbers are frequently represented using polar coordi- 
nates. If r > 0, then x + yi can be expressed as rcos @ + (rsin @)i, or 
r(cos @ + isin @), where 


x A , 
ra Vx ae, cos 6 = —————— and sin@ = z 


Vx? $y : VE + i 


Figure 16 


The expression 
r(cos @ + isin 0) 


is called the polar form or the trigonometric form for 
denoting the complex number x + yi. If y 


Z=(x+y/) 


Z=x+V, =r(cos 6 +/sIn 8) 


then r = |z| is the modulus or the absolute value of z. An 
angle 6 determined by the equations above is called an 
amplitude or an argument of z. Thus, x + yi may be 
graphed as the point with rectangular coordinates (x, ¥) or 


polar coordinates (r,@), r > 0, as shown in Figure 17. Figure 17 


EXAMPLE 1 Express —2\/3 — 2iin trigonometric form 
with 0° < m(@) < 360°. 
SOLUTION You have r = |z| = V(—2V3)? + (—2)? 
= V16=4: 
2V3 V3 


Then cos # = a = — and 

sing = —=2 6 = fone Ole 
4 z 

. —2V3 — 2i = 46s 21a? = sin 210°). 


Answer. 


By expressing complex numbers in polar form, you can compute their 
products and quotients very readily by means of the following: 


598 | Chapter 16 


Theorem. If 


Z, =7,(cos #, + isin @,) and z, = r,(cos 6, + isin §,), 


then: (/) z,z, =r,r,[cos (6, + @,) + isin (@, + 8@,)], 


an = Oo [cos 6, = 6.) + isin (9, = 0,)] (Z, es : 


r 


<2 2 


PROOF OF (1) 


Z,°2Z, =r,(cos@, + isin @,)+7r,(cos 6, + isin @,) 
= r,r,[cos 6, cos 8, + isin 8, cos 6, + icos 6, sin, + i*sin 6, sin 05] 
= r,r,[(cos 6, cos d, — sin §, sin 8,) + i(sin 6, cos 6, + cos @, sin 8,)] 


=r,r,[cos (6, + 8,) + isin (, + 4,)]. 


PROOF OF (2) 


r(cosé,+isin6,) — r,(cosé, + isind,(cos 6, — isin 4.) 


<1 

Zz, 4r,(cosé,+isin§,)  r,(cosd, + isin 9,\(cos 6, — isin #@,) 
__ r,[cos , cos 6, + isin 6, cos 6, — icos #, sin 8, — i’ sin 6, sin 05] . 
- r,[cos? 6 — i? sin? 4,] 7 
_ 7 [(cos 6, cos #, + sin 6, sin 6,) + i(sin 6, cos 4, — cos 6, sin 6,)] ; 
7 Pilecs 60 sino] 
= [cos (@, — 0,) + isin@, — 9,)] 

i) 
EXAMPLE 2 If z, = 10(cos 45° + isin 45°) and z, = 2(cos 15° + isin 15°), express in 


the form a + bi, (a) z,z, and (b) — 


<| 
= 
£2 


SOLUTION a. By Part (/) of the theorem, 
Z1°22 = 10- 2[cos (45° 4+ 15°) 4+ isin (45° + 15°)] 
sak eee oe 
= 20(cos 60° + 7sin 60°) = 20 (5 die <=) 
= 10 + 10i\/3. Answer. 
b. By Part (2) of the theorem, 
Ot [eos 45 5 er i>” — 15") 


= 5(cos 30° + 7 sin 30°) 
a 
=5 ee 5‘) = — du a Answer. 


2 Z 
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If z =r(cos@ + isin@), you can see that successive applications of 
Part (1) of the theorem on page 599 yield 


z2=2z:':z=r(cos@ +isin@):r(cosé + ising) 
= r*(cos 20 + 1 sine) 


2=22+z = rrcos 26 + isin 26)+r(cos@ + isin @) 
= r(cos 36 + isin 36), 
and 
z4+=z3+z =r3(cos 36 + isin 30)-r(cos@ + isin @) 


= ri(cos 46 + isin 46). 
Continuing this process suggests the general statement 
2=z™'z2=Pr'[cos(n — 1)0 + isin(n — 1)@]r(cos @ + isin @) 
= r™(cos né + isin né). 


This result was first published by the French mathematician De Moivre. 


De Moivre’s Theorem 


If z = r(cos@ + isin @) and n € {the natural numbers}, then 


z” = r™(cos n@ + isin né). 


A formal proof of this theorem requires mathematical induction, which 
is discussed in more advanced courses. 


EXAMPLE 3 Express (—1 + /)* in the form a + bi. 


SOLUTION Expressing —1 + in polar form, you have 


1 : 1 
r= V(-1) + 0) = v2, cos @ = ——=, and sin@ = ——, 
V2 Ve) 


so that —1+i= V2(cos 135° + isin 135°). 
Then, applying De Moivre’s theorem, you see that 


(—1 + 1)* = [ Vices 1357 ae ci ss")? 
= (/2)4[cos (4+ 135°) + isin (4+ 135°)] 
= 4A(cos 540° + isin 540°) 
= 4(cos 180° + isin 180°) = 4(—1 + 07) = —4. Answer. 


By defining <° ="! and 7" = £5 it is possible to extend De Moivre’s 
& 


theorem to include all integral powers of nonzero complex numbers. 
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Theorem. If z =r(cos@ + isin@) 40+ 0i and n € {the inte- 
gers}, then 


Zz” = r%(cos n@ + isin n@). 


The proof, which depends on the fact that 


4+ = 1 [cos (6) + isin (—6)] 
Zz ie 


(Exercise 38, page 604), is left for you (Exercise 43, page 604). 


EXAMPLE 4 Express ee 5 


3 \-4 
at =i) in the form a + bi. 


3 3 
SOLUTION First, you express + =f in polar form: 


2 
3V3\V  /3\? Oe 
pets (DY - [Fahne | 
; 
= ie 3 
i) es and Pee 
3 2 3 2 


3V3 3 
o ae + oe = 3(cos 30° + isin 30°). 


Then by the extended form of De Moivre’s theorem, 
[3(cos 30° + isin 30°)]-* = 3-4[cos (—4- 30°) + isin (—4 - 30°)] 
= Alcos (—120°) + fsin (—120°)] 
lle oe ie yee | 
=<(-5-7>) = -75- i 
Answer. 


To find roots of complex numbers using De Moivre’s Spee you can 
reason as in the following example. 
EXAMPLE 5 Find all cube roots of 1 and express them in the form a + bi. 


SOLUTION Expressing 1 = 1 + 0Ozin polar form, vou have r = 1,cos@ = 4 = 1, and 
sind =2=0... 1 = l(cos 0” + 7 simi0°). 
Now let w = r(cos @ + ¢sin@) represent a cube root of 1. Then 


w> = r3(cos 38 + isin 39) = 1(cos 0° 4+ isin 0°). 


(Solution continued on page 602.) 
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Since two complex numbers are equal if and only if their moduli are 
equal and their arguments differ in degree measure by a multiple of 
360°, you have 


el and 36 =0+k- 360°. 


0 + k + 360° 
3 


7 — 1 = land =0+k-120°, and 


w = If[cos (0° + k- 120°) + isin 0° + k- 120°)). 
Replacing &k in turn with 0, 1, 2, 3, and so on, you find that: 
If k = 0, then w = l(cos 0° + 7sin 0°) = 1(1 + 07) = 1. 


If k = 1, then w= Meas @” + 120°) 4 7sintO? 120] 
l(cos 120° + isin 120°) 
1 
2 2 
If k = 2, then w = If[cos (0° 4+ 240°) 4 isin (0° + 240°)] 
= l(cos 240° + isin 240°) 


If k = 3, then w = alees(O0* + 360°) -7simOs 607) 
= 1(cos 360° + isin 360°) 
= Klee 6;) = 1, 


which is the same as the value when k = 0. 


Additional replacements for k will simply duplicate the three values of w 
already obtained. Therefore, the three cube roots of 1 are 
lL v3 | ays 


il. = > - a ands 2 = a Answer. 


1 be 
(You can show that 1? = (-5 ak 2) = ( 


———" 


M2. 2 


1 v3 i =1.) 


The three cube roots of 1 obtained in Example 5 above 
can be graphed as shown in Figure 18. The points are 
equally spaced around a circle with center at the origin 
and with radius 1. 

The process used in Example 5 can be generalized as 
shown in the theorem at the top of page 603. 


Figure 18 
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a at 


<n ne 


Theorem. The equation z" = r(cos @ + isin @), wheren € {the | 
natural numbers}, r € &, r > 0, has n roots: 


n @ + k(360° 6 + k(360° 
22 Vr (cos === at isin") 
" n 


tor k =O, i, 2 scant = Ik 


Oral Exercises 
State the complex number represented by the given point. 


1.A te Ie, 3. C 4. D 
a /8 6. F 7.G 8. H 


Written Exercises 


In Exercises 1-8, express the given complex number in polar form with 
O- = m@) < 360°. 


Ieee? 2" Dy 2.3) 3. .=5 43 
bey 2 1/2 6m = 124/53 Fe eed Sve 12 
Express the given complex number in the form a + bi. 

9, \/2(cos 45° + isin 45°) 10. 4(cos 60° + isin 60°) 

11. \/3(cos 150° + isin 150°) 12. 10(cos 300° + isin 300°) 
13. 8 (cos = +7sin i) 14. +(cos =. Jt 7 Sin 2) 
15. (cos ths + isin 7) 16. 6 (cos eis + isin =) 

vo 4 4 6 6 


: Zz 
For the given values z, and Z,, (a) find z,z, and (b) = Express each 
2 
answer in the form a + Di. 


17. z, = 6(cos 30° + isin 30°), z, = 2(cos 330° + isin 330°) 
18. z, = 4(cos 225° + isin 225°), z, = cos Ay? 4b i Sia) aS 
Pec — ocos 135° + 1sin 135°), c, = “cos 105° + isin 105°) 
20. z, = 3(cos 285° + isin 285°), 2, = H(cos 75° + isin 75°) 
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Use De Moivre’s theorem or its extension to express each of the 
following in the form a + bi. 


21. (1 + iV/3)3 22 (1 eye 23, (1 oe 24. (= V2 =a 
ee Dae fra a ee 

25. = +5) 26. (2 = 23) 27. (1 —1) 28. (— V3 + 3) 

29. (0.2588 + 0.96591) 30. [2(—0.2588 + 0.96597) ]? 


(Hint: 15° = Sin=! 0.2588 = Cos= 2 0.9652) 


Find the required roots in polar form and graph the roots on a circle in 

the plane. 

31. the three cube roots of —1 

32. the four fourth roots of 1 

33. the four fourth roots of —16 

34. the three cube roots of —32 + 32i\/3 

35. the three cube roots of —4\/2 — 4iV/2 

36. the five fifth roots of —32i 

37. Let z=a+bi=r(cos@é@+isin@) and let Z=a— bi denote the 
complex conjugate of z. Show that Z = r{cos (—@) + isin (—@)]. 

38. Show that if z = r(cos @ + isin @), then i= + [cos (—@) + isin (—@)]. 


39. Show that the product of the three cube roots of 1 + f equals 1 + i. 

40. Show that the product of the four fourth roots of —1 equals 1. 

41. Show that if.z = r(cos@ + isin @), then the product of the two 
square roots of z equals —z. 


42. Show that if z = r(cos@ + isin@), then the product of the three 
cube roots of z equals z. 


43. Prove that if z° is defined to be 1 and z~” is defined to be = for 


z #0, then De Moivre’s theorem is valid for all integral exponents. 


(Hine: au = (4)’ use this fact and the result of Exercise 38 above.) 
& % 


16-5 Vectors 


In order to describe a physical quantity such as velocity or force, you 
must give both its direction and its magnitude. In Figure 19 the arrow 
from O to P is a directed line segment which might represent, say, a 
velocity of r meters per second in a direction of # with the x-axis. Any 
directed line segment in the plane (or space) is called a vector and is 
considered to point from one endpoint, called the initial point, to the 
other endpoint, called the terminal point. 
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A vector may be identified by means of a notation naming its end- 


points, initial point first, such as AB (read “the vector AB”), or else by 
means of a lower-case letter in boldface type, such as 


v (read “the vector v’) 


(see Figure 20). The length of a vector is called its norm and is denoted 


Figure 19 Figure 20 


by \|AB || or ||v||. In the plane, you ordinarily specify the direction of the 
vector by identifying the angle @, where 


—180° < m(@) < 180°, 
that it determines with a ray directed parallel to, and in the direction of, 


the positive x-axis, as suggested by Figure 20. In particular, in Figure 20, 
v and AB have the same norm and the same direction. Such vectors are 
called equivalent. 

For every vector v in the plane, each point in the plane is the initial 
point of a vector equivalent to v. In particular, every vector v in the 
plane is equivalent to a vector in standard position, that is, a vector with 
initial point at the origin. 

The sum, or resultant, AB at CD of two vectors is defined as pictured 
in Figure 21. That is, if AB and (iD are vectors, and BE is the vector 


equivalent to CD that has initial endpoint B, then 
DB 2D =e, 
The vectors AB and CD are called components of AE. Notice that the 


sum AE of vectors AB and CD can be pictured as the diagonal of a 


parallelogram with adjacent sides having the same lengths as ABand CD 
and parallel to them, as illustrated in Figure 22. You can use this fact to 
help you find the norm and direction of a vector sum. 


D F D 
Ee a [Eee 
r Pe 
A es C A ‘ae C 
B B 


Figure 21 Figure 22 
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EXAMPLE 1 


SOLUTION 


Given that |lu|| = 5 and the direction angle of u measures 70°, ||v|| = 8 
and the direction angle of v measures — 10°, find an approximation to 
the nearest tenth of a unit for |]Ju + vj], and to the nearest degree for the 
measure of the direction angle of u + v. 


Make a sketch of the given vectors. By 
inspection, 7 Z DOB = 80° so that in the 
parallelogram OBCD, 


mZODC = 180° — 80° = 100°. 


Then, to find |/u + v]], you use the law of 
cosines: 


ju + vi? = lull? + Ilvil? — 2 [lull : [lvl] cos 100° 
= 5? + 8? — 2(5)(8)(—0.1736) 
= 25 + 64 + 13.888 = 102.89 
+ [lw +2 vj eee 102. 89 = 10:1 
To find the measure of the direction angle # of u + v, use the law of sines 
first to find m1 ZCOD: 


in ZCOD in 100° 5sin 100° = 5(0.984 
sin es sin COD = sin a (0.9848) 
5 10.1 10.1 10.1 


= 0.4875 


Then 77 2C@D = 202 
..m(O) = 29° — 10° = 19°, and |ju + v|]| = 10.1. Answer. 


An alternative means of determining the norm and direction angle for 


the sum u + v of two vectors is first to resolve u and v into sums of 
horizontal (parallel to x-axis) and vertical (parallel to y-axis) compo- 
nents. Figure 23 pictures a vector u together with its horizontal and 


u, Vy 


Figure 23 Figure 24 


vertical components u, and u,. Do you see that 
lm, || = [ai [cos A], |fuyy|| = [uf [sin 9]? 


Now, examining Figure 24, you can see that the horizontal and vertical 
components of the sum u + v of two vectors are the sums of the 
corresponding components of u and v: 


(u+v),=u,+V, and (u + V)y =u, +V, 
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so that 


lu + vil = Viju, + v,(/? + lu, + v,|/? 


Notice also that, for the direction angle @ of u + v, you have 


u Vv u Vv 
|cos 6| = likes Sal and jsin | = tu, + voll 
lu + vl lu + vl 
or 
|tan 6| =_ [My + Yyll 
lu, + VII 


EXAMPLE 2. Given that |\v|| = 10 and the direction angle of v measures 10°, ||w|| = 8, 
and the direction angle of w measures 55°, find an approximation to the 
nearest tenth for ||v + w||, and to the nearest degree for the measure of 
the direction angle of v + w. 


SOLUTION Make a sketch showing the given vectors. Find the norms of the hori- 
zontal and vertical components of v and w. 


Ilv,|| = 10 cos 10° [Ww || = 8 -€0s 33~ 
= 10(0.9848) = 8(0.5736) 
a 8 AG 

|v, || = 10 sin 10° [Mall = 29 os 
= 10(0.1736) = 8(0.8192) 
es ky 0.0 


Then for the norm and direction of horizontal and vertical components 
of v + w, you find: 

lv, + w,|| = 9.8 + 4.6 = 14.4; direction 0° 

llv, + w,ll = 1.7 + 6.6 = 8.3; direction 90° 


For @, the direction angle of v + w, you find that 


tan 0| ~ 2 ~ 0.5764 
14.4 
from which you obtain m(@) = 30°. 
Knowing m(@), you can find the norm of v + w by using 


so that 


144 _ 14.4 S66. 


cos 30° ~ 0.866 


lv + wll = 


Alternatively, you can compute |v + w| as follows: 


liv + wi] = V4.4)? + (8.3)? = V276 = 16.6 


a lv -Pawi|= 16:6, n(@) == 30". Answer. 
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Written Exercises 


In Exercises 1-8, for vectors u and v with the given norms and direc- 
tions, make a diagram similar to that of Example 1, page 606, and use 
the method of this example to find ||u + v|| in simplest radical form. 


1, u: 5, 130°; v: 8 10° 2. Us ORE 0 vie 30 

3. u: 21, 120°" ve5n0: 4. ur 16n60 3, vi 5) 20 

5. u: 6, 45°; v: V2, 0° 6. Ui 2) 75: 34545) 
Tous 12, 120°) v.06 2 ioe 8. u: 59/3, 140°; vi 2 = 08 


In Exercises 9-16, for vectors u and v with the given norms and 
directions, find |Ju,||, ||Uyll, ||Vell, lI¥yll, [(@ + ¥),l], and ||(u + v),|| to the 
nearest tenth. 


Ome 2 ales we ld), oF 10. u: 8, 120°; v: 6, 30° 

11. u: 20, 135°; v: 10, 60° 12. u: 10, 45°; v: 20, 120° 
ig, te We, S02 we 8 dls" 14. u: 16, —60°; v: 20, 60° 
15. u: 10, 70°; v: 24, 40° 16. u: 8, 50°; v: 10, —30° 


17-24. Find m(@) .o the nearest degree, where @ is the angle of u + v, and 
find ||u + v|| to the nearest unit for the vectors u and v in Exer- 
cises 9-16 above. 


Prove the following for vectors u, v, and w. 


25.u+v=vc+u 2. ut(v+t+w)=(utdv)t+w 


programming in BASIC 


Exercises 


1. Complete the program that will find, to the nearest tenth, the norms and 
direction angles of the horizontal and vertical components of a vector 
when its norm and direction angle are given. Refer to the discussion of 
Figure 23. (Recall that in using COS(A) and SIN(A) in BASIC, A is in 
radians.) 


30 LET X = U*COS(A) 
40 LET Y = U*SIN(A) 


2. Complete the program that will find, to the nearest tenth, the norm of the 
sum of two vectors whose norms and direction angles are given. Refer 
to Example 1, page 606. 


60 LET S = SQR(UT2 + Vt2 — 2*U*V*+COS(B)) 
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Self-Test 2 


VOCABULARY polar coordinates (p. 593) vector (p. 604) 
polar axis (p. 593) equivalent vectors (p. 605) 
the pole (p. 593) norm (p. 605) 
modulus, or absolute value resultant (p. 605) 
(p. 598) components of a vector 
argument, or amplitude (p. 605) 
(p. 598) 
1. Find two sets of polar coordinates for P(—2\/3, 2) with Obj. 1, p. 593 


—180° < m(6) < 180°. 


2. Find the Cartesian coordinates of the point with polar coordi- 
nates (10, —60°). 


3. Letz, = 8{cos 195° + isin 195°) and z, = 2(cos 75° + isin 75°). Obj. 2, p. 593 
Find each of the following in the form a + bi. 


cal 


a. 212 by ea(@,)* 
£2 
4. Find the three cube roots of —32\/2 — i322 in polar form. 
5. For the vectors u and v such that ||u|| = 8, direction of uis 120°, Obj. 3, p. 593 
||v|| = 10, direction of vis 45°, find ||u,|], |[u,|[, llv, |], and ||v, ||, all 


correct to the nearest tenth; ||u + v|| to the nearest unit; and 
m(@) for u + v to the nearest degree. 


Check your answers with those at the back of the book. 


Chapter Summary 


1. The inverse of each of the circular or trigonometric functions dis- 
cussed in this chapter is a relation that is not a function unless the 
range is restricted. For the principal-value inverse functions the 
ranges are: 


Cosa 0s ae Cot Oy = 


o Py 
see! ee” Sec O<y<myAt Danie. a es 


OES] 


2. Using trigonometric identities and the usual algebraic transforma- 
tions, you can solve equations involving the circular or trigonometric 
functions. 
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3. Coordinates of points may be given in the Cartesian system as (x, y) or 
in the polar system as (r, 6), related as follows: 


x =rcos@ y =rsin@ 


“ 


a ; y 
earn cee eC cos 9 = ———___ sing = 


ee Bey 


4. If z, =r,(cos @, + isin @,) and z, =r,(cos@, + isin @,), then: 
212) =r, lcos ©, +05) Fisim@, + 2,)] 
% r Je 
=! = Icos (@, —@,) + isin (@, — @,)] 
<2 ry 
5. De Moivre’s theorem states that if z = r(cos @ + isin#)andn € {the 
natural numbers}, then z" = r"(cos n@ + isin n@). 


6. The equation z” = r(cos @ + isin @), where n € {the natural num- 
bers}, r € G, r > 0, has n solutions: 


9 + k(360° f + k(360° 
2 = Vr(cos == emp OOO ; ) 
i 


for k= 0, 1, 2. ane 

7. A vector may be written in the form AB or u; its norm, or length, is 
denoted by ||AB]|| or by |ull. 

8. If AB and CD are any two vectors in the plane, and if BE is equivalent 
to CD, then AB + CD = AE. Vectors AB and CD are called compo- 


nents of AE. 


Chapter Review 


2 ; 

1. Find sin! (22) for the inverse angle function. 

ae 30” b. 90° c. 60° ad. 45" 
2. Solve 2cosx —1=0 for 0 <x < 2z. 

20n 4c 7 =| (Z 2] (= 22 

_ (eon ye HEE ee op eee dy | 2U em 

- | 3 (3 6 > igus 5S 
3. Find the Cartesian coordinates of the point (3, 150°). 


a (2x8 ae 5 ex >) 3. (-5 8) a (2x3 amas 


= 2 2 ae 2 2 2 
4. Find a pair of polar coordinates of the point (—2 V2, 2/2). 
a. (—2, 45°) b. (2, 225°) @, (4, as") d. (—4, 45°) 
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16-1 


16-2 


16-3 


5. Express 1 + \/3/ in polar form. 


a. V/3(cos 30° + isin 30°) 
ce. 4(cos 150° + isin 150°) 


b. 2(cos 60° + isin 60°) 
d. 2(cos 150° + isin 150°) 


6. Find [$(cos 15° + isin 15°)]2. 
1 De, SMa 
, eS Me pe = ee at M3; 
8 8 8 8 4 + 4 4 
Review Items 7 and 8 refer to the vector u with initial point (0, 0) and 
terminal point (3, 4). 


7. Find |lull. 

a. 3 b. 4 SS) d. 25 
8. Find |lu,||. 

a. 3 b. 4 & & a & 


Chapter Test 


. State the value of Sin~! (cos 120°). 

. Solve 4sin?x — 3 = 0 over &. 

. Transform r = —2 sin @ into an equation with Cartesian coordinates. 
. Express 2.\/3 — 2i in polar form. 

. Find all the cube roots of 1 + /\/3 in polar form. 


wn & Ww NHN = 


In Test Items 6 and 7 let z, = 2(cos 30° +/j/sin 30°) and 2 = 
3(cos 60° + / sin 60°). 


: Jae 
6. Compute z,z, in polar form. 7. Compute — in polar form. 
& 


2 


Test Items 8-10 refer to u such that llull = 3 and direction of u is 60°: v 
such that ||v|| = 5 and direction of vis 105°. Answer to the nearest 0.1 
unit. 

8. Compute |[v,|| and |ju,|). 

9. Compute |lu + v]. 

10. Compute m(@) for u + v. 


16-4 


16-9 


16-17 
16-2 
16-3 
16-4 


16-5 
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Cumulative Review (Chapters 13-16) 


1. Simplify: ie 2 at- [5 - ‘| 


Zi 2 & 
a. E 2 | b. |=: 8 Al c [; 2 | 
5 te 0 56 0 9 =256 
2. Solve for X: 3x |! _ 


1 OJL- 
a. | 0 | b. | 6 | 3 or, d. & | 
—3 2 —2 0 0 2 —2 1 
4. Find the multiplicative inverse of the matrix B -3| 


2 Qt Ale a3, —il 
a. ae a b. | 11 ‘| Se E ra d. 7 
ae oe eae E35 a2. 2 
7 7 m WW TI TI 7 


a. {(8, 2)} b. {(26, 8)} c. {(32, 10)} d. (24 


6. Find the coordinates of the image P’ of the point P(—1, 3) under the 
translation of the plane given by 


Pl=Gl+Ls} 
a (—48) baie) é. (ame) (=) 


7. Find the coordinates of the image Q’ of the point Q(8, 3) under the 


y 0 — l y f 


a. (3, —2) b. (2, —3) c. (—2, —3) d. (3, 3) 


8. Convert 75° to radian measure. 


25a" ak Sie 37R 
_ 25m m sf dees 
eaaG ee "ae 7 
9. Find cos a if sin a = 3 and the terminal side of angle a is in quad- 
rant II. 
1 
ie ee » 20 oe a 
5 2 3 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Use the table on page 516 to find cos 495°. 


1 1 1 F V3 
— ._-— Cc — —— 
V2 v2 2 2 

Find cot a if the terminal side of Za isin quadrant IV and cosa = ¥. 
a —> b —F c d. — 
In AABC, m(C) = 90°, m(A) = 30°, and a =4. Find c. 
a. 8 b. 2 aye d. ne 
Simplify; S14 = os* , j 

cos x 
a. sin x b. tan x wre COs x d. i + sin x 
icosz = — 2 where sae 7 and sin y = 2. where Olay = a 


find cos (x + y). 


a. —19 b. — 38 c. 22 d. $ 
Simplify ae Zi 

2sin? a 
a. l b. 4 c. cota d. tana 
In AABC, m(B) = 42°30’, m(C) = 76°20’, and b = 5.2. Find a. 
a. 6.7 b. 4.7 c. 4.0 d. 5.8 


Which is the correct expression of the Law of Cosines for AABC? 
ape — 2 >? — Jaccos C b. c? = a? + b? — 2abcos B 


cme — a + b- — JaccosA d. e* =@- +b" — Zahicos © 
Sin! (cos 2) = 2. 
3 

Ta res Sai i 
els ape ie i 
2 ee may 6 
Solve 2sin?x — 3sinx +1=0for0<x< 2z. 

a 7 Om t,t 32 {0.2.4} 
_ aes i a a Ogee 
a. {2,5,22| (e.4 2 So wie 


Express —1 — iV3 in polar form. 


a. 2(cos 60° + isin 60°) b. 2(cos 240° + isin 240°) 

ce. 2(cos 120° + isin 120°) d. 2(cos 300° + isin 300°) 

Find livll, if v is the vector with initial point (0, 0) and terminal point 
(6, 8). 

A, 6) b. 8 c. 10 d. 12 
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. 
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Comprehensive Test (Chapters 1-16) 


1, Solve over R: 4(—x) = 8 


ae 4 = 32) b. {—2} cman d. {12} 
2. Simplify —4[4 — (3 + 5)]. 

a. —1 b. 1 c. —3 d.ea 
3. Simplify —2(a + 2b — 3) + (a — 3b + 1) 

a.a+7b—2 b. -—a + 7b +47 c. —a—7b+47 
4. Solve over @: 6a — (2a +7) =9 

a. {4} b: {2} c. {4} d. {4} 
5. Solve over R: |x + 6 <4. 

a. {xi x < —10} b. {x: —10< x < —2} 


e. (x: x4 << SON 
6. If f: x — 3x and g: x > 2x? — 1, then g(f(—1)) =. 
a5 baal c. —19 d. —9 


7. Find the slope of the line through the points (—1, 2) and (5, 4). 
a. 3 b. 1 c. d. 3 


8. If p varies directly as g and p = 8 when gq = 3, what does p equal 
when q = 6? 


a: 2 b. 48 ca d. 16 

9. Solve the system 2x — 5y = 6 
x= 32 
ante, 2). b. {(26, 8)} e. {(3210)) d. {(—4, —2)} 
3k 6 

0 | ha 12, then k 

a, a ba = 4 c. 4 d. —} 
11. Which point lies in the xz-plane? 

a. (1, 2, 3) b. (Oe) 3) en ii 0)3) d. (15330) 


Review Items 12 and 13 refer to the following system of equations. 


e2x+ y- z=3 
Ao y+4z=0 


= 3y 7 
12, Which determinant is D,? 
a. Zoo al b. [2 ees c. [3 1 -1] 
40 4 4. Sano Oo -1 4 
0 oo 0 -—3 6 6 -3 2 
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13. Evaluate D e 


a. 24 b. —96 c. 48 d. —3 
14. Factor 2x? — 4x — 30 completely. 

a. (Bee ok OGe = 5) [, (Ze = ONGe se 2) @ Ace = SNe se 3B) 
15. Solve 2x? — 72x = 0 by factoring. 

a. {2, 36) b. {2, —6, 6} c. {—6, 6} d. {0, 36} 


oo ee ee 


16. Express Go) Se in lowest terms. 
3x + 6 x*(x + 1)? o 3t+6 
Alo i ee yi tease 
ee Be =e 2 = 2)? ee 


6 
17. Find the sum of the arithmetic series SS 2(n — 3). 


n=0 


a. 6 b. 0 @, 2 al =© 


4 
18. Find the sum of the geometric series > gi“! 
al 


Bs b. 9 c —1 d. 80 


> 
w& 


19. Find the sum of the infinite geometric series 5° 72(4)""! 


ei 

a. 108 b. 48 @, YL d. 216 

20. Simplify Eo 
was! 

a. 3(/3 + 1) b. 31/3 + 3 € 26/3) das, 3-3 
21. Solve x? — 6x + 3 = 0 over &. 

a {3+ V6, —3 — 6) be (34 2v63 2/6) 

ewe 6,3 — V6} 
22. Simplify 10.\/ —2 


a. —2V/10 b. 2710 c. —2i d. —5iV/10 
23. Find the vertex of the graph of y = x? — 4x 4 5. 
ay (2,5) b. (—2, 4) c. (—2,5) d. (2, 1) 


24. Solve x3 — 3x? + 3x + 7 = 0 over @ given that 2 — i\/3 is a root. 
2 = 13,2 + iV3, 1} be (S23 2st 
ce. {2 — ix/3, 2 iV3, —1} 

25. Find the distance between P(—3, 6) and Q(2, —4). 
a. V101 b. 55 c 29 (ens 
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26. Which point is the center of the circle with equation x? + 2x + 
y? — 6y = 15? 
a. (—1, 3) b. (1, —3) c. (—1, —3) d. (13) 
27. Write an equation of an ellipse with foci at (0, 3) and (0, —3) whose 
x-intercepts are (4, 0) and (—4, 0). 


x2 y2 x2 v2 x2 y2 
= be —_ 4 ae 
er ee i ile Be i 
x2 y? 
28. Give the equations of the asymptotes to the hyperbola ae os le 
a y= Bx, y = —Bx b. y = Say = — ox 
CVS 2ey = — ex 
ee aN ss 
29. Simplify (<) 
a? ge 4 
a. 4 b. aor (Go ae d. -@ 
30. Solve log,)x = 2. 
a. {20} b. {100} c. {5} df y10}} 
31. For what value of x does 3(57) = 27? 
log 15 * log 9 log 5 log 27 
is log 27 * log 5 : log 9 esis 


32. How many different permutations exist of the letters in COFFEE? 
a. 720 b. 45 c. 180 d. 90 


33. In how many ways can a committee of 3 be chosen from a group of 
8 people? 
a. 56 b. 336 c. 120 d. 60 


34. Find the second term in the binomial expansion of (2k — 3)°. 
a. —48k3 b. —240k+ ce. —56k3 d. —240k3 


25 A = & °] and B = ae sl then simplify 2A — B. 


3 -1 
a ies 4 
> 3 


[3 Sr ae, 


36. Find the coordinates of the image Q’ of the point Q(3, 4) under the 


transformation 
y 0 1 y j 


a. (—3, 12) b. (5, —4) ce. (5, 4) d: Gii2) 
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S71, 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


3a 
Convert <a to degree measure. 


io a b, 216" c. 108° dase 
Find sine if cosa = —3 and the terminal side of angle a is in 
quadrant IT. 
ae b. 3 ce. —? d. —2 
: 5 37 ff: 
hiesin x = Te andr <= Ie find tan x. 
a. — 7 b. —¥2 c 2 d. 3 


Simplify cos a cota + sina. 

a. seca b. csc a el d. 2sina 
Find sin 2a if cos a = Zand the terminal side of a is in quadrant IV. 
a. — 42 b. #8 c —* d. % 

Use the Law of Cosines to find b, if a = 6.1, c = 3.8 and m(B) = 52°. 
a. 4.8 b. 4.7 c. 4.9 d. 4.6 


Find tan (Cos~! — 4). 
a 4/3 b. V3 c: 


Solve: 4sin?x —1=0,0< x < 2z. 


V3 
cox 


P [2,2 Ue) b (2.22, =, = x (24, 2,% 
"l6' 6' 6" 6 UG Be) mo 376° 3 
Find polar coordinates for the point (— V3, 1). 

a. (—4, 210°) b. (—2, 210°) 6. (29507) d. (4, 150°) 
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Extra Practice 
For use after Chapter 1 


Specify the solution set of the given equation over &. If the solution set 
is @, so state. 


1. 3t —2 = 16 2, 2s te SAH 3) 35) 2a 3 5 
& §& = 52 = 2) 5. 5k —k = 4k 6 b+2=6b4+2 


Graph the given set. Select a suitable unit of measure. 
ey 2), 0), =a & (=), Sage) 9. (5, 15 =20, 25°30me=or 


Simplify each expression. 


10. —28 + 39 — 12 11. 3.2 — (5 + 7.8) 12, —15 + 36 — (—29 — 54) 
13, —=(7- 16) = 3(8 — 12), ae ee 15. 36(4)(—4)(—}) 

16. 29( — 4)(0)(8) 17. 3(6 + 5) — 3(—8 + 5) 18. (2.6)(5)[4 + (—4)] 

Is) =3(72 — 5) 2 6) 24 20. —3(72 — 5 6) 4] 

21. —3[7-2 —(5 + 6) + 4] 22.6+4+8+ 3% 

23. (6 + 8) +2 24. 12-3 + 3 

25. (-5 + 6 + 29]: {§ -—44 4) 26. [4(—29 — 15) + 4] + [6 — 3(45 + 19)] 


For use after Chapter 2 


Simplify. 
1. (—3x3 + x? — 8) — (2x? 4+ 3x — 15) 2. (p* — 3p7q? — q+) + (3p4 — 2p’q? — q4) 
3. (v3 — 3y2) — (y? — 9) + (—y3 — 7) 4, 3(t? — 4t) — 2(—2r? + 3t — 5) 


Solve each equation. 


5. 4a — 3(7 — 6a) = 12 6. 3n — 6 = 2(n — 11) 
7, Sir —4¢ + 3) 6) ee) 8. 4 _ M6 
9. 3(4k — 7) — $(8 — 2k) =5 10. 8[p — 3(7 — p) — 4] = 16 


11. The measure of one base angle of an isosceles triangle is 6° more 
than three times the measure of the vertex angle. Find the measures 
of the angles of the triangle. 


12. One train can travel the same distance in 3 h that another train, going 
8 km/h faster than the first, can travel in 2.5h. What are the speeds 
of the two trains? 


Solve each sentence over ® and graph its solution set. 
13.5 — sxe 14. 2k —9 > 3 — 4) 15. —7-lz>1-2z 
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fer —6 < 2x — 1) < 2 igee—o\p7— 2] > 6 ee ee 


For use after Chapter 3 
If g: xX > —2x? + 3x + 5, find each of the following: 
1. g(0) 2. g(1) ch (A) 4. g(4) 5. g(a) 


Graph each relation over the domain {—2, —1, 0, 1, 2,3} and tell 
whether the relation is a function. If itis, give the range of the function. 


6. {(x, y): y = 3x — 2} Pee Sy = Fh 5. {ye y= 2 kx) 


Graph each equation over &. 


9 yotx—3 10. y = 8 — 2x ll. 2x —3y = 6 
12, 4x + 2y = 4 13. —2x +3y =4 14. x — 3y = —12 
15. —4x+4y=2 16. 3(x — 2) = 2(y + 1) ies — 7 


Graph each inequality as a shaded region on a coordinate plane. 


= 


18. x < —2y 19. —x + 3y <3 20. x —~ty > —5 


Find the slope of the line passing through the two given points. 


21. (3,5) and (4, 9) 22) (—=2,5) ane (3,110) 23. (0, 4) and (—3, 7) 
as, (=i, 3) smel (5, =5)) 25, (6, 0) and (2, —2) 26. (10, 3) and (6, 13) 
I, (8, 2) avacl (2, 7) 28. (4, —3) and (—3, —1) 29. (0, — 4) and (4, 2) 


Find an equation of the line with slope m and passing through point P. 
30. m = —2; P = (-3,4) Oh, “al = ee IP =O, 5S) Sy fh S PS, =) 
33. m = —4; P = (-2, —7) 34. m = 0; P=, —6) Ssmer= 4, P= (12, —1) 


36-44. Find the equation of the line through each pair of points in 
Exercises 21-29 above. 


In each of the following y varies directly as x, and a pair of values for x 
and y is given. Find the y-value for the second x-value. 
Ao (4,0), (10, 2 46. (15, 6); (3, 2) b7. (497): (6, 2.) 
Be (55) (3, =.) 49. (9, 4); (12, 2 s@ Gas), (5, ) 
51. Florence Burton receives $7.71 interest on the $1500 she has on 
deposit for one month in a savings bank. How much interest would 
she have received on $2000? 


52. Archie Pakor took 2.5h to type a 35-page report. How long would it 
take him to type a 49-page report? 


Extra Practice | 619 


For use after Chapter 4 


Graph each pair of equations on one set of axes. If the system is 
consistent, estimate the solution set from the graph. If it is incon- 
sistent, so state. 


Pee 5 2. 242s 1 g2x)— Sy = 7 

4x —y =0 2x —y=—5 ay = 2x =6 i 
4 x-— y=8 5, X ye 6 Sx + 2y= 10 | 
3x + 4y = —4 6y — 2x = —4 —5x — 2y = —20 


Solve each system for x and y by the linear combination or the substi- 

tution method. 

1, On = Bray 8. 2x = 3y 9 9x =7y—4 
6x + 2y=4 5x + 6 —2y 4x —9y = 3 


Solve each system by Cramer’s Rule. 


10. x —4y = -2 11. 4x — y=6 12. Te 3) = 08 

—2x —6y=1 2x + 4y =6 5x + 7y =6 : 
13. 4x + 3y = -1 14. 5x + 4y = 22 15. 5x+3y = -9 

he a aa 3% yes 9 10x + 6y =8 « 


16. If a boat can travel 3 km upstream in 0.5 h and 15 km downstream in 
1.5h, find the rate of the boat and the rate of the current. me) 


17. The cost of a shipment of 24 snow shovels, made up of two different * - ; ¥ eS 
models, costing $5 or $8, is $150. Find the number of shovels at each . 
price in the shipment. 


18. Three boxes of lawn seed and 4 bags of fertilizer cost $23.50. Two 
boxes of lawn seed and 3 bags of fertilizer cost $17.00. How much 
does one box of lawn seed cost? 


In a coordinate plane, graph the solution set of each system. 


19y > 2x — 3 20. x +2y<0 21. y-—-3 <x 
cap) 2 2x-— y>6 —x +2y > 3 


For use after Chapter 5 


Sketch the graph of each equation and give three pairs of equations 
that respectively define the trace of the graph in each coordinate 
plane. If there is no trace in one or more coordinate planes, so state. 


1. 2x + 3y + 4z = 12 2. 3z = 15 3. 6x + 9y — 4z = —36 
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Solve each system. If it is inconsistent, so state. 


4. 3x — 2y = 12 5. 5x -— y-—2z= 6 x —3y+4z= 10 
y+t4z=1 4x + 6y + 2z7 =4 2x-—- y- z= 
2x+ y+ z=2 26 3y 4+ Z=5 x — 4y =1 
7 4x+ y-— z=0 8 2x—3y+ z= -3 9 x+ y—2z7 = -2 
3 —5z=9 3x + 3y — 2z7 =2 —x —3y—2z7=5 
3x + 6y+ z2=7 —4x+6y—-— z=6 —4x — 2y + 3z =2 


Evaluate the given determinant. 


10.|3 —-1 A 11. |-—3 2 —2 12. 2 3-1 
4 0 —-1 -1 4 0 2 1 
8 -—2 5 8 1 —4 -6 2 
13. | —2 IS 14. 5 —-—2 4 1S: 4 -1 0 
2 0 4 3 0 2 —2 3 
0 -1 3 —7 2 -1 —7 5 6 
Solve using Cramer's Rule. 
16. x«+ y =2 17, 3x — ly 457 =6 18% 2x+ y—z=3 
XG — z=] 4x — 4y + 3z = 0 3x +4y+2=6 
2y —3z= -1 5x —4y+ z= -—5 2x —3y4+z=1 


19. A collection of $1-, $20-, and $50-bills with a total value of $1200 
consists of 90 bills. There are twice as many $1-bills as $20-bills and 
$50-bills combined. How many of each are there? 


: 
: 
: 


Evaluate the given determinant using expansion by minors. 


20. |3 0 0 aie 0 5 -2 22,/8 -5 1 2 
0 0 —2 —-1 0 0 0-3 07 

0 —4 1 OU 3 4 0 0 2-2 

1 0 0 0 


For use after Chapter 6 


Write each expression without negative exponents in simplest form. 
Assume that no variable is equal to zero. 


PaO y= )(Sx—-y) 2. (3a~+)(—8a°®) 3. (273r4s)(16r—3s 3) 
au apre *)(—3 7a“ be“") 5... 227y Gay? 6. (—5p 3q*)*(—5pq*)? 
6m 41>? Ba oa ‘ (—2a3d~*)-? i (x + y)? 
* —3m'n3 " Qa5b-3 ‘ a7d eae 


Write each product in simple form. 
ii? — 3)? 12. (xy + 8)? 13. Ge — i)? 14. (7 — 3b2c)(7 + 3b?2c) 
isee— b°)(1 + b*) 16. (4r2 + 5s)? 17 — 3) 8. Qe" — DQne +7) 
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Factor the given polynomial completely. 


19. 36n? — 60n +4 25 20. 8 — 125x3 isa? — ca 30 
22a iy? 23, 4x7 aye — Ry? 2a, V6x* -— 56x" 49 
25. 64r3 — 5° 26. 612 — 25 + 14 27. 16 — 49b2c4 
280s0° — Opg — 2707 29. 8a3b? +c? 30. 7 — 17k? — 3k4 


Determine the solution set of the given equation. 


31. x* — l6x + 39 = 0 32. 3x2 =) 33. 2y?+y—15=0 
34. 7x? = 28x 35. 9a? — 30a + 25 =0 36. 6n? — 1lln = 35 
a7. 4 — 5r — 6r? = 0 38. 4x2 4+ 5 = 21x 39. 8m? = 26m + 45 


40. Two adjacent sides of a rectangular lot of area 60 m? are to be 
fenced with 19 m of fencing. What should the dimensions of the lot 
be? 


41. One leg of a right triangle with hypotenuse 15 cm is 3 cm longer than 
the other leg. Find the lengths of the two legs. 


42. A margin of uniform width is to be left around the edges of a printed 
page that measures 16cm by 20cm and is to contain 192 cm? of 
printing. How wide should the margin be? 


Solve each inequality and graph its solution set. 


Ag ono 44. x7 — 10x + 21< 0 45. 2) 20d 
46. 80 < 5k? 47, x? — 14% 0 48. 1 = 6x -= 92 =< 0 


Simplify the given expression. 
49. (x — yx? — y2)7! 50. (z3 + 8)(z + 2)? 51. (2a? — 3a + 1)(4a? — 1)! 


Transform the given rational expression into a sum by dividing. 


Sey = Bet ib 6 2 5x7 + 13s 


52 53. 
a Ds = 3 
125y3 — 8 3x3 — 19x? + 3 
54. ———____ 55... —_—__—__ —. 
5y — 2 one = II 
Die 3 _— 4? Aye? — She? aa & 1 
Be, et oe jee ee sales 3 
t+ 3 Age — 3) 


Express each product or quotient in lowest terms. 


ose 2 (x ea GO = eae a= 


58. SY), 


eae ‘4x? a@—b? a4+b3 
aa 2y?-—5y—3 2dy?+7y +3 eS gee? ge le 
AG 3 ss AGS 972-247 42° 272574 
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Simplify the given rational expression. 


x+y x ae de i x—2 
62, ——_——— |= ey =, 

fey eee? — Any 4p 4y? Go ee 
pce a? + bP eae ee at 

eo b> at 5? 2r+t) r+)? 


Determine the solution set over &. 


gi, Sr" a 67 (ea ee aS 
x+t1 («4+ 1) + 3) Sa Sa ee a 
8: —3y 
o A Sila 1a SS OS ae 
of) y-2 2—5z2+6 z-47+3 


70. Three machines can plow a field in 4h, 6h, and 12h, respectively, 
each working alone. How long would it take all three working 
together? 


71. Herb rows 8 km upstream and 8 km downstream in 5h 20 min. If the 
speed of the current is 2km/h, how fast does Herb row? 


For use after Chapter 7 


Find the specified term of each arithmetic sequence. 


ly 3), 05 ear 2. =F, =n 2. ea Giy 
Bese 45, Ol ae. 5 Qy5 4, —0.4, 2.6, 5.6,...5 Gy 
Se 2 S Bie 6. —%, —4, -],...5 aig 


Insert the stated number of arithmetic means between the given num- 
bers. 


8. Four between 3 and 8 
10. Three between —} and —4 


7. Three between —7 and 9 
9. Four between 78 and —68 


Find d and a, for the arithmetic sequence with the specified values. 
12,°@)5 = —27, ay = —21 
14. a, = he. ai, = 0.6 


iia, = 9) a), = —15 


13a, =, ai 2 


Find the sum of each of the following arithmetic series. 


9 10 14 
15. » (3n — 5) 16. » Cie 73) 17. dS (di + 4) 
n=] a = 


c= i=l 
18. A series of 9 terms, beginning —13 —5+3.--- 
19. A series of 12 terms beginning 4 +2+4.--- 
20. The multiples of 3 between 0 and 100 
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Find the sum of the arithmetic series. 


21. The even numbers between 101 and 199 
22. The series —2+1+44..-. 4 73 


Find the requested term of the given geometric sequence. 


23.3.3, 3) seas 24250, 50, 10)... nae 
25.9, —6, 4... <6 7 G5 26.70,003, 0.3, 30;,. 2. jae 
27. —$, 3, —2,...54@, 28 1114, 114, 14,...5 @e 


Insert the stated number of geometric means between the given pairs 

of numbers. 

29. Two between 2 and 6 30. Two between —24 and 3 

31. Two between 2 and 3 32. Three between —125 and —}% 


Find the sum of each geometric series. 


8 6 a 
33 ee 34 ee) 35. 5) —3(—5)! 
= 1 


= k=] 
36. The first 5 positive integral powers of 4 
37. The first 6 positive integral powers of —2 
38. The first 7 terms of the series 3 +5+410+--- 
39. The first 6 terms of the series 160 — 40 + 10 — --. 


Write the first 4 terms of each of the following sequences and guess the 
limit of the sequence, or state that the sequence is not convergent. 


n+ 1 1 me an? 
40. = ; —— 42. = 43. = (-1)*"—~— 
a qa “x = 7000 oy = (Tan 
Find the sum of the infinite geometric series. If the series is not 
convergent, so state. 
A) eee 45. 500'— 10014520 — ... 46. 5°39)! 
esi 

Convert the given nonterminating decimal to a fraction by rewriting as 
an infinite geometric series and finding the sum of the series. 

47. 0.30303 .-- 48. 0.545454 ... 49. 0.037037037 --- 50. 0.801801801 --- 
For use after Chapter 8 

Find the value of a for which the given point lies on the graph of the 
given equation. 

1. (—4, 6); y = ax? 2. (2, =3) 4 — 3.43, 29) =a 
4-3; 54) ax" 5. G, —)i vy =a? 6. (=—4, —9; y = ax? 
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Solve over the set of rational numbers. 


yeeesx? = 49 8. 0.027x3 + 0.008 = 0 9. 814x*=0 
Met — 2.25x7 = 0 li 2 — 025 = 0 12-21 = St = 0 


Find the rational roots of the given equation by trying each of the 
possible roots as a value for x. 

ee os — 0 (ee 
fom Ox? + 2x — 4 = 0 16. x4 — x3 — 7x? 4+x4+6=0 


Express as a fraction in lowest terms. 


17. 0.78 18. 0.409 19. 2.027 20. 0.193 
Simplify. 
3/50 
@i) V(—3)' 2. —, ee 18 24, V1 
25. —4V75x3 + 3\/147x3 26. 2\/6(3 12 — 5/27) 
pm = 5) V7 + V5) 28. (3\/5 — 4)? 
4 = 

 —————- 30. V2=7 

By 3 = 5 V54+3 
Solve over &. * 
31. Vx —44x=6 ay, Wie dk se = She = 
33. Vx+ VWx+4=4 ey = 
35. Wx —2—-— Vx+3=1 36. V2 —x+ V8+x=4 
37. V2x +1—-— Vx -—3=2 38. V3 — 2x = V34+x43 
Solve by completing the square. 
39. x7 —6x+4-0 40. x? ++ 10x = —13 Sion? = Oval 
Ae y= 7 43. 5x? + 10xv + P=] 0 44. 2x7 =x4+7 


Solve using the quadratic formula. 


Al 
“ 
th 
| 
— 
~ 
l| 
Ww 


45. x2 — 7x =5 46. 2x? —4x +1=0 47. 


om 


48. 4x? — 7x —2 =0 49. x7 —4x =2 50. 3x? — 4x 
51. The length of a rectangle is 2 cm greater than its width and its area is 
25cm2, Find the dimensions of the rectangle. 


What is the length of a side of the square that must be cut out of a 
rectangle measuring 6cm by 4cm, if the remaining area is to equal 
that of a rectangle of width 3 cm and length equal to a side of the 
cutout square? 
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(“Fr g=, 


For use after Chapter 9 


Express each of the following in the form a + b/, or as areal number a, 
or an imaginary number bi, or 0. 


1. /—80 ana) Si A, a 
6 ai 9 
g 2a 6. —2,/2550 7a! s 
37 2i3 16 
CGS) ee 7, ) 10. (- - 4) - (4+ 33) 
a OF 5 5 
il, (Ss = 2) = = 14, Ss = [|= —_ 
( Ue 2 ( a i) 
18. (2 73 41) 14. (72 —i V2)? 
Ge 8 Be Ys = a its, ey: 
3 Sr il -& (ey Fai 
17. 18. i pee 20. 
ah i] Dds 4 2—31 34+ 41 


Solve over ©, the set of complex numbers. 


21. x7 4x +5=0 22x? + 8x 25 =e 

23. x7 + 6x +12=0 24. 2x? —- 3x +7=0 

2 oe 4 26. 5x2 + 2x6 +3=0 
23x? oy 15) 28. x23.\/2 — 4x + V2 =0 


Write a quadratic equation with the given solution set. 


29; (2, —7} 30. (4. -i} 31, (5 = 25/3, 5p 2a 
yh Be) ad). 33. (31, 30} 34. {3 4153 — 1 


Give the equation of the axis of symmetry and the coordinates of the 
vertex of the graph of each function. 


Bos) = > = or elle 36. f(x) =x? + Sx 
Be) = =X" 6x 33) = 2x? = 20 ae 
39. f(x) = 3x2 -— 8 40x) 3° ee 


Solve by sketching the graph of the related quadratic function. 


de =| 16 > 0 Oe Be ae 43. 2x? + 3x < 0 
44. x? —x < 12 450 oe 46. 5 — 2x? < 3x 


AP 
. 


Use synthetic substitution to find the requested values of the given 
polynomial. 


PQ) = =e — x? — 8 = 12, ee eee) 49, P(—2) 50. P(27) 
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For each polynomial P(x), find the remainder when the polynomial is 
divided by the given binomial. 


mee (xj — 3x? 28x? + x — 6: x 42 Gye, TE) Sg Se I ee ae 


Find the other roots of the equation, given the root at the right. 


Ba x* — x° — Sx? — x —6=0:1 Sie ee 2g ee ed — (oe 


For use after Chapter 10 


Find the distance between each pair of points and, also, the midpoint of 
the line segment joining them. 

1. (—2, 5), (hy) 2 Ol, Se Gh) cS) 

4. (7, 12), (0, —12) 5. (2/5, —5), (4V5, —7) 6. (—3, V2), (—4, 3 V2) 


Find an equation of the line perpendicular to the given line and passing 
through the given point. 


fey — 3: (—3, 5) 8. 2x — 3y = 5; (4, -1) 
9. 3x = 4y — 7; (—6, —5) 10. 2x + 5y = 0; (3, —2) 
ee, = 3y + 8; (—2,4) 12. 4y + 3x = 12; (4, —6) 


Sketch the graph of the circle defined by each equation. 
13. x? + y? —6x =0 14. x7 4+ y? — 4x + 6y —3 =0 
15, x27 + y? + 2x + 8y + 16=0 16. 2x2 + 2y? + 2x — 107 +5 =0 


Sketch the graph of the parabola defined by each equation. 


7. y =x? — 61 +4 18. y = —2x? — 8x —7 9. x = —hy?-y 44 
Find an equation of the form y = ax? + bx +corx =ay?+ by4+c 

for the parabola with focus F and directrix the line with the given 

equation. 

20. F(4,0); x = —2 21; FO,.3)) =a 22. F(0,4); v = —2 
Sketch the graph of the ellipse defined by each equation, and give the 

coordinates of the foci. 

23. 100x? + 49y? = 4900 24. 9x? + 144y? = 36 25, 100y2 49 25y> = 225 


Find an equation for the ellipse with center at the origin and with the 
given characteristics. 


26. Major axis of length 10; x-intercepts 4 and —4. 
ti at (3, 0) and (—3, 0); sum of focal radii 8. 
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Sketch the hyperbola defined by each equation, by first drawing the 
asymptotes of the graph. Give the coordinates of the foci. 


28. Sy? — 5x2? = 45 29. 4x? — 25y? = 225 30. 100y? — 625x? = 900 
Find an equation for the hyperbola with center at the origin and with the 
given characteristics. 


31. Foci at (4, 0) and (—4, 0); length of conjugate axis 6. 
32. Intercepts at (3,0) and (—3, 0); foci at (4, 0) and (—4, 0). 


In the given variation y varies inversely as x. Determine x, or yo. 


33. (6, 4), (—10, y,) 34. (—3, 4), (12, y,) 35. (4, 8, (,, 6) 


Solve each system by substitution. 


36. x? + y- = 10 37. 100x2 + 225y? = 22,500 38. 16x? — y? = 256 
JWepee SE eS xe ey? = 145 x? 4 y? = 169 
39. 16x? + 25y? = 625 40. 25x? + 9y? = 625 41. 16247 =" 
Ya ey? = 16 yr— x*=9 yex?—=4 


For use after Chapter 11 


Write in simplified radical form. 


1. WS 2, Vis 3. V(b} 4. \/36x? 

12 
Bay 07/30) 6. a a = 8. V4-\/16 
Solve over &. 
peat s = 16" 1032 = 20 i — 
zee etl = BP) 13aeae* = 8 12=) 14S 
15. (47+! = grts 16. Gy! = R-22-2 17. (74)?*} = (3)! 2* 


Solve by converting each statement to exponential form and solving the 
resulting equation. 


18. log, 8 = 3 19. log,x = —3 20. log.7x = —# 
21. log, V2 =3 22. logy 125 =x 23. logy3x = —4 
24. log, V3 = —t 25. loge V8 = ge 26. logs = = 


Solve over &. 
27. log x + log2 = 1 28. log x — log 4 = log 9 — log x 
29. log 2x? — log 18 = 2 30. log 3x3 — log x? = log 12 
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31. 2log x + log 5 = log 45 32. 2log 4 — 3log x = log 54 
33. slog x —log5 = —2 34. 4log 2 + tlogx = 3log2 


Use interpolation to find the logarithm of the given number. 


Saeec.cl/ 36. 14,230 37. 0.04962 38. 0.001634 


Use interpolation to find the antilog of the given number. 


39. 0.1685 40. 2.3897 41. 9.9296 — 10 42. 7.2388 — 10 


Compute each of the following using logarithms. 


ee (671)(0.0038) (97,600)(0.0704) es 7350 
984 (653)(0.142) (0.00463)(81) 
ie 0.354 ies \/35,200(0.897)3 ie V/(0.00213)(8.68) 
0.0418 714 , 0.497 


49. To the nearest hundred dollars, how much would $3000, invested at 
12% compounded quarterly, grow to in 11 yr? 


Solve over &. Express each solution to 3 significant figures. 


50. 2.37 = 148 Sie 76500 52. (2x)? = 200 Sty (GWU) he == 755) 
54. A town’s population (N) increases according to the formula 
N = N,(1.02)?" 


where N is the town’s population ¢ yr after it was No. If the popula- 
tion is now 20,400, how long ago was it 10,000? 


For use after Chapter 12 


1. How many sequences of 3 numbers can be generated by rolling a die 
three times in succession? 


2. How many 4-digit numbers are there whose first and third digits are 
both odd and which are divisible by 5? 

3. How many even 4-digit numbers are there whose second and third 
digits are odd? 

4. In how many different orders can 7 actors in a play be listed in the 
program? 

5. In how many different ways can 5 differently colored stones be set 
symmetrically in a ring around another stone? 


6. How many rearrangements of the letters of the word COSINE begin 
and end with a vowel? 


How many distinguishable permutations are there of each word? 


7. MILLION 8. TOMORROW 9, BOOKKEEPER 10. PHILOSOPHICAL 
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11. How many pairs of co-chairpersons can be chosen from among a 
group of 12? 

12. How many ways are there of getting exactly 4 heads out of 10 flips of 
a coin? 

13. How many different sums of money can be made by taking 3 coins 
from a change purse containing one penny, one nickel, one dime, one 
quarter, and one half-dollar? 


14. How many ways can 5 students be chosen for a study group out of a 
class of 15 if one particular student must be included and another 
one excluded? 


How many ways are there of choosing 2 red and 3 green marbles from 
a bag containing the given number of each type? 
Ia) 5 fede creen 16. 4 red, 6 green 17. 


18. In how many ways can 4 boys and 4 girls be chosen from a group of 
7 bovs and 8 girls? 


19. How many choices of 3 shades of each color can be chosen from a 
paint box containing 4 shades of red, 6 of yellow, and 7 of blue? 


20. In how many ways can 5 paintings be lined up on one wall of an art 
gallery and 4 other paintings be lined up on the opposite wall? 

Expand each binomial and write the result in simplified form. 

Diep + 2)2 22.4ab — 1)! 23. (x? — 4° 


Given the eighth row of Pascal’s triangle: 1, 7, 21, 35, 35, 21, 7, 1 


25. Find the ninth row. 26. Find the tenth row. 


List a sample space for the experiment: a coin is flipped 4 times. 


27. Event: exactly 1 head 28. Event: exactly 2 heads 


A change purse contains 4 pennies, 5 dimes, and 7 quarters. If two 
coins are drawn out at random, what is the probability of the following 
events? 


29. Both are pennies. 30. Both are dimes. 
31. Neither is a dime. 32. Neither is a quarter. 


33. One is a dime and one is a penny. 


A coin is flipped 5 times in succession. What is the probability of 
getting: 


34. at least 4 tails? 35. at least 3 tails? 


36. at least 3 heads or at least 3 tails? 
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6 red, 5 green 


24 (Oe ae)? 


For use after Chapter 13 
Find the values of the variables for which the given statement is true. 


lL (w+x x-1 x+y] =[5 2 2] 2,.(w—x 1 y—3)=[-1 x+y 3] 
3. [ae Ble =] nea | 
ty — 7 2 1 2w + xl © 7 
cave x yl+ix y wl = [23 7] 
6 [w x x ‘llsll 0 A| 
ls Jala i) el 4 
Solve for the matrix X. 


eeLT-B a) 0 L$ deca 


mee io —2 5)=(4 3 —1] ha es Oe) 5 2) 20] 


Find the 2 x 2 matrix X that satisfies the given equation for 
j= Ug ~ 12] and k =| 2 At 


23° iG 5 1 
. X =27 12. X = —3K gg =F = 2K 14.1X=K 
15. X+J = 2K 16. X —4K =J 17. 3X =27+K 18. SX =J—K 


Find the given product for 


= 2 -1 = 0 1 & 20 -3 
=| abes|- Jando =|_% : Al 


19. AB 20. BA 21. AC 22 23. A? DA (Age5))* 


For the same A, B, and C as above compute each of the following pairs 
and compare the answers for each pair to see whether they are equal. 


25. A(BC) and (AB)C 26. (A + B)C and AC + BC 27. (AB)C and (BA)C 


Find the inverse of the given matrix. 


28. [3° 7 29. [3 :| 30. | 11 | 31. i “| 32 a | 
aS 0 —3 -—7 -—2 3 —5 —-5 4 
Solve each matrix equation for X, for 
ice mii? =a r=[§ | 
ml pie =| ap 7 Smet |, 
Bk JD = 18 34. FX =E spp (BS SID 36m Ae = F 
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For use after Chapter 14 


Find the distance a point on the rim of the wheel of given radius will 
travel in the given number of revolutions or by rotation through an 
angle with the given measure. Use z = #. 


1. 35cm; 2.7 revolutions 2, Wsysbremme 11335)" 


Given m°(a), find m®(a). 


3. 150° 4. —210° 5. 420° 6. —315° 7. —740° 


Given mR(a), find m°(a). 


lh ool mak Polk mols 
eas dls 10. 22s ee inp tee 
3 + 5 4 5 


Find the given function values without tables. 


R = R 
13, sin 390° «14. cos 720° 15. cos 495° 16. sin +2 17. cos =" ) 
R R 
18, sin 8 «19. cos (690°) 20 Ce eI, cos +2 22. sin 452 


Use Tables 6 and 7 to find a four-significant-digit approximation of the 
given function value. 


23. cos 54°32’ 24. sin 32°17’ 25. cos 0.872R 


In Exercises 26-28, give the maximum and minimum values of the 
function and state the amplitude. 


26. y= 3sinx +2 27. y= —2cosx +1 28. y =4sinx — 3 


Sketch the graph of each function over the interval —27 < x < 2z. 

29. y = 3cosx 30. y = 2sinx — 1 31. y= —3cosx +2 
Find the values of the other 5 trigonometric functions of the angle a in 

the given quadrant and having the given function value. 

32, IV) cosa =¢ 33. III; seca = —2 34. II; csca = 3 
Solve the right triangle with the given parts. In each triangle 7Cisa 


right angle. State lengths of sides to three significant digits and angle 
measures to the nearest 10’. 


35. mB) = 25 307 — 70 36. a = 43,c = 50 
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For use after Chapter 15 


Prove each identity. 


1+ cosa sec? x 


1. = jl 4 gaea ee — ance 
cos a cor? x 
3. sec x(sec x — cos x) = tan? x 4. sin@ + cos @ coté@ = csc é@ 
5. i=sinx __cosx __ 6. (tan B + cot B)? = sec? B + csc?B 
COSEG 1 + sinx 
7. tan y + cot y =! Sesce — cote = = 
cos ysiny 1 + cos x 
OPAL ; ; 
_ coud 1 = ane 10. sna = 1 — Lob acosa 
CO 1+ csca 


Given a = 135°, B = 60°, y = 210°, evaluate each of the following. 


11. sin (a@ + f) 12cos (a —33) 
13. cos (a + y) 14. sin (y — a) 
15. sin(a — f) 16. tan (a + f) 
17. tan (B — a) 18. tan (a + y) 


Prove each identity. 


sin 2x ae 90, fanz +cotx _ 5 
" 2sin? x esc 2x 


21. tan (=) = 1 — cos x 7), Ege be 4c Colt Be S GOK 
2 sin x 


If angle x is in the second quadrant and sin x = #, evaluate the given 


function. 

23. sin 2x 24. sin (5) 25. cos 2x 

26. Cos (=) 27. tan 2x 28. tan (=) 
: 5 : ; 5 


Evaluate the given function using the half-angle formulas. 
29, sin 30. tan = 31. cos (-=) 


32. sin (-=) 33. tan = 34. cos te 


35. In AABC, if b =5 V2, c = 9, and m(A) = 45°, find a. 
36. In AABC, if m(B) = 42°, m(C) = 54°, and b = 80, find the length of a 
to the nearest tenth. 
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For use after Chapter 16 


Evaluate without using tables. 


1. Sin-! (0) 2nGaee! (-3) 3. Sin-! (2) 
4. Sin7! (sin 180°) 5. Sine? (cos =) 6. Cos! (sin ==) 


State the value of each of the following for both inverse angle and 
inverse circular functions to the nearest degree and nearest hun- 
dredth, respectively. 


7. Sin~! (0.7923) 8. Cos”! (0.3581) 9. Sin~! (0.2387) 10. Tan~! (1.423) 


Solve for x, 0 < x < 2z. 

11. —cosx = sinx 12. /3secx —2=0 

13. cos 2x + sinx = 0 14. sin 2x = 2cosx 

Give the general solution for x € &. 

15. 2sinxcosx = V3cosx 16. 3tan?x + sec?x =5 
17. 2sin?x —3cosx =3 18. 2cos? 2x = 1 —cosZ% 
Find a set of polar coordinates for the given point with —180° < 
m(a) < 180°. Answer to the nearest 10’. 


19. (— V2, — V2) © 20. (3, 3/3) 21. (7, 24) 
Find the Cartesian coordinates of the given point. 


22. (5, 135°) rey 8), a0) 24. (v2, 7) 


Given z, = 4 (cos 60° + isin 60°) and z, = 20 (cos 210° + jsin 210°), 
evaluate the following. Express each answer in the form a + bi. 


252123 26. — Din 2? 28,24 


Use De Moivre’s theorem to solve each of the following. Leave each 
solution in polar form. 


29. z3 = 8 30. z3 = = 31. Za = 167 
32. For the vectors u and v such that ||u|| = 10 and the direction of u is 60° 
and ||v|| = 12 and the direction of v is 45°, find ||(u + v),|| and 


||(u + v),|| to the nearest tenth and |lu + v|| to the nearest unit. 
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Appendix 


Table 1 Formulas 


Circle Alar aG =a an Cube V=s° 
Parallelogram A = bh Rectangular Box V = lwh 

Right Triangle A =41bh,c? = a? + b? Cylinder V =a 

Square A = s: Pyramid V=41Bh 

Trapezoid A= Oe) Cone V=tareh 

Triangle A =1bh Sphere Vinee 

Sphere A = 4ar? 

Table 2. Metric Units of Measure 

Base Units Time Temperature 
Length: meter (m) second (s), minute (min) degree Celsius (°C) 
Mass: kilogram (kg)* day (d), month (mo), year (yr) degree Kelvin (°K) 
Capacity Force Pressure 

liter (L) Newton (N) Pascal (Pa) 


1L = 1000 cm? 


Prefixes 


Factor Prefix Symbol | Factor Prefix Symbol 


107! deci 
1072 centi 
10-3 mill 
10-§ micro 
Ome nano 
10-12 pico 
10°'5 = femto 
10" ~=— atto 


A prefix multiplies a unit by the factor given in the table. 


Examples gigameter: 1Gm = 10°m = 1,000,000,000 m 
milligram: 1mg = 10°3g = 0.001 g* 


Compound units may be formed by division or multiplication. 


Examples kilometers per hour: km/h square centimeters: cm? cubic meters: m? 


* Although the kilogram is defined as the base unit, the gram (g) is used with the pretixes to 
name other units of mass. 
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Table 3 Squares and Square Roots 


N2 


1) 30.25 

1 SS1E36 
32.49 
33.64 
34.81 


36.00 
S721 
38.44 
39.69 
40.96 


42.25 
43.56 
44.89 
46.24 
47.61 


49.00 
50.41 
51.84 
53.29 
54.76 


56.25 
57.76 
59.29 

60.84 
62.41 


64.00 
65.61 
67.24 
68.89 
70.56 


CPD) 
73.96 
75.69 
77.44 
| 


81.00 
82.81 
84.64 
86.49 
88.36 


90:25 
92.16 


RO MU 


ge 
iy 


WO DOORS RD et et et wet tet et ss es 
WUD LRN RROD 


000 DD MMDM & HOH MO 
=0 DANAW AWH=O ©OBNOt 


96.04 
98.01 
100.00 


3.0 
3.1 
3.2 
3.3 
3.4 
3.5 
3.6 
3.7 
3.8 
3.9 
4.0 
4.1 
4.2 
4.3 
4.4 
4.5 
4.6 
4.7 
4.8 
4.9 
5.0 
5.1 
5.2 
5.3 
5.4 
Bos} 
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Table 4 Cubes and Cube Roots 


|z 


N23 W/N | 


1.000 1.000) 2.154 4.642 5.5 166.375 1.765; 3.803 8.193 
1.331 | 1.032} 2.224 | 4.791 || 5.6} 175.616] 1.776| 3.826 8.243 


1.728 1.063) 2.289 °) .7| 185.193] 1.786] 3. 
2.197] 1.091! 2.351 | 5.066 || 5.8] 195.112] 1.797| 3.871 | 8.340 
2.744 1.119) 2.410 | 5.192 || 5.9  205.379| 1.807, 3.893 | 8.387 


3.375| 1.145 2.466 5.313 60 216.000 1.817) 3.915 8.434 
4.096 | 1.170 2.520 5.429 6.1) 226.981 1.827) 3.936 8.481 
4.913. 1.193 2.571 5.540 6.2) 238.328 1.837) 3.958 8.527 
5.832} 1.216] 2.621 5.646 6.3, 250.047 1.847 3.979 8.573 
1.9 6.859 | 1.239 262.144 | 1.857 4,000 8.618 


2.0; 8.000 1.260 2.714 5.848 | 6.5) 274.625' 1.866 4.021 8.662 
2.1 9.261 | 1.281} 2.759 5.944 |6.6 287.496 1.876 4.041 8.707 
2.2; 10.648) 1.301, 2.802 6.037 | 6.7, 300.763 | 1.885 4.062 8.750 
2.3) 12.167) 1.320) 2.844 6.127 | 68 | 314.432! 1.895 4.082 8.794 
2.4| 13.824) 1.339) 2.884 6.214 6.9) 328.509| 1.904 4.102 8.837 


2.5| 15.625] 1.357) 2.924 6.300 7.0 343.000, 1.913 4.121 8.879 
2.6) 17.576} 1.375} 2.962 6.383 || 7.1] 357.911] 1.922) 4.141 8.921 
2.7, 19.683) 1.392 3.000 6.463 | 7.2) 373.248 1.931 4.160 8.963 
2.8| 21.952) 1.409) 3.037 6.542 7.3! 389.017; 1.940 4.179 9.004 
2.9, 24.389| 1.426 3.072 6.619 |7.4, 405.224| 1.949 4.198 9.045 


3.0; 27.000) 1.442] 3.107 6.694 |7.5| 421.875, 1.957 4.217 9.086 
3.1| 29.791 | 1.458) 3.141 6.768 | 7.6) 438.976) 1.966 4.236 9.126 
3.2 32.768 1.474| 3.175 6.840 7.7 456.533 1. : 
3.3) 35.937 1.489] 3.208 6.910 | 7.8 474.552 1.983 4.273 9.205 
3.4| 39.304 1.504) 3.240 6.980 | 7.9 | 493.039 1.992 4.29] 9.244 


3.5| 42.875} 1.518} 3.271 7.047 , 8.0) 512.000 2.000 4.309 9.283 
3.6 46.656 1.533) 3.302 7.114 |, 8.1} 531.441 | 2.008) 4.327 S22. 
3.7. 50.653, 1.547! 3.332 | 7.179 8.2) 551.368 2.017 4.344 9.360 
3.8 54.872) 1.560 3.362 . 571.787 2.025 4.362 9.398 
3.9} 59.319} 1.574) 3.391 | 7.306 || 8.4) 592.704) 2.033 


4.0) 64.000| 1.587 3.420 7.368 || 8.5} 614.125) 2.041) 4.397 9.473 
4.1 | 68.921 | 1.601 3.448 7.429 | 8.6) 636.056 2.049 4.414 9.510 
4.2) 74.088] 1.613) 3.476 7.489 | 8.7, 658.503 2.057 4.431 9.546 
4.3) 79.507] 1.626 3.503 7.548 8.8 681.472 2.065 4.448 9.583 
4.4) 85.184] 1.639 3.530 7.606 8.9 | 704.969 2.072 4.465 9.619 


4.5| 91.125] 1.651] 3.557 7.663 9.0 729.000 2.080 4.481 9.655 
4.6| 97.336 | 1.663) 3.583 7.719 (9.1 753.571 | 2.088 4.498 9.691 
4.7 | 103.823 1.675 3.609 7.775 9.2) 778.688 | 2.095 4.514 9.726 
4.8| 110.592 1.687 3.634 7.830 9.3 804.357 2.103 4.531 9.761 
4.9| 117.649 1.698) 3.659 7.884 | 9.4 830.584 2.110 4.547 | 9.796 


5.0| 125.000 | 1.710 3.684 71.937 Oss 857.375 | 2.118 4.563 , 9.830 
5.1 | 132.651 | 1.721) 3.708 7.990 9.6 884.736 2.125 4.579 | 9.865 
5.2/ 140.608 1.732) 3.733 8.041 | 9.7] 912.673) 2.133} 4.595 | 9.899 
5.3 148.877) 1.744 3.756 8.093 9.8 941.192 2.140 4.610 | 9.933 
5.4. 157.464 | 1.754) 3.780 | 8.143 | 9.9) 970.299 2.147 4.626 | 9.967 
_ 166.375 1.765) 3.803 | 8.193 10 1000.000, 2.154 4.642 | 10.000 
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Table 5 Common Logarithms of Numbers* 


x 0 
10 | 0000 
11 | 0414 
12 | 0792 
13. | 1139 
141461 
15 | 1761 
16° 2041 
17 | 2304 
18 | 2553 
19 | 2788 
20 | 3010 
21a 3222 
22 | 3424 
23-3617 
24 3802 
25 3979 
26 4150 
274314 
28 © 4472 
29 4624 
| 30 4771 
31 4914 
32 5051 
33 | 5185 
34 5315 
35 | 5441 
36 5563 
37 5682 
38 5798 
39 «5911 
40 6021 
41 | 6128 
42 | 6232 
43 6335 
44 6435 
45 6532 
46 6628 
47 | 6721 
48 6812 
49 6902 
50 | 6990 
51 | 7076 
52 7160 
53 | 7243 
54 7324 


i 


0043 
0453 
0828 
1173 
1492 


1790 
2068 
2330 
ZT 
2810 


3032 
3243 
3444 
3636 
3820 


SET) 
4166 
4330 
4487 
4639 


4786 
4928 
5065 
5198 
5328 


5453 
5575 
5694 
5809 
Sez 


6031 
6138 
6243 
6345 
6444 


6542 
6637 
6730 
6821 
6911 


6998 
7084 
7168 
7251 
VES2 


2 


0086 
0492 
0864 
1206 
1523 


1818 
2095 
2355 
2601 
2833 


3054 
3263 
3464 
3655 
3838 


4014 
4183 
4346 
4502 
4654 


4800 
4942 
5079 
5211 
5340 


5465 
5587 
5705 
5821 
5933 


6042 
6149 
6253 
6355 
6454 


6551 
6646 
6739 
6830 
6920 


7007 
7093 
7177 
7259 
7340 


3 


0128 
0531 
0899 
1289 
1553 


1847 
2NZ2 
2380 
2625 
2856 


3075 
3284 
3483 
3674 
3856 


4031 
4200 
4362 
4518 
4669 


4814 
4955 
5092 
5224 
2353 


5478 
5599 
5717 
5832 
5944 


6053 
6160 
6263 
6365 
6464 


6561 
6656 
6749 
6839 
6928 


7016 
7101 
7185 
7267 
7348 


4 


0170 
0569 
0934 
127] 
1584 


1875 
2148 
2405 
2648 
2878 


3096 
3304 
3502 
3692 
3874 


4048 
4216 
4378 
4533 
4683 


4829 
4969 
5105 
5237 
5366 


5490 
5611 
5729 
5843 
Bib) 


6064 
6170 
6274 
6375 
6474 


6571 
6665 
6758 
6848 
6937 


7024 
7110 
7193 
VEU 
7356 


5 


6 


7 


8 


9 


0212 
0607 
0969 
1303 
1614 
= 

1903 
PACE) 
2430 
2672 
2900 


3118 
3324 
B52 2 
3711 
3892 


4065 
4232 
4393 
4548 
4698 


4843 
4983 
5119 
5250 
5378 


5502 
5623 
5740 
5855 
5966 


6075 
6180 
6284 
6385 
6484 


6580 
6675 
6767 
6857 
6946 


7033 
7118 
7202 
7284 
7364 


0253 
0645 
1004 
1335 
1644 


1931 
2201 
2455 
2695 
2923 


3139 
3345 
3541 
3729 
3909 


4082 
4249 
4409 
4564 
4713 


4857 
4997 
S32 
5263 
5391 


5514 
5635 
5752 
5866 
Sey 


6085 
6191 
6294 
6395 
6493 


6590 
6684 
6776 
6866 
6955 


7042 
7126 
7210 
Y292 
7372 


0294 
0682 
1038 
1367 
1673 


1959 
220 
2480 
2718 
2945 


3160 
3365 
3560 
3747 
SoZ 


4099 
4265 
4425 
4579 
4728 


487} 
5011 
5145 
5276 
5403 


5527 
5647 
5763 
5877 
5988 


6096 
6201 
6304 
6405 
6503 


6599 
6693 
6785 
6875 
6964 


7050 
7135 
7218 
7300 
7380 


0334 
0719 
1072 
1339 
1703 


1987 
2253 
2504 
2742 
2967 


3181 
3385 
3579 
3766 
3945 


4116 
4281 
4440 
4594 
4742 


4886 
5024 
5159 
5289 
5416 


Sa, 
5658 
5775 
5888 
5999 


6107 
6212 
6314 
6415 
6513 


6609 
6702 
6794 
6884 
6972 


7059 
7143 
7226 
7308 
7388 


0374 
0755 
1106 
1430 
72 


2014 
2279 
25P9 
2765 
2989 


3201 
3404 
3598 
3784 
3962 


4133 
4298 
4456 
4609 
4757 


4900 
5038 
i 
5302 
5428 


59)! 
5670 
5786 
5899 
6010 


6117 
6222 
6325 
6425 
6522 


6618 
6712 
6803 
6893 
6981 


7067 
7152 
p35 
7316 
7396 


*Mantissas, decimal points omitted. Characteristics are found by inspection. 
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Table 5 Common Logarithms of Numbers 


2 


7419 
7497 
7574 
7649 
7723 


7796 
7868 
7938 
8007 
8075 


8142 
8209 
8274 
8338 
8401 


8463 
8525 
8585 
8645 
8704 


8762 
8820 
8876 
8932 
8987 


9042 
9096 
9149 
9201 
2253 


9304 
9355 
9405 
9455 
9504 


9552 
9600 
9647 
9694 
9741 


9786 
9832 
9877 
9921 
9965 


3 


7427 
7505 
7582 
7657 
7731 


7803 
7875 
7945 
8014 
8082 


8149 
8215 
8280 
8344 
8407 


8470 
8531 
8591 
8651 
8710 


8768 
8825 
8882 
8938 
8993 


9047 
9101 
9154 
9206 
9258 


9309 
9360 
9410 
9460 
9509 


9557 
9605 
9652 
9699 
9745 


9791 
9836 
9881 
9926 
9969 


5 


7443 
7520 
7597 
7672 
7745 


7818 
7889 
TES 
8028 
8096 


8162 
8228 
8293 
8357 
8420 


8482 
8543 
8603 
8663 
8722 


8779 
8837 
8893 
8949 
9004 


9058 
9112 
9165 
9217 
9269 


9320 
9370 
9420 
9469 
9518 


9566 
9614 
9661 
9708 
9754 


9800 
9845 
9890 
9934 
9978 


6 


7451 
7528 
7604 
7679 
7752 


7825 
7896 
7966 
8035 
8102 


8169 
8235 
8299 
8363 
8426 


8488 
8549 
8609 
8669 
8727 


8785 
8842 
8899 
8954 
9009 


9063 
SI ee 
9170 
9222 
9274 


OB25 
9375 
9425 
9474 
9523 


9571 
9619 
9666 
9713 
9759 


9805 
9850 
9894 
Ose 
9983 
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Table 6 Values of Trigonometric Functions for 
Angles in Degrees 


mle) sing ese a tona cofa sec a cos a | 
Degrees  Radians ; a | 
0° 00’ .0000 .0000 Undefined .0000 Undefined 1.000 | 1.0000 1.5708 90° oo’ 
10° .0029 .0029 343.8 .0029 | 343.8 1.000 | 1.0000 | 1.5679 50’ 
20° .0058 | .0058 171.9 .0058 | 171.9 1.000 | 1.0000 | 1.5650 40’ 
30’ 0087 | .0087/ 114.6 .0087 | 114.6 1.000 | 1.0000 | 1.5621 30’ 
40° 0116 0116 85.95 .0116 85.94 1.000; .9999 | 1.5592 20’ 
50’ 0145 | .0145 68.76 .0145 68.75 1.000 | .9999 | 1.5563 10’ 
1°00" .0175 } 0175 $7.30 .0175 57.29 1.000 | .9998 | 1.5533 | 89° 00’ 
10’ .0204 .0204 49.11 .0204 49.10 1.000 .9998 | 1.5504 50’ 
20’ | .0233 | 0233! 42.98 .0233 42.96 1.000 .9997 | 1.5475 40’ 
30’ .0262 | .0262 38.20 .0262 38.19 1.000 .9997 | 1.5446 30’ 
40’ .0291 | .0291 34.38 .0291 34.37 1.000 .9996 | 1.5417 20’ 
50’ .0320 | .0320 31.26 | .0320 31.24 1.001 .9995 | 1.5388 10’ 
2°00’, .0349 | .0349 28.65 .0349 28.64 1.001 -9994 | 1.5359 | 88° 00’ 
10’ | .0378 | .0378 26.45 .0378 26.43 1.001 .9993 | 1.5330 50’ 
20’ | .0407 | .0407 24.56 .0407 24.54 1.001 .9992 | 1.5301 40’ 
30’ .0436 , .0436 22.93 | .0437 22.90 . 1.001 .9990 | 1.5272 30’ 
40’ = .0465 .0465 21.49 .0466 21.47 1.001 .9989 | 1.5243 20’ 
50° .0495 .0494 20.23 .0495 20.21 | 1.001 .9988 | 1.5213 10’ 
3°00’ | .0524 | .0523 19.11 .0524 19.08 1.001 .9986 1.5184 | 87° 00’ 
10’ | 0553 .0552! 18.10 | .0553 18.07 , 1.002 .9985 1.5155 50’ 
20’ | .0582  .0581' = 17.20 | .0582 Wola 1.002 .9983 1.5126 | 40’ 
30’ .0611 | .0610 16.38 | .0612 16.35 1.002. .9981 | 1.5097 30’ 
40’ | .0640 | .0640 15.64 .0641 15.60 1.002 .9980, 1.5068 20’ 
50’ | .0669 .0669 14.96 .0670 14.92 1.002 .9978 | 1.5039 10’ 
4°00’ | 0698 .0698 14.34 .0699 14.30 1.002 .9976 1.5010 | 86° 00’ 
10°. .0727 | .0727 13.76 .0729 13.73 | 1.003 .9974; 1.4981 50’ 
20°. .0756 | .0756 13.23 | .0758 13.20 1.003 .9971 | 1.4952 40' 
30’ | .0785 | .0785 275 0787 | 12.71 1.003 .9969 | 1.4923 | 30’ 
40’ | .0814 | .0814 12.29 0816 12.25 1.003 .9967 1.4893 20' 
50’ | .0844 | .0843 11.87 .0846 11.83 1.004 .9964 1.4864 10’ 
| 5°00’! .0873 | .0872 11.47 .0875 11.43 1.004 .9962 1.4835 85° 00’ 
10’ | .0902 , .0901 11.10 .0904 11.06 /'1.004 .9959 1.4806 50 
| 20’ | .0931 | .0929 10.76 .0934 10.71 1.004 .9957 1.4777 40’ 
30’ | .0960 | .0958 10.43 | .0963 10.39 1.005 .9954, 1.4748 30’ 
[ 40' | .0989 | .0987 10.13 .0992; 10.08 (1.005) .9951 1.4719 20’ 
50° =.1018 | .1016 9.839 | .1022 9.788 1.005 .9948 1.4690 10’ 
6°00’ =.1047 | .1045 9.567 1051 9.514 1.006 .9945 1.4661 84° 00’ 
10’ 1076 | .1074, 9.309 .1080 9,255 1.006 .9942° 1.4632. 50’ 
20’ 1105 | .1103' 9.065 1110} 9.010 9 1.006 .9939; 1.4603 40’ 
30’ 1134 1132! 8.834 1139 8.777 1.006) .9936 | 1.4573 30’ 
40’ 1164 1161 | 8.614 1169 8.556 . 1.007. .9932 | 1.4544 20’ 
50’ 1193 1190; 8.405 1198 8.345 1.007 .9929 | 1.4515 10’ 
7° 00’ 1222 1219 8.206 1228 8.144 ' 1.008, .9925 | 1.4486 | 83° 00’ 
10’ 1251 1248 8.016 1257 7S | 1.008 .9922 | 1.4457 50’ 
20° 1280 1276 7.834 .1287 7.770 1.008 | .9918 | 1.4428 40’ 
30’ 1309 1305 7.661 .1317 7.596 1.009} .9914) 1.4399 30’ 
40’ 1338 1334 7.496 1346 7.429 | 1.009; .9911 | 1.4370 20° 
50’ 1367 1363 WB 1376 7.269 | 1.009 .9907 1.4341 10’ 
8°00’ §=.1396 | .1392 7.185 1405 71S | 1.010! .9903 1.4312 | 82° 00’ 
10’ = .1425 | .1421 7.040 1435 6.968 1.010, .9899 1.4283 50’ 
20’ .1454 | .1449 6.900 1465 6.827 1.011 .9894 | 1.4254 40’ 
30’ .1484 | .1478 6.765 1495 6.691 —§ 1.011 .9890 1.4224 30’ 
40°. 1513 1507 6.636 1524 6.561 1.012) .9886 | 1.4195 20’ 
50°) — 1542 1536 6.512 1554 6.435 1.012} .9881 ) 1.4166 10’ | 
9°00’) .1571 | .1564| 6.392 1584 6.314—-| 1.012 | .9877 | 1.4137 | 81° 00° 
| : Radians | Degrees 
j cosa seca cof a fon a csc a sin a ae 
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Table 6 Values of Trigonometric Functions for 
Angles in Degrees 


Degrees Radians 


9°00' 61571 = .1564 6.392 1584 6.314 1,012 | 9877 1.4137 81 00’ 


| 


10’ .1600 | .1593 6.277 1614. 6.197 1.013 .9872 1.4108 50° 
20° .1629 .1622, 6.166 1644 6.084 1.013 .9868 1.4079 40 
30’ | .1658 .1650 6.059 .1673 5.976 1.014 .9863 1.4050. 30° 
40’ .1687 | .1679 SSS) .1703 5.871 1.014 .9858 1.4021 20' 
50’ 1716 | .1708 Seis) 1733 5.769 IOUS § oes 3iBle3992 10° 
10°00’ = 1745 _| .1736 5.759 1763 5.671 1.015 .9848 1.3963 80 00’ 
1o’ 17741765 5.665 ME) 5.576 1.016 .9843 1.3934 50° 
20’ .1804  .1794 Doo fs 1823 5.485 1.016 .9838 1.3904 40 
30’) .1833 | 1822 5.487 1853 5.396 | 1.017 .9833 1.3875 30° 
40’ .1862 .1851 5.403 1883 5.309 1.018  .9827 | 1.3846 20° 
50’ .1891  .1880 5.320 1914 5.226 1.018  .9822 1.3817! 10’ 
11°00’ =.1920 1908 5.241 .1944 5.145 | 1.019  .9816! 1.3788, 79 00 
10° 1949 £1937 5.164 .1974 5.066 1.019 | .9811 | 1.3759 50’ 
20°; .1978 | .1965 5.089 .2004 4.989 1.020 | .9805 | 1.3730 40° 
30’ .2007 | .1994 5.016 .2035 4.915 1.020  .9799 ' 1.3701 30° 


3672 20 
3643 10’ 


40° 2036 = .2022 4.945 .2065 4.843 1.021 | .9793 


50’ .2065 | 2051, 4.876 .2095 4773, 1.0220) .9787 
12°00' .2094 .2079 4.810 .2126 4.705 1.022 | .9781 , 1.3614) 78 00 


1 
1 
1 
1o’ | .2123 | .2108 4.745 .2156 4.638 +1023 | .9775 1.3584 50'| 
20’ .2153 | 2136 94.682 .2186 4.574 1.024 | .9769 1.3555 40° 
1 
1 
1 
1 


30° 2182 | .2164 4.620 ee y 4.511 1.024 | .9763 1.3526 30’ 
40° .2211 | .2193 4.560 2247 4.449 3497 20° 
50° .2240_.2221 4.502 .2278 4.390 


i=) 
N 
an 
Oo 
Jw] 
A 
~ 


3468 10° 


=) 
No 
ion 
Ke} 
a 
So 


13° 00' = .2269 2250) 4.445 .2309 4.33% d .3439 | 77 00 
10’ | .2298 | .2278 4.390 aehet?) 4.275 1.027 .9737 | 1.3410 50 

20’) .2327 | .2306 4.336 .2370 4.219 1.028 | .9730 1.3381 40° 

30’ .2356  .2334 4.284 .2401 4.165 1.028 | .9724 1.3352 30° 

40’ | .2385 | .2363 4.232 .2432 4.113 1.029 .9717 | 1.3323 20 

50’ | 2414 2391 4.182 .2462 4.061 1.030 .9710 1.3294 10° 
14°00’ = .2443_| .2419 4.134 , .2493 4.011 1.031 .9703 1.3265; 76 00 
Yo’) .2473 .2447;, 4.086 — .2524 3.962 1.031 .9696 1.3235 50 
20’ .2502 | .2476 4.039 255) 3.914 1.032 .9689 1.3206 40° 

30° 2531-2504. 3.994 | .2586 3.867 1.033 .9681 1.3177 30 

40’ .2560_— .2532 3.950 .2617 3.821 1.034 .9674 | 1.3148 20 

50’ .2589 .2560 3.906 .2648 3.776 1.034 .9667 1.3119 10’ 
15°00’ §=.2618 = .2588 3.864 .2679 See 1.035  .9659' 1.3090) 75 00 
10° .2647 = .2616 3.822 2 Al)! 3.689 1.036 .9652 1.3061 50 
20°) 2676 = .2644 3.782 .2742 3.647 1.037 .9644 1.3032 40 

30’ .2705 2672 3.742 Parl Ti) 3.606 1.038  .9636 1.3003 30’ 

40° .2734—.2700 3.703 .2805 3.566 1.039 .9628 1.2974 20 

50’ .2763 .2728 3.665 .2836 3.526 | 1.039 .9621 1.2945 10 

16° 00' | .2793 .2756 3.628 .2867 3.487 1.040  .9613 1.2915; 74 00 
10’ .2822 = .2784 a2 2899 3.450 1.041  .9605 1.2886 50 

20'. 2851 | .2812 B50 2931 3.412 1.042  .9596 | 1.2857 40 

30’ .2880 .2840 S52 22962) 3.376 1.043 .9588 | 1.2828 30 

40 | .2909 —-.2868 3.487 .2994 3.340 1.044 .9580 1.2799 20 

50’ .2938 .2896 3.453 .3026 3.305 1.045 .9572 1.2770 10 

17° 00° 6.2967 = .2924 3.420 3057 S27) 1.046  .9563 1.2741 73 00 
10'} .2996 | .2952 3.388 3089 3.237 1.047 | 95559 1.2712 50 

20° = .3025 .2979 Ses0i 3121 3.204 1.048  .9546 1.2683 40 
30° .3054 =.3007 3.326 es)l93 3.172 1.049 .9537 1.2654 30 

40° = .3083——.3035 Lies) 3185 3.140 1.049 .9528 1.2625 20 

50°. .3113 | .3062 3.265 3217 3.108 1.050 .9520 1.2595 10 


18° 00’ | .3142 , .3090 3.236 .3249 3.078 1.051 ) 9511 1.2566 72 00 
i. « a: Rodions pasa 


COs cr sec er cotis | fon cr CSC ce sin fa 
my 
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Table 6 Values of Trigonometric Functions for 
Angles in Degrees 


ma) 
= sing csc am tona cota seca cosa 
Degrees | Radians | 


18°00’) =.3142 =.3090 3.236 .3249 3.078 1.051 .9511 | 1.2566 | 72° 00’ 


10’ | .3171  .3118 3.207 3281 3.047 1EOS2aF 29502) Sle2 ser 50° 
20’ | .3200 .3145 3.179 3314 3.018 1.053, .9492 | 1.2508 40’ 
30’ | .3229 | .3173 3.152 3346 2.989 1.054 | .9483 | 1.2479 30’ 
40’ | .3258 3201 3.124 .3378 2.960 | 1.056 .9474 | 1.2450 20’ 
50’ | .3287 | 3228 3.098 3411) 2.932 1.057. .9465 | 1.2421 10’ 
19° 00’ | .3316 © .3256 3.072 3443 2.904 | 1.058! .9455 | 1.2392 | 71° 00” 
10’ = .3345—.3283 3.046 .3476 | 2.877 | 1.059 .9446 | 1.2363 50’ 
20° =.3374 = 3311 3.021 3508 2.850 1.060 .9436! 1.2334 40’ 
30’ = 3403 3338 2.996 3541 2.824 1.061 .9426 | 1.2305 30’ 
40° .3432 = .3365 2.971 3574 2.798 1.062 .9417 1.2275 20’ 
50’ .3462 .3393 2.947 .3607 2.773 1.063 .9407 | 1.2246 10’ 


20°00’ .3491 .3420 2.924 3640 2.747 1.064  .9397 | 1.2217 | 70° 00’ 


10’ 3520 .3448 2.901 3673 ve Ps) 1.065 .9387 1.2188 50’ 
20° =.3549 3475 2.878 -3706 2.699 1.066 .9377 1.2159 40’ 
30’ .3578 = .3502 2.855 3739 2.675 1.068 .9367 1.2130 30’ 
40° .3607 = .3529 2.833 ee 2.651 1.069 .9356 1.2101 20' 
50’ 3636 = .3557 Dreili2 3805 2.628 1.070 .9346 1.2072 10" 
21°00’ .3665 .3584 2.790 3839 2.605 1.071 .9336| 1.2043 | 69° 00’ 
10’ =.3694_— 3611 2.769 3872 2.583 1.072 .9325 1.2014 50’ 
20°) .3723 | .3638 2.749 .3906 2.560 1.074 .9315 1985 40’ 
30’ | .3752 .3665 Bolle) 3939 259 1.075 .9304 1.1956 30’ 


.3782 3692 2.709 3973 Zo? 1.076) .9293 
patente | osiZ/le) 2.689 .4006 2.496 1.077 .9283 


22°00’ .3840 .3746 2.669 .4040 2.475 1.079 .9272 | 

10’; .3869 | 3773 2.650 .4074 2.455 1.080 .9261 
20’ | .3898 .3800 2.632 .4108 2.434 1.081  .9250 
| 3927 BE3827 2.613 4142) 2.414 1.082  .9239 
40’ | .3956 .3854 2.595 4176 2.394 1.084 .9228 
50’ .3985 = 3881 Si 4210 ZS 1.085 .9216 


23° 00’ | 4014 = .3907 2553 4245 2.356 | 1.086 .9205 

| .4043 .3934) 2.542 .4279 235i 1.088 | .9194 
20’ | .4072 .3961 oso) 4314 2.318 1.089} .9182 
30’ | .4102 .3987 2.508 .4348 2.300 1.090.917] 
40'| .4131 .4014 2.491 4383 2.282 SOSA CHIS®) 


| 
1 
40’ 1 
1 
] 
] 
1 
1 
| 
1 
| 
| 
1 
1 
1. 
50’ .4160 | .4041 2.475 .4417 2.264 1.093, .9147 1.1548 10’ 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


50’ 


24°00’ ~=.4189 | .4067 2.459 4452 2.246 1.095; .9135 
10’ .4218 | .4094 2.443 .4487 2229 1.096 .9124 
20’ .4247 | .4120 2.427 4522 2.211 ROOT) OU 
30’ .4276 | .4147 2.411 4557 2.194 1.099 .9100 
40’ .4305 | .4173 2.396 4592 2.177 1.100 .9088 


50° .4334 | .4200 2.381 .4628 2.161 102 | .9075 


25°00’ .4363 | .4226 2.366 .4663 2.145 -103 .9063 
10’ .4392 | .4253 352 .4699 2.128 


20’ =.4422 | .4279 2.337 4734 AN 


105.9051 
106 .9038 
30’ =.4451 | .4305 2.323 .4770 2.097 108 .9026 
40’ .4480 | .4331 2.309 .4806 2.081 109, .9013 


] 
] 
1 
1 
1 
| 
50’ 4509 | .4358 phe 4841 2.066 1.111) .9001 
1 
] 
] 
1 
1 
| 
] 


26°00’ , .4538 | 4384 2.281 4877 2.050 
10’  .4567 | .4410 2.268 4913 2.035 
20’ | .4596 | .4436 2.254 .4950 2.020 
30’ | .4625 | .4462 2.241 .4986 2.006 


113, .8988 
114) .8975 
116) .8962 | 1. 
117.8949 | 1.1083 30’ 
119.8936 | 1.1054 20’ 
121 .8923 | 1.1025 10’ 


.122| .8910 | 1.0996 | 63° a0’ 


casa sec a cota tona esta sina 


4654 | .4488 2.228 .5022 1.991 
4683 | 4514! 2.215 5059 1.977 


27° 00 | 4712 | 4540 2.203 .5095 1.963 


Radians | Degrees 


ma) 
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Table 6 Values of Trigonometric Functions for 
Angles in Degrees 


ma) 


Degree: ee sin a esc a tona . cota seca | cosa 
27° 00° ~=©=.4712— 4540 2.203 .5095 1.963 1.122, .8910 | 1.0996 | 63° 00’ 
lo’ =.4741_ 4566 2.190 .5132 1.949 1.124 | .8897 | 1.0966 | 50’ 
20 «4771 ~=.4592 2.178 .5169 1.935 1.126, .8884 ) 1.0937 40’ 
30’ .4800 .4617 2.166 .5206 1.921 pl .8870 1.0908 | 30’ 
40’ .4829 .4643 2.154 5243 1.907 1.129 | .8857 1.0879 20’ 
50’ .4858 .4669 2.142 .5280 1.894 1.131 .8843 | 1.0850 10’ 
28°00’ .4887 .4695 2.130 Seid 1.881 1.133} .8829 } 1.0821 | 62° 00 
\ 10’ .4916 .4720 2.118 .5354 1.868 1.134 .8816 1.0792 50' | 
20° .4945 .4746 2.107 .5392 1.855 | 1.136 .8802 | 1.0763 40’ 
30’ .4974 4772 2.096 .5430 1.842 1.138 .8788 | 1.0734 30’ 
40’ .5003 .4797 2.085 .5467 1.829 1.140, .8774 1.0705 20° 
50 §=6.5032.—s .4823 2.074 .5505 | 1.816 1.142 .8760 1.0676 10’ 
29° 00’ .5061 .4848 2.063 5543 1.804 1.143' .8746 1.0647 , 61° 00' 
10’ .5091 | .4874 2.052 5581 1,792 1.145 .8732 1.0617 50’ 
20’. .5120 =.4899 2.041 5619 1.780 1.147, .8718 1.0588 | 40’ | 
30’; .5149 .4924, 2.031 5658 1.767 1.149, .8704 1.0559 30’ | 
40’ §178  .4950 2.020 .5696 1.756 1.151 .8689 | 1.0530 20 
50’! .5207 .4975 2.010 SS 1.744 1.153. .8675 | 1.0501 10’ 
30°00’ .5236 .5000 2.000 .5774 1.732 1.155| .8660 | 1.0472 | 60° 00’ 
10’ | .5265 .5025 1.990 .5812 1.720 1.157 .8646' 1.0443 , 50’ 
20’ | .5294 | .5050 1.980 5851 1.709 1.159 .8631 1.0414 40 
30’ | .5323 | .5075 1.970 .5890 1.698 | 1.161. .8616 1.0385 30’ 
40’ | .5352 | .5100 1.961 .5930 1.686 1.163 .8601 1.0356 20° 
50’ | .5381 | .5125 1.951 5969 1.675 | 1.165  .8587 | 1.0327 10’ 
31°00’ | .5411 | .5150 1.942 6009) 1.664 | 1.167  .8572 | 1.0297 59° 00’ 
10’ | .5440 | .5175 1.932 | .6048 1.653 | 1.169 .8557 1.0268 50’ 
20' | .5469 | .5200 1.923 .6088 1.643 1.171  .8542 | 1.0239 40 
30’ | .5498 | 5225) 1.914 .6128 1.632 1.173 | .8526 1.0210 30’ 
40’ | .5527 | .5250 1.905 6168) = 1.621 1.175 .8511 , 1.0181 20 
50’ | .5556 | .5275 1.896 .6208 1.611 1.177. .8496 1.0152 10 
32°00’ | .5585 | .5299 1.887 | .6249 1.600 1.179 .8480) 1.0123 58° 00" 
| 10’ | .5614 | .5324 1.878 -6289 1.590 1.181 .8465 | 1.0094 50 
20’ | 5643 | 5348) 1.870 6330) 1.580 1.184 8450 1.0065 40’ 
| 307 || (5672 15373 1.861 .6371 1.570 1.186 .8434. 1.0036 30 
40’ | .5701 | .5398 1.853 6412 1.560 1.188 .8418 1.0007 20 
50’ | .5730 | .5422 1.844 .6453 1.550 1.190 .8403 .9977 10 
33°00’ | 5760 | 5446) 1.836 | 6494 1.540 1.192 8387 9948 57° 00’ 
10’ .5789 | .5471 1.828 .6536 1.530 1.195 .8371  .9919 50 
20’ ~.5818 | .5495 1.820 | .6577 1.520 1.197 .8355° .9890 Cho 
30’ 5847 | .5519 1.812 .6619 1.511 1.199 .8339 .9861 30° 
| 40’. .5876 | .5544 1.804 .6661 1.501 1.202 .8323 .9832 20° 
50’, .5905 £568 1.796 .6703 1.492 1.204 .8307 .9803 10 
34°00’ 59345592) 1.788 6745. 1.483 ‘1.206. 8290-9774, 56° 00! 
| 10’| 15963 | 5616) 1.781 | 6787] 1.473 | 1.209) .8274, 9745) = 50" 
/ 20’ .5992 .5640 1.773 .6830 1.464 1.211} .8258; .9716 40 
30’ .6021 .5664 1.766 .6873 1.455 1213 § e824 | .9687 30° 
40’ .6050 .5688 1.758 .6916 1.446 1.2161 .8225) .9657 20 
50’ .6080 .5712 1.751 .6959 1.437 1.218: .8208  .9628 10 
35°00’ | 6109 | 5736 1.743 7002, '1.428 ‘1.221 | 8192 .9599 55° 00" 
10’ | .6138 .5760 | 1.736 .1046 1.419 1223) |) PSs .9570 50 
20’ | .6167 .5783 1.729 -7089 1.411 1.226] .8158 9541 40 
30’ | 6196 .5807 Na 7/2a2 pis) 1.402 1.228 .8141 9512 30 
40’ | .6225  .5831 1.715 7177 1393) 1.231 .8124 .9483 20 
50’ | .6254 .5854 1.708 W221 1.385 1.233 .8107 .9454 10 
36° 00’ | 6283 .5878 | 1.701 .7265 1.376 1.236 .8090 9425 54° 00' 
is = | , Radions Degrees 
cosa | seca cola tan « CSC | sina 
mer) j 
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mla) : 
=e sing cst a tana cota seca cosa 

Degrees Roadions / 
36° 00’ | .6283 .5878 1.701 -7265 1.376 1.236; .8090 | .9425 | 54° 00’ 
10’ | .6312 | .5901 1.695 .7310 1.368 1.239 .8073 , .9396 50’ 
20’ | .6341 .5925 1.688 855) 1.360 1.241, .8056 | .9367 40’ 
30’ | .6370 | .5948 1.681 -7400 W351 1.244 .8039 | .9338 30’ 
40’ | .6400 | Se 1.675 -7445 1.343 1.247 .8021 |} .9308 20' 
50’! .6429 | .5995 1.668 .7490 1.335 1.249 | .8004 | .9279 10’ 
37°00’ | .6458 .6018 1.662 .7536 1.327 1.252 .7986 | .92501! 53° 00’ 
10’ | .6487 .6041 1.655 .7581 1.319 1.255| .7969 | .9221 50’ 
20’; .6516 .6065 1.649 -7627 1.311 1.258 | .7951 § .9192 40’ 
30’; .6545 .6088 1.643 ous 1.303 1.260} .7934 .9163 30’ 
40'| .6574 .6111 1.636 .7720 1.295 1.263) .7916 9134 20’ 
50’| .6603 .6134 1.630 -7766 1,288 1.266 .7898  .9105 10’ 
38°00’ | .6632 .6157 1.624 .7813 1.280 1.269 .7880  .9076! 52° 00’ 
10’ | .6661 .6180 1.618 .7860 1.272 1.272 | .7862 | .9047 50’ 
20'| .6690 .6202 1.612 .7907 1.265 (1.275) .7844 .9018 40’ 
30’ .6720 .6225 1.606 .7954 1.257 | 1.278) .7826  .8988 30’ 
40’ .6749 .6248 1.601 .8002 1.250 , 1.281 .7808 | .8959 20’ 
50’' .6778  .6271 1595 .8050 1.242 1.284, .7790  .8930 10’ 
39° 00’ | .6807 .6293 1.589 .8098 1.235 | 1.287) .7771 | .8901 | 51° oo’ 
10’) .6836 .6316 1.583 .8146 1.228 | 1.290} .7753 | .8872 50’ 
20'| .6865 .6338, 1.578 .8195 1.220 | 1.293) .7735 | .8843 40’ 
30’ .6894 .6361 1.572 -8243 1.213 | 1.296) .7716  .8814 30’ 
40’| .6923 .6383| 1.567 -8292 1.206 1.299. .7698  .8785 20’ 
50’. .6952 .6406 1.561 .8342 1.199 1.302 .7679 | .8756 10’ 
40°00’ | 6981 6428, 1.556 | 8391} 1.192 1.305 .7660 | .8727| s0° 00’ 
10’ | .7010  .6450| 1.550 8441 | 1.185 1.309, .7642 | 8698 50’ 
20’ | .7039 .6472 1.545 8491) 1.178 1.312 .7623 | .8668 40’ 
30’ | .7069 .6494/ 1.540 8541) 1.171 1.315 | .7604 | .8639 30’ 
40'| .7098 .6517| 1.535 8591 = 1.164 1.318) .7585 | .8610 20’ 
50’ .7127  .6539 1.529 8642 TES 1.322} .7566 | .8581 | 10’ 
41°00’ «6.7156 .6561 1.524 .8693 1.150 1.325 .7547 | .8552| 49° 00’ 
10’, .7185  .6583 1.519 -8744 1.144 1.328 | .7528 | .8523 50’ 
20'| .7214 .6604 1.514 .8796 1.137 1.332 .7509 | .8494 40’ 
30’ .7243  .6626 1.509 8847 1.130 1.335 .7490 | .8465 30’ 
40'!' .7272  .6648 | 1.504 .8899 1.124 1.339) .7470 | .8436 20’ 
50’, .7301 .6670 1.499 -8952 1.117, 1.342, .7451 | .8407 10’ 
42°00’ | .7330 .6691 1.494 .9004 1.111 | 1.346| .7431 | .8378| 48° 00’ 
10’ | .7359 .6713| 1.490 .9057 1.104 | 1.349] .7412 | .8348 50’ 
20’ .7389 .6734 | 1.485 9110 1.098 1.353 | .7392 | .8319 40’ 
30’ .7418 .6756| 1.480 9163 1.091 | 1.356! .7373 | .8290 30’ 
40’ | .7447 .6777 1.476 9217 1.085 /§1.360| .7353 | .8261 20’ 
50’ | .7476  .6799 1.471 9271 1.079 1.364 | .7333 | .8232 10’ 
43°00’ | .7505 .6820 , 1.466 .9325 1.072 1.367] .7314 | .8203 | 47° 00’ 
10’) .7534 6841 1.462 -9380 | 1.066 1.371 | .7294 | .8174 50’ 
20’, .7563  .6862| 1.457 .9435| 1.060 1.375 | .7274 | .8145 40’ 
30’ -7592  .6884! 1.453 .9490 1.054 1.379 | .7254 | .8116 30’ 
40’ .7621 .6905 1.448 .9545 1.048 1.382} .7234 | .8087 20' 
50’| .7650 .6926 | 1.444 .9601 1.042 1.386} .7214 | .8058 10’ 
44°00’ | .7679 .6947 1.440 .9657 1.036 1.390} .7193 | .8029 | 46° 00’ 
10’| .7709 .6967} 1.435 9713 1.030 1.394] .7173 | .7999 50’ 
20'| .7738  .6988 1.431 .9770 1.024 | 1.398) .7153 | .7970 40’ 
30’ -7767 = .7009 1.427 9827 1.018 | 1.402; .7133 | .7941 30’ 
40’ | .7796 .7030 1.423 9884 1.012 1.406; .7112 pit 20' 
.71833 10’ 


50’| .7825  .7050 1.418 9942 1.006 1.410 .7092 
45° 00 -7854 | .7071 1.414 1.000 | 1.000 1.414¢' .7071 


7854 45° 00’ 


Radions|' Degrees 
gabe Ve | 


cosa seca cota | fona csc a sin a 


ma) 
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Table 7 Values of Circular Functions and Trigonometric 
Functions for Angles in Radians 


| Real 
' Number x sin x csc xX ton x cot x sec x cos x 
or or | or or or or or 
mR(a) mia) : sin a csc a ton a cot a sec a cos @ 
) g 0 Undefined) 0 | Undefined) 1 i 1 
0.01 OF 3 0.0100 100.0 0.0100 | 100.0 1.000 1.000 
02 1° 09’ .0200 50.00 | .0200 49.99 1.000 0.9998 
03 1°43’ | .0300 | 33.34 | .0300 | 33.32 1.000 | 0.9996 | 
04 2° 18’ .0400 | 25.01 | .0400 | 24.99 1.001 0.9992 
0.05 pee Spy 0.0500 20.01 | 0.0500 ie tg98 1.001 0.9988 
| 06 3° 26’ .0600 16.68 .0601 16.65 1.002 9982 | 
07 4° O01’ .0699 14.30 — .0701 14.26 1.002 9976 | 
08 4° 35’ .0799 PASH 4) .0802 12.47 1.003 9968 | 
09 5° 09’ .0899 11.13 .0902 11.08 1.004 9960 
0.10 Se ake 0.0998 10.02 0.1003 9.967 1.005 0.9950 ! 
dT 6° 18’ .1098 9.109 1104 | 9.054 1.006 .9940 
12 Ser .1197 8.353 .1206 — 8.293 1.007 .9928 
alls aes .1296 7.714 .1307 7.649 1.009 .9916 
14 8° Ol’ .1395 7.166 1409 | 7.096 1.010 .9902 
0.15 ; 8° 36’ 0.1494 6.692 0.1511 6.617 1.011 0.9888 
16 9° 10’ .1593 6.277 1614 6.197, 1.013 .9872 
17 9° 44’ .1692 5.911 1717 5.826 | 1.015 .9856 
18 bY 10° 19" .1790 | 5.586 .1820 $.495 | 1.016 .9838 
19 10° 53’ .1889 | 5.295 .1923 5.200 1.018 .9820 
0.20 Ie a? 0.1987 | 5.033 0.2027 4,933 1.020 0.9801 
21 12° 02’ 2085 | 4.797 2131 4.692 1.022 .9780 
22 12° 36’ VAT Y Am ee: Phe Y4 .2236 4.472 1.025 9759 
| -23 13° 11’ .2280 4.386 | .2341 4.271 1.027 9737 
.24 13° 45’ .2377 4.207 © .2447 4.086 1.030 9713 
: 0.25 14° 19’ 0.2474 4.042 | 0.2553 | 3.916 1.032 0.9689 
26 06} 14°54’ | 2571 3.890 .2660 3.759 1.035 | .9664 
eee IS? ev .2667 3.749 .2768 3.613 1.038 | .9638 
.28 16° 03’ | .2764 3.619 | 2876 3.478 1.041 9611 
.29 16° 37’ .2860 3.497 | 2984 3.351 1.044 9582 
0.30 | ge Wil’ 0.2955 | 3.384 0.3093 3.233 1.047 0.9553 
31 ' 17° 46' | 3051 | 3.278 | 3203 AJP 1.050 9523 
.32 18° 20’ 3146 | 3.179 3314 3.018 1.053 .9492 
one} 18° 55’ 3240 | 3.086 3425 2.920 1.057 > .9460 
| «34 19° 29’ .3335 2.999 | selelsi Zf Afevall 1.061 | .9428 
0.35 20° 03’ =: 0.3429 2.916 | 0.3650 2.740 1.065 0.9394 
| 36 20° 38’ S525 2.839 .3764 2.657 1.068 .9359 
37 q eile 124 3616 2.765 .3879 2.578 1.073 .9323 
.38 21° 46’ .3709 2.696 .3994 2.504 1.077 .9287 
39 peo .3802 2.630 Alll 2.433 1.081 .9249 
0.40 22555) 0.3894 2.568 0.4228 2.365 1.086 0.9211 
Al 23° 30’ ; .3986 2.509 4346 | 2.301 1.090 9171 
42 24° 04’ .4078 2.452 4466 | 2.239 1.095 9131 
43 24° 38’ .4169 2.399 4586 | 2.180 1.100 .9090 
44 Se Way 4259 | 2.348 4708 2.124 1.105 . .9048 
0.45 25° 47’ 0.4350 2.299 0.4831 2.070 1.111 0.9004 
46 | 26° 21’ .4439 253 4954 2.018 1.116 .8961 
47 | 26° 56’ .4529 2.208 .5080 1.969 5112224 .8916 
48 i) 27230! 4618 2.166 .5206 1.921 1.127 .8870 
49 =| 28° 05’ .4706 22,225) 5334 1.875 1.133 8823 
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Table 7 Values of Circular Functions and Trigonometric 
Functions for Angles in Radians 


Reol 
Number x 
or or or or or 

m(a) ma) sina csc a ton a cota sec a cos a | 

| —§ 

0.50 28° 39’ 0.4794 2.086 0.5463» 1.830 1.139 0.8776 
51 29° 13’ 4882 2.048 5594 1.788 1.146 8727 
52 | 29° 48’ 4969 | 2.013 .5726 1.747 1.152 .8678 
53 30° 22’ .5055 1.978 5859 1.707 1.159 8628 
54 30° 56’ 5141 1.945 5994 1.668 1.166 .8577 

| 

0.55 31° 31’ 0.5227 1.913 0.6131 | 1.631 1.173 0.8525 
.56 32° 05’ 5312 1.883 .6269 1.595 1.180 .8473 
57 Ba? aly -5396 1.853 .6410 1.560 1.188 .8419 
.58 33° 14’ .5480 1.825 .6552 1.526 1.196 8365 
59 33° 48’ 5564 1.797 .6696 1.494 1.203 .8309 

0.60 34° 23’ 0.5646 1.771 0.6841 1.462 2? 0.8253 
61 Bue Sip .5729 1.746 .6989 1.431 1.220 8196 
.62 35° 31’ 5810 | 1.721 7139 1.401 1.229 8139 
.63 36° 06’ 589] 1.697 7291 1.372 1.238 .8080 
64 | 36° 40’ 5972 | 1.674 7445 | 1.343 1.247 .8021 

| 

0.65 37° 157 0.6052 1.652 0.7602 , 1.315 1.256 0.7961 
.66 37° 49’ 6131 | 1.631 7761 | 1.288 1.266 .7900 
.67 38° 23’ .6210 | 1.610 7923 1.262 1.276 .7838 
-68 38° 58’ .6288 1.590 .8087 E2357 1.286 .7776 
69 B9F32! .6365 1.571 8253 1.212 1.297 TAD 

0.70 40° 06’ 0.6442 il SiSy2 0.8423 1.187 1.307 0.7648 
71 40° 41’ .6518 1.534 8595 1.163 1.319 .7584 
72 41° 15’ .6594 1.517 8771 1.140 1.330 7518 
73 41° 50’ .6669 , 1.500 .8949 1.117 1.342 .7452 
74 | 42° 24’ .6743 1.483 9131 1.095 1.354 7385 

0.75 | 42° 58’ 0.6816 1.467 0.9316 1.073 1.367 0.7317 
76 43° 33’ .6889 1.452 .9505 1.052 | 1.380 .7248 
B77 44° 07’ 6961  —- 11.437 9697 1.031 1.393 .7179 
78 44° 41’ 7033 | 1.422 9893 1.011 1.407 .7109 
79 45° 16’ .7104 1.408 1.009 .9908 1.421 .7038 

| 

0.80 45° 50’ 0.7174 1.394 1.030 0.9712 1.435 0.6967 
81 46° 25’ .7243 1.381 1.050 .9520 1.450 .6895 
82 46° 59’ 7311 | 1.368 1.072 9331 1.466 .6822 
83 47° 33’ 7309) |e): 1.093 .9146 1.482 .6749 
84 48° 08’ .7446 1.343 1.116 8964 1.498 .6675 

0.85 48° 42’ 0.7513 133) 1.138 © 0.8785 1.515 0.6600 
860 | 49° 17’ -7578 1.320 1.162 © .8609 1.533 .6524 
87 49° 51’ -7643 1.308 1.185 .8437 155i 6448 | 
88 50° 25’ .7707 1.297 1.210 .8267 1.569 .6372 
89 51° 00’ 777) 1.287 1.235 .8100 1.589 .6294 

0.90 $1° 34’ 0.7833 1.277 1.260 0.7936 1.609 0.6216 
91 52°08’ | .7895 1.267 1.286 | .7774 1.629 .6137 
92 | Se? AY .7956 1.257 1.313 7615 1.651 6058, 
93 Saale .8016 1.247 1.341 | .7458 1.673 .5978 
94 53827524 .8076 1.238 1.369 .7303 1.696 .5898 

0.95 54° 26’ 0.8134 1.229 1.398 0.7151 1.719 0.5817 
96 | 55°00’ 8192 273) 1.428 -7001 1.744 .5735 
.97 Sei SV 8249 | 1.212 1.459 .6853 1.769 .5653 
-98 | 56°09! | .8305 1.204 1.491 .6707 1.795 .5570 
99 | 56° 43’ | .8360 | 1.196 1.524 6563 1.823 5487 
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Table 7 Values of Circular Functions and Trigonometric 
Functions for Angles in Radians 


Reol 
Number x | sin x ese x ton x cot x sec X cos x 
or | or or or or or or 
m(q) | mla) sina csc a tan a cot a sec a cos @ 
1.00 | 57° 18’ 0.8415 | 1.188 1.557 | 0.6421 1.851 0.5403. 
1.01 Sime 8468 1.181 1.592 .6281 1.880 5319 
1.02 | SS ae 8521 1.174 1.628 6142 | 1.911 P04) 
1.03 | §9° OI’ 8573 1.166 1.665 6005 | 1.942 $148 
1.04 Sos Si .8624 1.160 1.704 .5870 1.975 $062 
1.05 60° 10’ 0.8674 1.153 1.743 0.5736 2.010 | 0.4976 
1.06 60° 44’ .8724 1.146 1.784 5604 2.046 .4889 
1.07 61° 18’ 8772 1.140 1.827 $473 2.083 4801 
1.08 (Qi Sav .8820 1.134 1.871 $344 D2 4713 
1.09 622 27) .8866 1.128 1.917 $216 2.162 4625 
1.10 63° 02’ 0.8912 1.122 1.965 0.5090 2.205 0.4536 
1.71 63° 36° | .8957 1.116 2.014 | 4964 2.249 4447 
1.12 64° 10’ .9001 1.111 2.066 4840 — 2.295 | 4357 
1.13 64° 45’ -9044 1.106 2.120 | 4718 2.344 4267 
1.14 | 65°19’ .9086 1.101 2.176 4596 2.395 4176 
1.15 65° 53’ 0.9128 1.096 2.234 | 0.4475 | 2.448 0.4085 
1.16 66° 28’ .9168 1.091 2.296 | .4356 | 2.504 3993 
1.17 67° 02’ -9208 1.086 2.360 .4237 2.563 .3902 
1.18 7? SY .9246 1.082 2.428 .4120 2.625 .3809 
1.19 68° 11’ 9284 1.077 2.498 .4003 2.691 3717 
} 

1.20 68°45’ 0.9320 IEO7B) Hie 2572 0.3888 2.760 0.3624 
1.21 69° 20’ .9356 1.069 | 2.650 .3773 2.833 .3530 
1.22 69° 54’ 9391 1.065 DoS .3659 2.910 .3436 
1.23 70° 28’ | .9425 1.061 2.820 .3546 2.992 .3342 
1,24 71° 03’ .9458 1.057 2.912 3434 3.079 .3248 
1.25 Te BF 0.9490 1.054 3.010 0.3323 3.171 | 0.3153 | 
1.26 eeales 9521 1.050 3.113 3212 3.270 .3058 
1.27 72° 46’ 9551 1.047 3.224 .3102 33S .2963 
1.28 73° 20’ .9580 1.044 3.341 .2993 3.488 .2867 
1.29 | 73° 55’ -9608 1.041 3.467 .2884 3.609 OED 
1.30 74° 29’ 0.9636 1.038 3.602 0.2776 3.738 0.2675 
1.31 75° 03’ .9662 1.035 3.747 | .2669 3.878 .2579 
1.32 75° 38’ -9687 1.032 | 3.903 .2562 4.029 .2482 
1.33 | 76° 12’ 9711 1.030 4.072 .2456 4.193 .2385 
1.34 76°47’ | 9735 1.027 4.256 .2350 4372 0 .2288 | 
1.35 77° 21’ | 0.9757 1.025 4.455 | 0.2245 4.566 -| 0.2190 
1.36 Ee SS | .9779 1.023 4.673 .2140 4.779 .2092 
1.37 78° 30’ .9799 1.021 4.913 .2035 5.014 .1994 
1.38 79° 04’ .9819 1.018 §.177 .1931 §.273 .1896 
1.39 79° 39’ .9837 1.017 | 5.471 .1828 $.561 .1798 
1.40 80° 13’ 0.9854 — 1.015 $.798 0.1725 5.883 0.1700 
1.41 | 80° 47’ 9871 1.013 6.165 .1622 6.246 1601 
1,42 81° 22’ .9887 1.011 | 6.581 .1519 6.657 .1502 
1.43 81° 56’ | 9901 1.010 7.055 1417 7.126 .1403 
1.44 82° 30’ 9915 1.009 7.602 | 1315 7.667 1304 
1.45 83° 05’ 0.9927 1.007 8.238 , 0.1214 8.299 0.1205 
1.46 | 83°39’ | .9939 1.006 8.989 | 1113 9.044 .1106 
1.47 84° 14’ 9949 1.005 9.887 1011 9.938 .1006 
1.48 84° 48’ 9959 1.004 10.98 : .O911 11.03 .0907 
1.49 jo ee 9967 1.003 12.35 .0810 12.39 .0807 
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Table 7 Values of Circular Functions and Trigonometric 
Functions for Angles in Radians 


Number x sin x cscx , fonx cot x sec x cos x 
or or or or | or or or 
ma) ma) sin a esc a fon a cof a seca | cos a@ 
1.50 85° 57’ 0.9975 1.003 14.10 0.0709 14.14 0.0707 
86° 31’ .9982 1.002 16.43 .0609 16.46 .0608 
87° 0S’ -9987 1.001 19.67 .0508 19,70 .0508 
87° 40’ .9992 1.001 = 24.50 .0408 24.52 .0408 
88° 14’ | 9995 1.000 32.46 .0308 32.48 . .0308 
88° 49’ 0.9998 1.000 48.08 0.0208 48.09 0.0208 
89° 23’ ss .9999 1.000 92.62 .0108 92.63 .0108 
89° 57’ 1.000 1.000 1256 .0008 1256 .0008 

90° | ] 1 Undefined 0 ‘Undefined, 0 
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Glossary 


abscissa (p. 71). The x-coordinate of a point. 

absolute value (p. 58). The nonnegative (0 or posi- 
tive) one of the pair a and —a, where a © &. 

accuracy of a measurement (p. 403). The relative 
error of a measurement; that is, the ratio of the 
maximum possible error in the measurement to 
the measurement itself. 

additive inverse (p. 7). For eacha © &, there exists 
an additive inverse —a © ® such that a + 
(= 4) = Wael (]@) 2a =) 

amplitude of a periodic function (p. 525). When a 
periodic function attains a maximum value M and 
a minimum value m, you say the function has an 
amplitude of WEEN 5 he 

angle (p. 502). The union of two noncollinear rays 
that have the same endpoint. See also directed 
angle. 

angle of depression (p. 538). The angle between the 
line of sight to an object (below the observer) and a 
horizontal ray through the observer. 

angle of elevation (p. 538). The angle between the 
horizontal ray through the observer and the line of 
sight to an object (above the observer). 

antilogarithm (p. 398). If log x = a, then x is called 
the antilogarithm of a. 

arithmetic mean (or average) (p. 217). A single arith- 
metic mean inserted between two numbers is the 
average or the arithmetic mean of the two num- 
bers. 

arithmetic means (p. 217). The terms between two 
given terms of an arithmetic sequence. 

arithmetic progression (p. 219). See arithmetic se- 
quence. 

arithmetic sequence (p. 219). Any sequence in which 
each term after the first is obtained by adding a 
fixed number, called the common difference, to the 
preceding term. Also called arithmetic progression. 

arithmetic series (p. 221). A series whose terms arc 
in arithmetic progression. 


bounded sequence (p. 242). A sequence for which 
there exists a number which equals or excecds the 
absolute value of every term of the sequence. 


Cartesian coordinate system (p. 70). A rectangular 
system which establishes a one-to-one correspond- 
ence between the set of points in the plane and the 
set of ordcred pairs of real numbers. Also called 
plane rectangular coordinate system. 

Cartesian product (p. 422). If a finite sct A contains r 
elements and a finite set B contains s clements, 
then the set of ordered pairs (a, 6) with a © A and 
b © Bis called the Cartesian product of A and B 
(denoted by A x B) and contains rs elements. 


characteristic (p. 398). The integral part of a loga- 
rithm to base 10 when the fractional part (the part 
between 0 and 1) is nonnegative. 

circle (p. 348). In a plane, a circle is the sct of all 
points at a given distance, called the radius, from a 
given point, called the center of the circle. 

circular functions (p. 513). The trigonometric func- 
tions with domain pictured as lengths of arcs on 
the unit circle, rather than as the set of angles. 

circular permutation (p. 426). An arrangement of 
objects in a circular pattern. 

coefficient of a monomial (p. 31). See under mono- 
mial. 

column matrix (or column vector) (p. 462). Matrix 
with only one column. 

combination (p. 431). An r-element subset of a set 
with 1 elements is called a combination of n ele- 
ments taken r at a time. 

combined variation (p. 364). A variation defined by 
an equation where a given variable varies directly 
with a second variable and inversely with a third 
variable. 

common logarithm (p. 395). Logarithm to the base 
10. 

complement of A (p. 451). If an event A is in the 
sample space S, the complement of A is the set of 
elements of S that are not members of A. 

complete factorization (p. 182). The factorization of 
a polynomial is complete when it has been ex- 
pressed as the product of a constant and one or 
more irreducible polynomials each of which has 1 
as its grcatest monomial factor. 

completing the square (p. 286). Transforming a 
quadratic expression into a square of a binomial. 

complex conjugate (p. 300). For any real numbers a 
and b, the complex conjugate of a + bi is a — bi; 
conversely, the complex conjugate of a — bi is 
a+ bi. 

complex number (p. 299). Any number of the form 
a+ bi where a © & and bi is a pure imaginary 
number. If b 4 0, a + bi is also called an imagi- 
nary number. 

conditional probability (p. 450). The probability of 
an cvent occurring given that another event has 
occurred. 

conic sections (p. 360). The curves (circle, ellipse, 
parabola, hyperbola) which arc formed by the 
intersection of a plane with a conical surface of 
two nappes. 

conjunction (p. 50). A compound sentence formed 
by joining two sentences with the word anid. 

consistent system of equations (p. 108). A svstcm of 
equations that has at least one solution. 

constant function (p. 89). A linear function where 
m = 0 and, therelore, y = 0 for all x © ®. 
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constant of proportionality (pp. 89, 256, 363). See 
constant of variation. 

constant of variation (pp. 89, 256, 363). In a direct 
variation y = mk or in an inverse variation 
xy = k(k £0), k is the constant of variation. Also 
called constant of proportionality. 

convergent sequence (p. 241). An infinite sequence 
which has a limit. 

converse (p. 46). Any two “If-then” statements are 
converses of each other if each can be obtained 
from the other by interchanging hypothesis and 
conclusion. 

coordinate(s) of a point (pp. 4, 70, 140). The number 
or ordered pair (ordered triple) of numbers associ- 
ated with a point. 

cosecant function (p. 530). A trigonometric function 


,sina £0. 


such that cosecant: a > 


sin a 

cosine function (p. 510). If a is an angle in standard 
position, with P(u, v) any point other than the 
origin on the terminal side of a, and if 


F u 
Vu? + v? =r, then cosine: a > —. 
pe 
cotangent function (p. 530). A trigonometric function 


cosa. 
such that cotangent: a - ——, sina £ 0. 
sin a 


coterminal angles (p. 503). Angles that have the 
same initial side and the same terminal side. 


degree (of rotation) (p. 505). Each of the 360 equal 
parts into which a complete revolution is divided, 
in one system of measuring angles. 

degree of a monomial (p. 32). In the monomial ax’, 
a # 0, the number denoted by un. 

degree of a polynomial (p. 32). The degree of the 
nonzero term of highest degree of a polynomial. 

dependent events (p. 451). Events for which the 
probability of one depends on the occurrence of 
the other. 

depressed equation (p. 329). Whenever r is a root of 
the polynomial equation P(x) = 0, P(x) + (« — r) 
= 0 is called the depressed equation. 

determinant (pp. 116, 155). A square array of numer- 
als, set off with vertical bars, which names a real 
number. The numerals in the array are called the 
entries (or elements) of the determinant. The order 
of the determinant is the number of rows (or col- 
ums). 

direct variation (p. 89). A linear function of the form 
5) SS FES, fan == 1, 

directed angle (p. 502). An ordered pair of rays with 
a common endpoint, one ray called the initial side 
of the angle and the other called the terminal side 
of the angle, together with a rotation from the 
initial to the terminal side. 

discriminant (p. 305). The number b? — 4ac, which is 
named under the radical sign in the quadratic 
formula, is called the discriminant of the quadratic 
equation ax? + bx +c = 0. 

disjunction (p. 50). A compound sentence formed by 
joining two sentences by the word or. 


650 | Glossary 


divergent sequence (p. 243). An infinite sequence 
that does not have a limit. 

domain of a function (p. 67). See function. 

domain of a variable (p. 3). The set whose members 
may be used as a replacement for the variable. 
Also called replacement set. 


ellipse (p. 353). In the plane, the set of points for 
each of which the sum of the distances from two 
fixed points, called foci, is a given constant. 

equivalent equations (p. 35). Equations that have the 
same solution set over a given set. 

equivalent expressions (p. 33). Two expressions are 
equivalent if, when they are joined by the = sym- 
bol, the resulting equation is a true statement for 
every numerical replacement of the variable. 

equivalent inequalities (p. 48). Inequalities with the 
same sclution set over a given set. 

equivalent systems (p. 111). Systems with the same 
solution set. 

equivalent vectors (p. 605). Vectors with the same 
norm and same direction. 

even function (pp. 256, 552). A function such that 
whenever it contains the ordered pair (a, b), it also 
contains (—a, b). 

event (p. 421). Any subset of a sample space. 

exponential form (p. 382). Form of a radical expres- 
sion when it is written as a power (or product of 
powers) with rational exponents. 

extremes of a proportion (p. 90). In the proportion 


le ee y, and x, are called the extremes. 


xX, x2 


factor of a polynomial (p. 181). If a given polynomial 
is the product of polynomials, each of the latter 
polynomials is called a factor of the given polyno- 
mial. 

factor set (p. 181). A designated set to which the 
factors of a polynomial belong. 

finite sequence (p. 213). A sequence which has a last 
term. 

fractional equation (p. 204). An equation involving 
one or more rational expressions in which a vari- 
able appears in the denominator. 

function (p. 67). A set of ordered pairs in which each 
first component is paired with exactly one second 
component according to a given rule. The set of 
first components is called the domain, and the set 
of second components the range, of the function. 

fundamental period (p. 517). If there is a least posi- 
tive period p for a periodic function, p is called the 
fundamental period of the function. 


geometric mean (p. 233). A single geometric mean 
inserted between two numbers. Also called geo- 
metric proportional. 

geometric means (p. 231). The terms between two 
given terms of a geometric sequence are called 
geometric means between the given terms. 

geometric progression (p. 227). See geometric se- 
quence. 


geometrie proportional (p. 233). 
mean. 

geometrie sequenee (p. 227). Any sequence in which 
each term after the first is the product of the pre- 
ceding term and a fixed number, called the com- 
mon ratio. Also called geometric progression. 

geometrie series (p. 235). A series whose terms are in 
geometric sequence. 


See geometric 


hyperbola (p. 358). The two-branched curve formed 
by the set of points in the plane such that for each 
point, the absolute value of the difference of its 
distances, called focal radii, from two fixed points, 
called foci, is a constant. 


identity (p. 512). An equation which is true for all 
real values of the variable. 

imaginary number (p. 299). 
number. 

imaginary unit (p. 296). The number i which is a 
square root of — 1; thus, i = V— 1. 

ineonsistent system of equations (p. 108). System of 
equations whose solution set is the empty set 6. 

independent events (p. 451). Events such that the 
probability of one does not depend on the occur- 
rence of the other. 

indireet proof (p. 54). A method of proof which 
begins by assuming that the conclusion of a theo- 
rem is false and reasons from this to a contradic- 
tion of the hypothesis, an axiom, or a previously 
proved theorem. 

infinite sequence (p. 213). A sequence which has no 
last term. 

inverse funetion (p. 388). The inverse of a function, 
which is also a function. 

inverse relation (p. 388). The relation (set of ordered 
pairs) which results when the components of each 
of the ordered pairs in a relation are interchanged. 

inverse variation (p. 363). In general, any function 
defined by an equation of the form xy = k where k 
(called the constant of variation) is a nonzero con- 
stant. 

irrational numbers (p. 262). Real numbers that are 
not rational. 

irreducible polynomial (p. 181). A polynomial that 
cannot be expressed as a product of polynomials 
of lower positive degree. 


See under complex 


joint variation (p. 364). A variation defined by an 
equation of the form y = kxz, where y varies di- 
rectly with x and also directly with z. We say y 
varies jointly as x and z. 


limit of a sequence (p. 241). A number such that the 
absolute value of the difference of a, (the nth term 
of a sequence) and this number can be made less 
than any given positive number, however small, by 
choosing » large enough. 

linear combination (p. 112). When both members of 
an equation are multiplied by the same nonzero 
constant and the resulting expressions are added to 


the corresponding members of another equation, a 
linear combination of the two equations is ob- 
tained. 

linear equation in two variables (p. 74). An equation 
which can be transformed into the form 
Ax + By = C where A, B, C © ® and A and B are 
not both zero. The graph of such an equation is a 
straight line. 

linear funetion (p. 89). A function f for which the rule 
for pairing is given by a linear equation of the form 
yomx+b(m, b & @®). 

linear inequality in two variables (p. 77). An ine- 
quality which has the linear equation in two varia- 
bles Ax + By = Cas its associated linear equation. 

linear interpolation (p. 335). The process of approxi- 
mating a value of a polynomial function by using a 
line segment. 

linear programming (p. 128). A means of finding 
maximum and minimum values of a linear expres- 
sion over a region (feasibility region) which satis- 
fies a system of inequalities (constraints). 

logarithm (p. 390). In the exponential function with 
base b, x = b¥ (b > 0, b F 1), the exponent y is 
called the logarithm of x to the base b. 


mantissa (p. 398). The fractional part (the nonnega- 
tive part between 0 and 1) of the logarithm of a 
number. 

matrix (plural, matrices) (p. 461). In general, a rec- 
tangular array of numerals. Each numeral in the 
array is called an entry of the matrix. The number 
of rows and the number of columns of entries in 
the matrix are its dimensions. 

maximum possible error (p. 402). The maximum 
possible error of a measurement is half the preci- 
sion (unit) of the measurement. 

means of a proportion (p. 90). In the proportion 
Ae ay x, and y, are called the means. 
Sy 

minor of an element in a determinant (p. 161). The 
determinant obtained by deleting the row and col- 
umn containing the element. 

monomial (p. 31). A monomial in the variable x is an 
expression of the form ax" where a © ® and n 
denotes a positive integer. The number denoted by 
ais called the coeflicient (or numerical coeflicient) 
of the monomial. 

multiplieative inverse (p. 7). For each nonzero a © 


Ae ae ! 
&, there exists a multiplicative inverse — © ® such 
a 


1 1 
that —:a =1 and a-—= l. 
a a 


rocal. 
mutually exclusive events (p. 447). Events that have 
no outcome in common. 


Also called recip- 


nonsingular (or invertible) matrix (p. 483). A matrix 
A such that‘det A # 0. 
norm of a vector (p. 605). The iength of a vector. 


Glossary | 651 


nth root (p. 259). Each solution of the equation 
x" = b, n a positive integer, is called an nth root 
of b. 

numerical coefficient (p. 31). See coefficient of a 
monomial. 


octant (p. 140). Each of the eight regions into which 
space is separated by the three coordinate planes, 
the xy-plane, the yz-plane, and the xz-plane. 

odd function (pp. 256, 552). A function with the 
property that whenever it contains (a, 5), it also 
contains (— a, — b). 

odds (p. 445). The odds that the event A in sample 
space S will occur are given by ne) 

P(A) 

one-to-one function (p. 389). A function such that not 
only is each element in the domain paired with 
exactly one element in the range, but also each 
element in the range is paired with exactly one 
element in the domain. 

ordinate (p. 71). The y-coordinate of a point. 


parabola (p. 350). A curve consisting of the set of all 
points P whose distance from a fixed point, called 
the focus, is equal to the perpendicular distance 
from P to a line, called the directrix, that does not 
contain the focus. 

partial sum (p. 245). In general, for any infinite series 


a,+@,+---+a,+---,S = > 4; is called 
a partial sum. veal 

periodic decimal (p. 267). See repeating decimal. 

periodic function (p. 517). A function / is periodic if 
there is some nonzero constant p such that 
f(x + p) = f(d) for all x in the domain of f; p is 
called a period of the function. 

permutation (p. 424). An arrangement of the ele- 
ments of a set in a definite order. 

perpendicular lines (p. 345). Two lines intersecting at 
right angles. 

plane rectangular coordinate system (p. 70). See 
Cartesian coordinate system. 

point-slope form (p. 86). An equation of a line of the 
form y — y, = m(x — x,), where m is the slope and 
point P(x, y,) is a point on the line. 

polar axis (p. 593). The nonnegative x-axis in the 
polar coordinate system. 

polar coordinates (p. 593). The components of the 
ordered pair (r, m(@)), usually written (7, @), which 
specifies the location of point P in the plane in 
terms of r, the distance from the origin to P, and @, 
an angle having the nonnegative x-axis as its initial 


side and the ray OP as its terminal side. 

polar form (p. 598). The expression r(cos @ + isin @) 
is called the polar form for denoting the complex 
number x + yi, where (r, 9) are the polar coordi- 
nates of the point (x, y). 

pole (p. 593). The origin in the polar coordinate 
system. 

polynomial (p. 32). An expression which consists of a 
string of monomials connected by plus signs. 
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polynomial functions (p. 322). Functions whose val- 
ues are given by polynomials. 

power function (p. 255). A function f defined by an 
equation of the form f(x) = x". 

precision of a measurement (p. 402). The smallest 
unit on the scale of the measuring device used in 
making the measurement. 

principal-value inverse function (p. 584). An inverse 
function defined by restricting (according to cus- 
tom) the range of the inverse of a circular or trigo- 
nometric function. 

probability (p. 444). Let S be a sample space of an 
experiment in which there are n possible outcomes, 
each equally likely. If an event A is a subset of S 
such that A contains h elements, then the proba- 


h 
bility of the event A is given by —. 
n 


proportion (p. 90). An equality of ratios. 


quadrantal angle (p. 503). An angle in standard posi- 
tion whose terminal side coincides with a coordi- 
nate axis. 

quadratic function (p. 312). A function f with domain 
® and values given by a quadratic polynomial, that 
is, f = {G y): y = ax? + bx + 6,4,b,¢, andx & &, 
a # 0}, is called a quadratic function, or a polyno- 
mial function of degree two, over R. 

quadratic polynomial (p. 32). A polynomial of degree 
2 that contains a single variable. 


radian (p. 506). Unit which can be used to measure 
any angle in standard position. If the length of an 
arc on the unit circle measured from point (1, 0) 
is a units, then the measure of the angle in stand- 
ard position intercepting that arc is said to be a 
radians. 

radical (p. 260). The symbol \/b is called a radical; b 
is the radicand and n the index. 

radicand (p. 260). See under radical. 

range of a function (p. 67). See under function. 

rational algebraic expression (p. 192). The quotient 
of two polynomials (divisor not 0). 

rational number (p. 192). Any number which is the 
quotient of two integers (divisor not 0). 

rationalizing the denominator (p. 277). The process 
of transforming an expression with a radical (or 
radicals) in its denominator into an equivalent 
expression with the denominator free of radicals. 

real numbers (p. 4). The set of all the positive num- 
bers, the negative numbers, and zero. 

reciprocal (p. 7). See multiplicative inverse. 

reducible polynomial (p. 181). A polynomial that can 
be expressed as a product of two or more polyno- 
mials of lower positive degree. 

reduction formula (p. 555). A formula which can be 
used to “reduce” a given circular or trigonometric 
function value in any quadrant to a function value 
in Quadrant I. 

relation (p. 70). Any pairing of the elements of one 
set, the domain, with those of another, the range, 
in accordance with some rule. 


repeating decimal (p. 267). A decimal numeral for a 
rational number which consists of an endlessly 
repeating block of digits (the repetend). Also 
called periodic decimal. 

replacement set (p. 3). See domain of a variable. 

right angle (p. 502). An angle having a rotation of } 
of a revolution. 

round-off error (p. 269). The difference between a 
number and its approximation. 

row matrix (or row vector) (p. 462). A matrix with 
only one row. 


sample spaee (p. 441). A set S of elements that cor- 
respond one-to-one with the outcomes of an exper- 
iment. Also called universe. 

scalars (p. 468). In dealing with matrices, we often 
refer to real numbers as scalars. 

scientifie notation (p. 269). Another name for stand- 
ard notation when used in the expression of meas- 
urements. 

seeant funetion (p. 530). A trigonometric function 


, cosa £ 0. 


such that secant: a > 
COS a 


sequence (p. 213). A set of numbers (some of which 
can be repeated) in a particular order. 

series (p. 220). In general, given any sequence aj, a3, 
. .. With ” or more terms, the associated series of n 
terms, S,,is S, =a, +4, +-->- + 4,. 

significant digit (p. 269). In a numeral, each digit 
reporting the number of units of measure con- 
tained in a measurement. 

similar, or like, monomials (p. 32). Monomials 
which are exactly the same or which differ only in 
numerical coefficients. 

simple form of a polynomial (p. 32). A form of a 
polynomial in which no two terms are like (or 
similar) monomials. 

simplifying a polynomial (p. 33). Replacing one 
polynomial by an equivalent polynomial im simple 
form. 

sine Funetion (p. 510). If « is an angle in standard 
position, with P(u, v) any point other than the 
origin on the—terminal side of «, and if 
Vu? + v? = 4, then sine: a — ‘a 

singular matrix (p. 483). Asquare matrix A such that 
det A = 0. 

slope-intercept form (p. 86). An equation of a line of 
the form y = mx + b, where 17 is the slope and b is 
the y-intercept. 

slope of a line (p. 80). Ratio of rise to run. Let (x,, ¥)) 
and (x,, y,) be the coordinates of any two different 
points of a nonvertical line. Then the slope mm of 

Jie 

X2 — X) 

solution set (p. 3). The set that consists of the values 
of the variable for which an open sentence is true. 
Also called truth set. 

square matrix (p. 462). A matrix with the same num- 
ber of rows as columns. 


the line is given by m7 = 


standard notation (p. 269). An expression of a num- 
ber as a product, a x 10", where 1 < |a|< 10 and n 
is an integer. See also scientific notation. 

standard position (p. 503). Position of an angle 
placed on a rectangular coordinate system with the 
vertex of the angle at the origin and the initial side 
as the positive part of the horizontal axis. 

straight angle (p. 503). An angle having a rotation of 
4 of a revolution. 

sum of infinite series (p. 245). If the sequence S,, S3, 
...,8S,,... Of partial sums converges to S, then 
the sum of the infinite series is defined to be S. 


tangent funetion (p. 530). A trigonometric function 

such that tangent: a > et cos a se (D, 
cos a 

terminating decimal (p. 266). A decimal numeral 
containing only a finite number of digits; that is, 
having 0 as repetend. 

terms of a polynomial (p. 32). The monomials in the 
expression for the polynomial. 

trace of a plane (p. 146). The line in which a plane 
intersects a coordinate plane is called the trace of 
the given plane in that coordinate plane. 

transformations on a system (p. 111). Operations 
performed on a system of equations to produce an 
equivalent system. we 

translation (p. 488). A transformation, or mapping, 
of the plane in which each point P of the-plane is 
mapped onto a corresponding point P’ of the 
plane. P’ is said to be the image of P. and P to be 
the preimage of P’ under the mapping. 

trigonometrie form (p. 598) See polar form. 

trigonometric funetions {p. 510). The set of functions 
(sin¢,cOsine, tangent, cotangent, secant, cosecant) 
with domain of each function a subset of the set of 
all angles. 

truth set (p. 3). See solution set. 


N 


variable (p. 3). A symbol which may represent any 
one of the members of a specified set. 

variation. See combined variation, direct variation, 
inverse variation, joint variation. 

veetor (p. 604). A directed line segment in the plane 
or in space, from one endpoint, called the initial 
point, to the other endpoint, called the terminal 
point. 

Venn diagram (p. 447). A diagram used to picture set 
relationships. 


x-intereept (p. 86). The abscissa of the point where a 
graph intersects the x-anis. 


y-intercept (p. 86). The ordinate of the point where a 
graph intersects the y-axis. 


zero matrix (p. 463). A matrix each of whose entries 
is zero. 

zero of a function (p. 306). Any value of a in the 
domain of a function / which satisties the equation 


(C= 0: 
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formula for circumference, 40 
graphing, 349 
Circular function(s), 513 
Circular permutation, 426 
Closure, 6, 7 
Closure axiom for &,, 46 
Coefficient(s), 31 


ABS statement, 99 
Abscissa, 71 
Absolute value, 58 
of complex number, 598 
inequalities involving, 59 
of real number, 58 
Accuracy, 403 


Asvmptotes, of hyperbola, 358 
Average, 217 
Axiom(s), 6 

of completeness, 242 

for real numbers, 6-8 
Axiom of One, 7 
Axiom of Zero, 7 


Addend, 6 Axis, 70, 139 leading, 261 

Addition, 6 conjugate, 360 of polynomial, 32 
axioms, 6, 7 major, 355 of quadratic equation, 309 
cancellation property of, 13 minor, 355 Cofunctions, 537 
of complex numbers, 300 polar, 593 Column matrix, 462 


of symmetry, 313, 351 
transverse, 360 


identity element for, 7 

of matrices, 462 

of polynomials, 33 

property of equality, 36 

property of order, 47 BABBAGE, CHARLES, 272 

relationship with subtraction, Base 

20 of exponential function, 390 

theorems, 11-13 of logarithmic function, 391 
Additive inverse, 7 of a percentage, 202 

for complex numbers, 300 of a power, 31, 171 

for matrices, 463 BERNOULLI, JACQUES and JEAN, 61 
Air speed, 120 Binomial, 32 


Combination(s), 431 
Common difference, 219 
Common ratio, 227 
Commutativity Axioms, 6, 7 
Comparison Axiom, 46 
Complement, +445 
Completeness, axiom of, 242 
Completing the square, 286 
Complex conjugate, 300 
Complex number(s), 299-303 
absolute value of, 598 
addition of, 300, 301 


Amplitude 
of complex number, 598 
of periodic function, 525 
Angle(s), 502 
complementary, 40 , 


Binomial expansions, 436-437 
Binomial Theorem, 436-437 
BourRBAKI, Nico.as, 550 


additive identity of, 300 
additive inverse of, 300 
amplitude of, 598 
conjugate of, 300 
equality of, 299 


Cancellation property 
of addition, 13 


modulus, 598 

multiplication of, 302 

multiplicative identity of, 303 

polar form, 598 

quotient of, 303 

reciprocal of, 303 

subtraction of, 301 

trigonometric form, 598 
Computer programming, see 

Programming in BASIC 

Conclusion, 11 
Conic sections, 360 

degenerate, 360 
Conjugate, complex, 300 
Conjunction of sentences, 50 
Constant, 3 

of proportionality, 89, 256 

of variation, 89, 256, 363 
Constant function, 89 
Constant monomial, 32 
Constraint(s), 128 
Continuity, property of, 334 
Converge, 241 
Convergent sequence, 24] 
Converse of a statement, 46 
Coordinate box, 140 


coterminal, 503 
of depression, 538 
difference of, 551 of inverses, 15 
directed, 502 of multiplication, 16 
of elevation, 538 Careers 
initial side of, 502 actuarial science, 454 
measurement of, 505-507 architecture, 357 
quadrantal, 503 astronomy, 326 
reference, 521 business, 132 
right, 502 data processing, 27 
standard position of, 503 economics, 143 
straight, 503 electronics, 62 
sum of, 551 environmental protection, 240 
supplementary, 40 meteorology, 265 
terminal] side of, 503 microbiology, 416 
Antiloganthm, 398 Cartesian coordinate system, 70, 
Arccosine, 585 139 
Arcsine, 584 Cartesian product, 422 
Argand diagram, 598 Center 
Argument, of complex number, of circle, 348 
598 of ellipse, 353 
Arithmetic mean(s), 217 of hyperbola, 360 
Arithmetic progression, 219 Characteristic, 398 
Arithmetic sequence, 219 Circle, 348 
Arithmetic series, 221 equation of, 348 
Associativity, 6, 7 formula for area, 40 
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Coordinates 
of ordered pair, 70 
of ordered triple, 141 
of point, 4 
polar, 593-596 
Coordinate plane, 140 
Coordinate system 
Cartesian, 70 
plane rectangular, 70 
polar, 598-603 
space rectangular, 139 
Corner point, 129 


Corollary, 12 
Corresponding entries of a 
matrix, 462 


Cosecant function, 530-533 
Cosine function, 510-528 
graph, 524 
Cosines, Law of, 571 
Cotangent function, 530-533 
Cramer's Rule, 117, 157 
Cylinder, right circular, 41 
lateral area of, 41 
surface area of, 41 
volume of, 41 


DATA statement, 102 
Decimal(s) 
for irrational numbers, 273 
for rational numbers, 266-267 
repeating (periodic), 267 
terminating, 266 
Degree 
of angular rotation, 505 
conversion to radians, 506 
of monomial, 32 
of polynomial, 32 
DeMoivre’s Theorem, 600 
Density, property of, 273 
Determinant(s), 116-117, 155-165 
of coefficients, 117, 157 
entries (elements) of, 117 
expansion of, 161 
order of, 155 
properties of, 164-165 
second-order, 116-117, 155 
third-order, 156-157 
Difference, 20 
common, 219 
of complex numbers, 300 
of polynomials, 33 
Digit, significant, 269 
DIM statement, !79-180 
Dimensions, of a matrix, 461 
Direct proof, 11 
Direct variation, 89 
Directrix, of a parabola, 351 
Discriminant, 305 
Disjunction of sentences, 50 
Distance between points, 341-343 
Distance Formula, 342 
Distributive axiom, 7 


Division, 23 
of complex numbers, 303 
of polynomials, 194-195 
property of equality, 36 
relationship with 

multiplication, 23 

synthetic, 327 

Domain, 3, 67 

Double-angle formulas, 565 


EINSTEIN, ALBERT, 487 
Element, 2 
Ellipse, 353-355 
axes, 355 
center of, 353 
equation of, 354 
focal radii of, 353 
focus of, 353 
graph of, 354-355 
Empty set, 2 
END statement, 97 
Enrichment materials, see 
Careers, Historical Notes, 
Programming in BASIC, 
On the Calculator 
Entry 
of a determinant, 117 
of a matrix, 461 
Equality, axioms of, 8 
operational properties of, 36 
Equation(s) 
consistent, 125 
depressed, 320 
inconsistent, 125 
linear, in three variables, 144- 
fey 
linear, in two variables, 74-75 
polynomial, 322-323 
quadratic, 285-286, 305-307 
roots of, estimating, 334-335 
solving, by factoring, 185-187 
solving, using logarithms, 411- 
413 
Equivalent equations, 35 
Equivalent expressions, 33 
Equivalent incqualities, 48 
Error 
maximum possible, 402 
round-olf, 269 
EuLeR, LEONHARD, 436 
Event(s), 442 
dependent, 451 
indepcndent, 451 
mutually exclusive, 447 
Expansion of determinants, 161 
by minors, 162 
Exponent(s), 3! 
equating, 386 
laws of, 171-174 
real, 381-383, 384-386 
Exponential form, 382 
Exponential function, 390 


Extra Practice Exercises, 618-634 
Extreme value ol a quadratic 
function, 317 


Factor, 6, 181 
Factor a polynomial completely, 
182 

Factor set, 181 
Factor Theorem, 328 
Factorial notation, 425 
Feasibility region, 129 
First octant, 140 
Focal radii 

of ellipse, 353 

of hyperbola, 358 
Focus 

of ellipse, 353 

ol hyperbola, 358 

of parabola, 351 
FOR... NEXT statement, 100 
Fractional equation, 203 
Fractional expression, 204 
Function, 67, 71 

constant, 89 

even, 256, 521 

exponential, 390 

inverse of, 388-389 

linear, in two variables, 74-75, 

89 

logarithmic, 390-391 

odd, 256, 552 

one-to-one, 389 

power, 255 

quadratic, 312-317 
Fundamental period, 517 
Fundamental Thcorem of 

Algebra, 332 


GAuss, CARL FRIEDRICH, 387 
GEIRINGER, HILDA, 73 

Geomctric mean, 231, 233 
Gcomctric progression, 227 
Gcometric sequence, 227 
Geometric series, 235 

Geometry, summary of tacts, 40, 


41 
GERMAIN, SQPHIE, 9 
GOTO statement, 99 
Graph(s) 


of circular functions, 489 

of exponcntial lunctions, 376 

of functions, 70-71 

ol inverse relations, 389 

ol linear cquations, 74 

of linear inequalities, 77 

ol logarithmic lunctions, 390 

of a number, 4 

ol quadratic functions, 312-317 

of relations, 70-71 

of systems ol linear 

inequalities, 120-127 

Greater than, 45 
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Greatest monomial factor, 181 
Ground speed, 120 


Half-angle formulas, 567 
Half-line, 77 
Half-plane 

closed, 77 

open, 77 
Head wind, 120 
Historical notes, 9, 61, 73, 272, 

367, 387, 436, 487, 550 

Hyperbola, 358-361 

asymptotes of, 358 

axis of, 360 

center of, 360 

equation of, 359 

foci of, 358 

graph of, 360 

vertices of, 360 
Hypothesis, 11 


Identities, 545-569 
double-angle, 565 
half-angle, 566-567 
reduction formulas, 555, 560, 
562 
sum and difference, 553-554, 
559, 561 
sum and product, 570 
summary of, 569 
Identity element, 7 
for complex numbers, 300, 303 
IF... THEN statement, 99 
Image, 488 
Imaginary number, 295 
Imaginary part of a complex 
number, 299 
Imaginary unit, 296 
Index 
of a radical, 260 
of summation, 221 
Indirect proof, 54-56 
Inequalities, 48 
equivalent, 48 
graphing, 48, 50 
involving absolute value, 58-59 
linear, in two variables, 77 
properties of, 48, 54 
quadratic, 319-320 
solving by factoring, 189-190 
INPUT statement, 102 
INT statement, 104 
Integer(s), 4 
Interpolation, linear, 335, 399-401 
Intersection of sets, 51 
Inverse, 7 
additive, 7 
for complex numbers, 300 
for matrices, 463 
multiplicative, 7 
for complex numbers, 303 
for matrices, 481483 
of a relation, 388-389 
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Inverse variation, 363-364 
Irrational number(s), 262 
as exponents, 384-386 


Joint variation, 364 


Least common denominator, 199 
Less than, 45 
LET statement, 97 
Limit of sequence, 242 
Line(s), 74-75 
equation of, 74, 84-86 
point-slope form, 86 
slope-intercept form, 86 
parallel, 107 
perpendicular, 345-346 
slope of, 80-82 
Linear combination(s), 112 
Linear equation(s), 74 
graph of, 74 
solution of, 74 
system of, 107-121 
in three variables, 144-152 
Linear function, 89 
Linear inequalities, 77 
graph of, 77, 78 
systems of, 126-127 
Linear interpolation, 335, 399-401, 
518 
Linear programming, 128-130 
Linear-combination method of 
solving systems of 
equations, 112 
Linear-quadratic system, 370 
LIST statement, 99 
Logarithm(s), 390-413 
changing bases, 412 
characteristic of, 398 
common, 395 
equations involving, 396 
mantissa of, 398 
power property of, 406 
product property of, 394 
quotient property of, 394 
using tables, 397-398 
LOG(X), 414 
Logarithmic function, 390-391 
Loop(s), 98 
nested, 100 
Lowest terms, 192 


Mantissa, 398 

Mapping, 488 

Matrix (matrices), 461-485 
additive identity, 463 
coefficient, 484 
column, 462 
difference of, 463 
equal, 462 
identity, 477 
invertible, 483 


negative of, 463 
nonsingular, 483 
product of, 468-475 
row, 462 
singular, 483 
square, 462 
sum of, 462 
zero, 463 
Maximize, 129 
Maximum, 129 
of quadratic function, 312 
Mean(s) 
arithmetic, 217 
geometric, 231, 233 
Mean proportional, 233 
Measurement, 402 
Member of a set, 1, 2 
Midpoint formula, 343 
Minimum of a quadratic 
function, 312 
Minor, 161 
Minute, 505 
Model, mathematical, 38 
Modulus, 598 
Monomial(s), 31 
constant, 32 
degree of, 32 
like, 32 
similar, 32 
unlike, 32 
zero, 32 
Multiplication, 6 
axioms, 7 
cancellation property of, 16 
of complex numbers, 302 
identity element, 7 
using logarithms, 394 
of matrices, 468-475 
of polynomials, 176-177 
property of equality, 36 
property of —1, 17 
property of order, 47 
property of zero, 17 
relationship with division, 23 
theorems, 16-18 
Multiplicative inverse, 7 
of a matrix, 483 


Natural numbers, 4 
Negative(s) 
properties of in products, 18 
of asum, 13 
Nested loops, 100 
NOETHER, EMmMy, 367 
Null set, 2 
Number(s) 
complex, 299 
decimal, 267-273 
imaginary, 295 
irrational, 262 
natural, 4 


pure imaginarv, 296 
rational, 192, 261 
real, 4 
rounding, 269, 403 
whole, 4 
Number line, 4 
Numerical coefficient, 31 


Octant(s), 140 
Odds, 445 
On the Calculator, 124, 155, 271, 
325, 417, 535, 592, 597 
One-to-one function, 389 
Open sentence, 3 
Operation, binary, 6 
Order, 45 
additive property of, 47 
multiplicative property of, 47 
of operations, 24 
of real numbers, 46 
of a square matrix, 62 
transitive property of, 46 
Ordered pair, 67 
components of, 67 
Ordered triple, 139 
Ordinate, 71 
Origin, 58, 139 


Parabola(s), 350-352 
axis of, 351 
directrix of, 350 
focus of, 350 
graphing, 351 
vertex of, 351 
Pascal's triangle, 439-440 
Percent, 202 
Period, 517 
Periodic function, 517 
Permutations, 424 
circular, 426 
Plane(s) 
coordinate, 140 
equation of, 144 
parallel, 151 
trace of, 146 
Point-slope form, 86 
Polar coordinates, 593-596 
relation to Cartesian 
coordinates, 594 
Pole, 593 
Polynomial(s), 32 
addition of, 33 
coefficients of, 32 
degree of, 32 
division of, 194-195 
equivalent, 33 
estimating zcros of, 334-335 
factorization of, 181-183 
functions, 322-323 
irreducible, 181 
multiplication of, 176-177 
quadratic, 32 


reducible, 181 
simple form, 32 
subtraction of, 33 
terms of, 32 
Postulate(s), 6 
Power(s), 31, 171 
table of, 228 
Power function, 255 
Precision, 402 
Preimage, 488 
Premise, 11 
Principal-value inverse function 
for cosine, 585 
for sine, 584 
PRINT statement, 99 
Prism, rectangular, 41 
surface area of, 41 
volume of, 41 
Probability, 444-445 
conditional, 450 
Problems, 42-44, 52-53, 93, 122- 
124, 159-161, 188-189, 203- 
204, 206-208, 219-220, 224- 
225, 230-231, 238-239, 249- 
250, 258, 279-280, 288-290, 
318-319, 366-367, 373, 376, 
409-410, 414, 539-540, 573- 
574, 578-579 
Product, 6 
Cartesian, 422 
of complex numbers, 302 
of matrices, 473-475 
of a scalar and a matrix, 468 
using logarithms to compute, 
402-404 
Programming in BASIC, 97-105, 
175-176, 178, 181, 226, 272, 
285, 308, 325, 331, 334, 410, 
414-415, 471-473, 480-481, 
486-487, 509, 535, 541, 608 
Progression 
arithmetic, 219 
geometric, 227 
Proof 
direct, 11 
indirect, 54-56 
Property ol Continuity, 334 
Property ol Density, 273 
Proportion 
direct, 90, 256 
cxtremes, 90 
inverse, 363 
means, 90 
Pythagorean Thcorem, 40, 341 
converse of, 342 


Quadrantal anglc, 503 
Quadratic cquation, roots of, 
285-286, 305-307 
property of sum and product 
of roots of, 309 
Quadratic lormula, 285-286 


Quadratic function, 312-317 
Quadratic inequalitics, 319-320 
graphing, 319-320 
Quadratic polynomial, 32 
Quadratic-quadratic system, 374 
Quadratic trinomial, 182 
Quotient(s), 23 
basic property of, 172 
of complex numbers, 303 
using logarithms to compute, 
402-404 


Radian(s), 506 
Radical(s), 260 
equations involving, 282-283 
operations with, 280 
properties of, 276-277 
Radicand, 260 
Radius, 348 
focal, 353, 358 
Range 
of a relation, 67 
of summation, 221 
Rational expression(s), 192 
addition of, 199 
division of, 197 
lowest terms, 192 
multiplication of, 197 
simplified, 192 
subtraction ol, 199 
Rational number(s), 192, 262 
decimal numerals for, 266-267 
as exponents, 381-383 
Rationalizing the denominator, 
277 
READ statement, 102 
Real number(s), 4 
absolute value, 58 
additive inverse, 7 
graph of, 4, 5 
identity clements, 7 
multiplicative inverse, 7 
order in, 45-47 
part of a complex number, 312 
propertics of, 6-8, 11-13, 16-18, 
20-21, 23-24, 36 
Reciprocal,-7 
of a complex number, 303 
of a product, 16 
Reciprocal functions, 531 
Rectangle, 40 
perimeter of, 40 
area of, 40 
Reducible polynomial, 181 
Reduction formulas, 555 
Refcrence angle, 521 
Reference arc, 522 
Reflection, 494 
Reflexive property, & 
Relation, 70 
Inverse of, 388-389 
linear, 77-78 
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re 


Remainder Theorem, 327 
Repeating decimals, 267 
Repetend, 267 
Resultant, 605 
RETURN statement, 98 
Reviews, see also Tests 
Chapter, 28-29, 64-65, 95, 134- 
135, 168-169, 210, 252-253, 
291, 338-339, 378-379, 418- 
419, 456-457, 498-499, 542- 
543, 580-581, 610-611 
Cumulative, 136-137, 292-293, 
458-159, 612-613 
Rise, 80 
Root(s) 
double, 307 
estimating, 334-335 
of a number, 259 
of an open sentence, 3 
of polynomial equations, 261 
principal, 260 
of quadratic equations, 285, 305 
Roster, 4 
incomplete, 4 
Rounding, 269, 403 
Round-olff error, 269 
Row matrix, 462 
Run, 80 
RUN statement, 98 


Sample point, 441 
Sample space, 441 
Scalar, 468 
Scientific notation, 269 
SCR statement, 100 
Secant function, 530-533 
Second, 505 
Sentence(s), 3 
compound, 50 
conjunction of, 50 
disjunction of, 50 
open, 3 
Sequence(s), 213 
arithmetic, 214 
bounded, 242 
convergent, 241 
divergent, 243 
finite, 213 
geometric, 227 
infinite, 213, 241-243 
limit of, 241 
nondecreasing, 242 
nonincreasing, 242 
terms of, 213 
Series, 220 
arithmetic, 221 
convergent, 245-246 
divergent, 245 
geometric, 235 
infinite, 244-247 
partial sum of, 245 
sum of, 221, 236, 245 
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Set(s), 1 
elements of, 1 
empty, 2 
equal, 2 
intersection of, 51 
members of, 1 
null, 2 
replacement, 3 
solution, 3, 74, 144 
truth, 3 
union of, 51 
Sigma, 221 
Significant digit(s), 269 
Similar monomials, 32 
Simple form of polynomial, 32 
Sine function, 510-528 
graph of, 524 
Sine wave, 524 
Sines, Law of, 574 
Slope, of a line, 80-82 
Slope-intercept form, 86 
Solution 
general, 589 
of open sentence, 3 
in three variables, 144, 150 
in two variables, 74 
Particular, 589 
Solution set, 3, 74, 144, 150 
Sphere, 41 
surface area of, 41 
volume of, 41 
SOR(X), 176 
Square, 40 
area of, 40 
perimeter of, 40 
Square matrix, 462 
Standard notation, 269 
Statement, 3 
STOP statement, 103 
Subset, 2 
Substitution method, 113 
Substitution Principle, 7 
Subtraction, 21 
of complex numbers, 301 
of polynomials, 33 
property of equality, 36 
of real numbers, 20 
relationship with addition, 20 
Sum, 6 
of complex numbers, 299 
of infinite series, 245-247 
negative of, 13 
partial, 245 
of polynomials, 33 
of real numbers, 6 
of series, 221, 236 
Summary, Chapter, 26, 63, 94, 
133-134, 167, 209, 251-252, 
290, 337, 377, 417-418, 445- 
446, 497-498, 541-542, 580, 
609-610 
Summation notation, 221 


Symbols, see page ix 
Symmetric property, 8 
Synthetic division, 327 
Synthetic substitution, 323 
System(s) of equations, 107-121, 
150-152 
consistent, 108, 150 
equivalent, 111-113, 151 
graphing, 107-109 
inconsistent, 108, 151 
linear-quadratic, 370-371 
linear 
in three variables, 150-152 
in two variables, 107-121 
quadratic-quadratic, 374-375 
solution set of, 125 
solving using determinants, 
216-217, 157, 163 
solving using matrices, 481-485 
Systems of inequalities, 126-127 


TAB statement, 104 
Tables 
circular functions, 645-647 
cubes and cube roots, 637 
formulas, 635 
logarithms, 638-639 
metric units, 635 
squares and square roots, 636 
trigonometric functions, 640- 
643 
use of, 397 
Tail wind, 120 
Tangent function, 530-533 
Terms 
of polynomial, 32 
of a sequence, 213 
Test(s), see also Reviews 
Chapter, 29, 65, 96, 135-136, 
MC), Zi, 753), BOP, S28), Sz), 
419, 457, 499, 543, 581, 611 
Comprehensive, 614-617 
Self-, 10, 26, 44-45, 61, 73, 80, 
88, 94, 125, 133, 154, 167, 185, 
191, 208, 225, 239, 250, 264, 
275, 289, 311, 321, 336, 347, 
368, 376, 387, 393, 415, 430, 
435, 441, 455, 480, 486, 496, 
509, 529, 540, 551, 571, 579, 
592, 609 
Answers to, 660-663 
Theorem, 1} 
Trace, 146 
Transformation(s), 488-495 
of an equation, 35 
of an inequality, 48 
linear, 493 
nonsingular, 493 
singular, 494 
Transitive property 
of equality, 8 
of order, 46 


Translation, 488 Value Whole numbcrs, 4 


Trapezoid of a series, 221 WIENER, NorBERrT, 311 
area of, 40 of a variable, 3 Wind speed, 120 
perimeter of, 40 Variable, 3 

Triangle(s) Variation, 89-90, 256, 363-364 
area of, 40 combined, 364 x-axis, 70, 139 


equilateral, 40 

isosceles, 40 

Pascal's, 439-440 

right, 40 

solving, 536-538, 571-574 
Trigonometric equations 

general solution, 589 

particular solution, 589 
Trigonometric functions, 510-579 


constant of, 89, 256, 363 
direct, 89-90 
inverse, 363-364 
joint, 364 

Vector(s), 14, 604-607 
column, 462 
components of, 605 
equivalent, 605 
norm of, 605 


x-coordinatc, 73, 140 
x-intercept, 86, 146 
xy-plane, 140 
xz-plane, 140 


y-axis, 70, 139 
y-coordinate, 73, 140 
y-intercept, 86, 146 


* 


identities involving, 545-569 


resultant of, 605 yz-plane, 140 


inverses of, 583-587 
tables of, 640-643 
using tables, 518-521 
Trigonometry, 501-591 
Trinomial, 32 
Truth set, 3 


row, 462 


Union of sets, 51 
Unique, meaning of, 7 
Unit circle, 505 609 
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Answers to Self-Tests 


Chapter 1, Self-Test 1, page 10 


{0} 2357) 2 4) & (S) 


. Axiom of additive inverses 

. Associative axiom for multiplication 
. Commutative axiom for addition 

. Distributive axiom 10. {—18} 


Chapter 1, Self-Test 2, page 26 
b 
j (oe Us ae _, 0 
1 = A © ss 


ae 
(& 
3,.a=b 


A, =e te fa) SS =a (=p) 
5. —36 


Chapter 2, Self-Test 1, pages 44-45 
14x? -—3x+4 2. —2y? +6 
3. 3n?4+2n —4 9 4, 2xy + 2x? 


Sete 6, (4a <-3 
8. 7 by 9 by 9 


wo oc -1 


Hypothesis 


Rel. bet. mult. and div. 


Canc. prop. of mult. 
3. 0 4. 6 


= a 


9. 144 plavers 10. 2h 


Chapter 2, Self-Test 2, page 61 
tf x > =3} 


2. {yr y < 2} 
BE: 9 
{ke l<ke 4) 


5. 6cm 


6. Assume a } 1; consider two cases: 
il, @i == il eiavel 2 a <= jl 
Case 1. Assume a = 1. 
1. Assume a = 1; c >0 Hypothesis 
2, GE = ll 36 Mult. prop. of = 
3 Ge Se Ax. of 1 
Case 2. Assume a < 1 
l.a<1,c>0 Hypothesis 
7 (EE NOG Mult. prop. of order 
3 We KS Ax. of 1 
Both assumptions lead to contradictions 
of hyp: ac > c. Therefore, assumption 
a>} lis false, and a > 1. 
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1 {z? = 2 9} 
8 (4: x< =7} U [xo 2) 


Chapter 3, Self-Test 1, page 73 
ik 2S 3.37 4. —20 


35 6. 


Chapter 3, Self-Test 2, page 80 
18 y 2 y 


* 


Chapter 3, Self-Test 3, page 88 


Lo 2 kk = 3p 215 3, eee 


4 
4. y = —3x -— 13 7 


Chapter 3, Self-Test 4, page 94 
il 
1. 31— 2, FH te 
‘i 2 


Chapter 4, Self-Test 1, page 125 3. Cc = { —1) 


1. {(3, —1)} 2. a. one sol. —6y + 2z = 20 4x + 2z = 20 
b. infinitely many z=0 
sol’s.__c¢. no sol. {a — 6y = 20 
3. {(1, 4)} 4. Zz 5. {(3, 1, —1)} 
4. {(3, —5)} 


5. (0,2) 6: 110 


0, 0, 1 
adults, 40 children 


Chapter 5, Self-Test 2, page 167 
Ms (2, =, SB} a AZM) = AD, 
m°(ZB) = 40, m°(ZC) = 120 3. —27 


Chapter 6, Self-Test 1, page 185 


Chapter 4, Self-Test 2, page 133 


a 
1. ab 2. 12 3. 8x3 — 36x? + 54x — 27 
x2 xy4 
yl, a2 ed a7) 
eee 5. (3a — b)(9a? + 3ab + b?) 
re 


Chapter 6, Self-Test 2, page 191 


Bt 4, max: 15; min: 7 ee eh 2. (2. -3| 3. 7cm 
5. max: 40; min: 19 5 
6. $560 4. {x1 —-4<x< 7} 
tO are 
=) ) 5 


Chapter 6, Self-Test 3, page 208 
2(a + 2) 
Fe 


D2 OMe Coen 3: 


x—2 


4. 
x—4 


5. {-2,5} 6. 17.5h 


Chapter 7, Self-Test 1, page 225 
fl, Wil, We, 28) HIG) HON Tee 


5. 19,250 
Chapter 7, Self-Test 2, page 239 
1. 25, 10, 4,2 2.24 39,3 andlor 
1042 
= es Ques . 14.4k 
9,3 and —1 135 5. 14.4km 


Chapter 7, Self-Test 3, page 250 
1 ] Wie fh yp a =e 
1. 3,27, 2g 276s b= 2 |L Gl) =a 
48 
O95 
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Chapter 8, Self-Test 1, page 264 


124 25a. 14 bo =2 7 3. {2} 

4. {—2, —1,3} 

Chapter 8, Self-Test 2, page 275 

oe 2 & 3. 4.782 x 103 
aes < 1057 95.2% 105% ems, 
0.44505505550 . . . 


Chapter 8, Self-Test 3, page 289 


1. 26V6 2. (2x — 3y) V2ky 
eo ae a 5. (96) 
3 toe 
6. {—2} 7 {34233 5 
4, V37 4 37 
5 eee 
Ie or 3 
Chapter 9, Self-Test 1, page 311 
L242. Ae, ee 
4 =3437 5.21-20: 6@ \247 
7. —16; imaginary 8. 81; real; rational 
9. a. 3 b. 4 MO, 22 oh Ge tb hee | 
Chapter 9, Self-Test 2, page 321 
i, es eGo 2. maximum 
gO 4. y = 2x — 2)? —3 
y 
x 
x 
5. 18cm? 


Gia ae VU hee oor) y 


Chapter 9, Self-Test 3, page 336 

i, @ =) i, 7 oa Jay S22 = dye = Se 3 
3. {-1, 2,3} 4. {2 — 31,2 + 31, —4} 
5. 1.43 


Chapter 10, Self-Test 1, page 347 
1. 34 ®, (= 3, =D) 3B yolx+i 
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Chapter 10, Self-Test 2, page 368 
i y 


3. x27 + y2-— 6x + 2v —6=0 
SoS = 1 | |s 48 eee 


Chapter 10, Self-Test 3, page 376 
1. {(2, 0), (0, 4)} y 
See figure at right. 


: (sm (-8.3)) 
ae a), <9), Caaean 


(22 —4)} 


Chapter 11, Self-Test 1, page 387 


1. 4 Bay eee 4, V2 
6. {3} Zn {2} 8. {-3| 


5 f=) 


Chapter 11, Self-Test 2, page 393 
i fee) = A/a 2. No. The inverse is 
{(x, y): y? = x}, and for every x > 0 there are 


two values of y. 3. log, 64 = 3 

4.44=8 5. {100,000} 6. {8} 

Chapter 11, Self-Test 3, page 415 

1. 1.4527 2. 0.04832 3. a. 0.1m_ b. 4% 
4.0.1601 5.103 6. {1.40} 7. {15.1} 


Chapter 12, Self-Test 1, page 430 
1.675 2.720 3. 840 4. 420 


Chapter 12, Self-Test 2, page 435 
1.210 2. 462 3. 300 = 4. 420 


Chapter 12, Self-Test 3, page 441 
1. a!° — 10a® + 40a® — 80a4 + 80a? — 32 


ey eee) wees coy) 
Dex? = 3x? - - 
“oe a 2 16 
Bay ye 
meee 3, 3360040" 
16 1 64 Bec) 


Chapter 12, Self-Test 4, page 455 
ec, 1), (Ai, 2), (A, 3), (B, 1B 2) B, 2), 
(C, DiC AG ah teow, A, 3), VE, WD), Cs 


2, Le 3. ee: No. Rolling a 1 on one 


4 2 
die makes it impossible to have 8 for the 
sum of the two dice. 


Chapter 13, Self-Test 1, page 480 


=] =3 =f =3 iz 
eis (2a | a E 1 | 


gist) =--[2 
Lf -HEl-[3) «tm 


Chapter 13, Self-Test 3, page 496 


El=Ee La) 242 


3. (6, —14) 4. (—17, —25) 5. (—2, 6) 
Chapter 14, Self-Test 1, page 509 
1. 594cm 2. = 3, 495° 
Chapter 14, Self-Test 2, page 529 
: 4/2 i. Eee we 
1. sna = COs a ae a 5 
3. a. ie b. 4 4. a. 0.9365 b. 0.7949 
c. —0.8307 d. 0.4176 
5: 


Chapter 14, Self-Test 3, page 540 

ib Sila SOL, Cosa = SOS, (eine = 
— 1.44, cota = —0.696, seca = —1.75, 
ese = e22 

2. a = 25.9, c = 30.5, m(B) = 31° 40’ 


Chapter 15, Self-Test 1, page 551 
1. sec a(cosa + sina tan a) 
= u (cos a + sing S22) 
cosa cosa 
cos a sin? a 
cos a cos? a 


sin a \? 
=1+4 (24) 
1 + tan? a 
= sec? a 
sinta _ 1—cos?a 
i Seosia © I cos a 
Ola scosia) (l= casa) 


1 — cosa 
= 1+ cosa 
3, COSA y sin a — cosa | sina 
sec a CSC a 1 1 
cos a sin a 
= cos? a + sin? a 
= || 
4, secacsc a — tana 
| 
cosa sina 
e 1 
sin a cos a 
_ 1=sin’a 
~ sin «cosa 
cos? a 
sina cosa 
_ cosa 
~ sina 
= cota 


_ sina 
cos a 
sin? a 
‘sin a COS a 


Chapter 15, Self-Test 2, page 571 


_sin 45° b. 5 NS 


ils By 
. 4 


Pees 
3 


aps 
9 
| 
csca _ sina 
“2cosa  2cosa 
= ] 
~ 2sinacosa 
ei 
~ sin 2a 
== (Ye 7G; 


4 
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Chapter 15, Self-Test 3, page 579 
1. 10.0 Sve) 8, S245 4. 34.2cm 
5. 170.5km 


Chapter 16, Self-Test 1, page 592 


ll, Hae se == a 2k | U {x x= 


2a OOn me D il S50 Ss fe i +} 
4. {60°, 90°, 270°, 300°} 


Chapter 16, Self-Test 2, page 609 
i, (4 ISO), (4, = 30") 2. (5, —8.66) 
3. a. —16) b. —2 2iN/3 <c. 8 = SiG 
4. 4(cos 75° + isin 75°), 4(cos 195° + 
isin 195°), 4(cos 315° + isin 315°) 
s, llu,ll = 4.0, llu,ll = 69, llv,ll = 7.1, 
llv,l = 7.1, lu + vil = 14, m(@) = 78° 


Answers to Selected Exercises 


Chapter 1 Review of Essentials 


Written Exercises, pages 2-3 


i, &, CZ, or =2 & 1S, (2, or &3 & =, @, or & 
Us San Gay be We Q, gs, G2, Or © i. =,c,¢ 
13. 4, Z,or ¢ is. = €or & 

Written Exercises, page 4 

fy) sei) He Se GAL, (SB 
13. {1.4} 15.6 17. {1} 19. (3,4,5} 


Written Exercises, pages 5-6 


1 <¢+——__+—__+—_+—__>—_+—_+—_ ++ 


3. > ——_— >—___ 1 —\—_o——_ 


=: 2 =I =e 0 
2 2 2 
ass) 1.5 
Bw i 
=§ ==) =1 0 1 2 
ae a 
0 2 4 5 y 9 10 
a 
0 5 7 ie) 7) 
ee 
aa) —4 0 
13, ++—¢—+—4—+ +++ 4+ + + $+ 
=| @ 7 Bb 10 
i rr 
=F =5 0 3 5 
17 pp 9 tt 
=H =u) 0 
a 
=7 —o =o) 0 


Written Exercises, pages 8-9 

1. Commutative axiom for multiplication 

3. Closure axiom for multiplication 

5. Commutative axiom for addition 

7. Distributive axiom 9. Transitive property of 
equality 11. Closure axiom for addition 


1gW3 4) 15, 210 17. (ST {5 21. (2} 
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23. {40} 25. {—32} 


Written Exercises, pages 15-16 
1.9 bh i 5. 0 7. —6 9. 25 il, 2 
13. —7.3 15. | 17. 36 19. —66 Zi 
23. —42.4 25.1. Hypothesis 2. Axiom of 
additive inverses 3. Associative axiom for add. 
4. Axiom of additive inverses 5. Axiom of 0 
27. 1.¢+a=c+b Hypothesis 

Ze aa“asbe Connin, 2%, hor sell, 


c+b=bic 
3.a@+¢=b6+c Subs. prin. 
4,.a=b Theorem, page 12 
il eb eS Hypothesis 
2,.a=0+a Ax. of 0 
3.b+a=0+a Trans. prop. of = 
4.b=0 Canc. prop. of add. 
31.1.a,bER Hypothesis 
2. -—a, -bER Ax. of add. inv. 
3. —[(—a) + (-))] Prop. of neg. 
= —(—a) + [-(-))] of a sum 
4. —(—a) =a, —(—b) =b Canc. prop. of 
inv. 
5. —[(—a) + (—b)] =a+ 6 Subs. prin. 
33. l.a+c=b+d Hypothesis 
Ce wl 
2.a@+c=b6+c Substitution principle 
2 @ =o Cancellation property of add. 
35. 1. x + (—5) = -2 Hypothesis 
2, =-24+0 Ax. of 0 
3 = —24+ [5+ (—5)] Ax. of add. 
inv. 
4. = (—2 + 5) + (—5) Assoc. ax. 
of add. 
5), = 3 + (—5) Subs. prin. 
6. x + (—5) =3 + (-5) Trans. prop. 
= 
Qs 33 = 3 Canc. prop. 
of add. 


a, Il, ce bla Sw Hyp. 
a, S@ 2.0) Ax. of 0 
By =a+[(—b) +b] Ax. of add. inv. 
4. = [a+(—b)] +b Assoc. ax. for add. 


S, 26 25 1) S [la 28 (iy) 8 fd 
6, ea bp) 


Trans. prop. of = 
Canc. prop. of 


add. 
39. 1. 2x + b=x Hyp. 

2, (Ge Ss 59) SE (peeve Subs. prin. 
3.x4+(*4+ bb =x Assoc. ax. for add. 
4.x+(4+b)=x+0 Ax. of 0 
5.x+b=0 Canc. prop. of add. 
@. Fe tL fy = (S/)) S56 b Ax. of add. inv. 
i = Slo Canc. prop. of add. 


Written Exercises, pages 19-20 


Mics 9 §.26 76 92 

2 
1. —22.5 13. —84 iS), -> 17. positive 
19.0 21. positive 23. positive. 


2, il,  @ EGE e=4 Hypothesis 


2, aes a real number. Ax. of mult. inv. 
G 


a be(+) = bl ¢ (+) Assoc. ax. for mult. 
GC iG 
4, = (po) Ax. of mult. inv. 
6. be (+) = 19 Trans. prop. of = 
c 
27. 1. ca = cb Hypothesis 
és @) 
2. ca = ac Comm. ax. for mult. 
cb = be 
3. ac = be Subs. prin. 
4 a= Exercise 26 
2D), Mh, Ge = a Hypothesis 
a0 
2,8 Sao A oN tl 
3. ab =a-1 Subs. prin. 
AL 1 = Il Canc. prop. of mult. 
31. 1.a 40 Hypothesis 
Pe ee =1 Ax. of mult. inv. 
a 
a GS — Ex. 30 (uniqueness) 
a 
4. — = Symm. prop. of = 
a 
33.1.4,bER Hypothesis 
2. a(—b) = a[b-(-—1)] Mult. prop. of —1 
3. = (ab)(—1) Assoc. ax. for mult. 
4. = —ab Mult. prop. of —1 
5, a(—b) = —ab Trans. prop. of = 


Se ll, @ = Hypothesis 
a,bA#0 
2: a(+) = | Ax. of mult. inv. 
a 
1 
(+) = Jl 
b 
1 1 
3 a(+) = (+) Trans. prop. of = 
a b 
4, (+) = (t) Subs. prin. 
a b 
5. ees Canc. prop. of mult. 
a 6b 
37. 1. x» =a, bf~0 Hypothesis 
2, Se = G91 Ax. of I 


Ax. of mult. inv. 
): 6 Assoc. ax. for mult. 


Trans. prop. of = 


O 8 Soa ce Canc. prop. of mult. 
39. l.ax+b=c Hypothesis 
2h, =ct+ 0 Ax. of 0 
3. =c + [(—b) + b] Ax. of add. inv. 
4 = [e +(—b)] +b Assoc. ax. for 
add. 
5. ax +b = [c + (—b)] +5 Trans. prop. of = 
6. ax =c+4+(—b) Canc. prop. of 
add. 
Tn =O ds (1D) Comm. ax. for 
mult. 
. ses [ie 4b (ay Exercise 37 
a 
eS aie + (—b)] Comm. ax. for 
as mult. 
411. ie ab Hvpothesis 
x 
1 1 , B 
2. —— = — Exercise 35 
+) ab 
2G 
3Rx%= ~~ Exercise 31 
Fe 
ae SS au Trans. prop. ol = 
ab 


Written Exercises, page 22 

Ibe) & Meth See 7 Sil ol 

11. 19 13. —20 15. 0 19. 1. Hypothesis 

2. Rel. between add. and sub. 3. Substitution 

4. Distributive ax. 5. Prop. of ncg. in products 
6. Rel. between add. and sub. 7. Transitive prop. 
C= 
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21) lea ene Gt Hypothesis 

2. (a —b) + b =[a+(—b)] +b Rel. between 

add. and 
sub. 

3b =a-+ [(—b) + 0] Assoc. ax. 

for add. 

4. =a+0 Ax. of add. 

inv, 

5. = Ax. of 0 

6. (a—b)+b=a Trans. prop. 

of = 
Ih @ OD, OS GW Hyp. 

2, =OD = ©) = =all +6 (=) Rel. bet. 
add. and 
sub. 

3. = (=O) 25 (ay —2)  IDISi. ess. 

4, = (GID) 46 ae Prop. of 
neg. in 
prod. 

5); = ac + —(ab) Comm. ax. 
for add. 

6. =ac —ab Rel. bet. 
add. and 
sub. 

7. —a(b —c) = ac —ab Transitive 
prop. of = 

25. l.c -a=c—b Hypothesis 

2, ¢ + (—a) =c + (—8) Rel. bet. add. and 

sub. 

3. -a=-—b Cancellation prop. of 

add. 

4. a(—1) = —a Mult. prop. of (—1) 

b(-—1) = 5b 
5. a(—1) = 6(—1) Subs. prin. 
G, @ = Canc. prop. of mult. 
a, I BS Hvpothesis 
2,.¢c —-a@=c—a Refl. prop. of = 
3.¢ —a=c—b Subs. prin. 
29. 1.x—b=a Hyp. 

BR, x th (= 2) = aw Rel. bet. add. 

and sub. 

3.x +(—b) =a+0 Ax. of 0 

4, = (7) 25 |e) (= ))]| AUR, Oi axeksl, he, 

5 =(a+b)+(—b) Assoc. ax. for 

add. 

6. x +(—b) =(a + b) + (—b) Trans. prop. of 

hs & Sa 2) Canc. prop. of 

add. 
31. 1. a, b, c, d real numbers Hyp. 
P(e —20)(G 1d) Dist. ax. 
= (a — b)c + (a — b)d 
3 Sle (aie = (le 2 (ale Rel. bet. 
add. and 
sub. 
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4. = [ac + (—b)c] + [ad + (—b)d] Dist. ax. 
5. [ac + (—bc)] + [ad + (—bd)] Prop. of neg. 
in prod. 

Rel. bet. add. 
and sub. 


6. = ac — be + ad — bd 


7. (a — b\(e + a) 
=ac — bc + ad — bd Trans. prop. 
of = 
33. 1. a, b, c, d real numbers Hypothesis 
2. afb — (c + d)] = ab —a(ce +d) Exercise 19 
3. afb —(c + d)] =ab —ac—ad_ Exercise 22 
Written Exercises, pages 24-25 
1. —3 & JE S =—213 %% iS 


11. 6+ 19. 1. Hypothesis 


9. —5 


13) —6 Pealvels 


bet. mult. and div. 3. Dist. ax. 4. Rel. bet. mult. 
and div. 5. Trans. prop. of =. 


AL i. aS Gh Hypothesis 
a0 

= a(+) Rel. bet. mult. and div. 
a 


Ax. of mult. inv. 


a 
a 
a 

—=1 
a 


7B Mh, Gh, ES 6 Hypothesis 


2. (ab) + b = (ab) (=) Rel. bet. mult. and div. 
3 = a( t) Assoc. ax. for mult. 
4. = OU) Ax. of mult. inv. 
Ss =@ Ax. of 1 
@, (2D) = Dp =a Trans. prop. of = 
75, Il, Be ed Hypothesis 
a 
a Il x= 1(2 Ax. of 1 
a 
3 (4 a)x = (<-2) 2 Ax. of mult. inv. 
a a a 
1 1 b 
4. —(ax) = +(a 2) Assoc. ax. for mult. 
a a a 


Canc. prop. of mult. 


Rel. bet. mult. and 


uF 

a 

x 

II 
—_ Oe—_—™ 
S alo 
“eee 

a 


div. 
7 = b|+-a] Assoc. ax. for mult. 
a 

8. = (25 Ax. of mult. inv. 

9. =b Ax. of 1 

IC, ae = @ Transitive prop. of = 

PH, ll. @, B @ Sa Hypothesis 

ac 1 1 

2,.—-— = (a =) (c ) Rel. bet. mult. and 
bd b d ane 

3 = a(}-c)4 Assoc. ax. for mult. 


Comm. ax. for mult. 


Asso. ass. fare mail. Chapter 2. Review of Essentials 


72) 
| 
a 
g 
9 
— 
a) 
|— 
j— 
~~ 


fs q Written Exercises, page 34 
6. = ac() Prop. of the rec. of a 1 S53 —6y? +2 3.4 48-—77 47-1 
prod. 5. 10w5 — 3w? + w2?-—w—8 
th = Rel. bet. mult. and oy eaey 4 
bd ae 90-63 40—141 
+) er 11, —8w> — 5w3 4 w2+w—2 13. 4x + 1 
8. la = ba Trans. prop. of = ie ag hh ee 
pea b EG Hypothesis 1% —r?—O6r+3 21. 2244+ — Br? — 31 — 4 
j Aes) A, Se yy EL, BP So Wap AE Sl 
b 1 27. 191 — 240-29. —7x4 + 5x3 +x 49 
2: mE a Exercise 26 31. 3x3 — 19x? + 52x 33. 23 — Gr? — 3r + 20 
@ i e Written Exercises, pages 36-37 
ab” b 1. Subtract 5 from both members; divide each 
li, dl b a : member by —8. _—3. Subtract 11 from both 
~= f+] 5 — 4+ — Subs. 5 ; 
: a Mi b ab Es ba ai members; multiply each member by 3. 
4 ae aes eae OE 5. Simplify by the distributive axiom; simplify by 
! : ~ ab ab It ae combining like terms in left member 7. Simplify 
1 1 aie by the distributive axiom; subtract 3m from each 
5, = »(+) i: a(+) Rel. bet. mult. member 9. {8} 11. {11} 13. {5} 
2 abl’ and div. is) 25) M7 (28) 0 19 (9) 21 10% 
6. =(b4+ a)— Dist. ax. 23. {-14} 25. {44 22x= 26 Pe), i = Il 
a a 
= 325 
Us = aan Rel. bet. mult. ah f= aw a oS Ze iS ie 
ah and div. ts : a 
m—n = 
1, i _ @ 37. ft = ——————;t=1 3% m= ———; 
8. = + es — Trans. prop. of = 4m + 2n “i 2c + 4d 
F rs 
ceo. E Hypoth ue 
a * 4 y ; Mpa 41. 1. a = b; a, b, c real numbers Hypothesis 
i b 2,.a€—-c=a—c Ref]. prop. 
2 or = a Exercise 27 of = 
w is Bue hrs piace Subs. prin. 
3 = a Comm. ax. for mult. 43. 1. a = b; a, b, creal numbers Hypothesis 
a 
4. = Exercise 21 Le Refl. prop. 
b c € of = 
5 ne = Trans. prop. of = Pa 
@ 3.—-=-— Subs. prin. 
33. 1. a, b, co, d © &, b, c, d #0 Hypothesis c 
(<) Problems, pages 42-44 
3) SE S| 1 Ree cen 1. 29,56 36cm 5. 66, 67, 68 
<) b (<) Tail and div: 7. 13,15, 17 9. 52°, 64°, 64°). 40cm 
d d 13. 24L 15. 45min 17. 1h 36min 
- (¢) (¢ ) Eaereice 32 19. 15 sides 21. $1.50 23. 80 km/h 
b/\c 
ad ; Written Exercises, page 49 
4. ane Exercise 27 1, Add. prop. or trans. 2 3. Add prop. or trans. 2 
(<) 5. Not true 7. Nottrue 9 Add. prop. or 
ns trans. 2 
& a = ae Transitive prop. INN 3} a a NN a a a 
(<) be ae 0 5 8 10 
d fic, 82 (fhe Sal} tre 
5-4 0 5 
155 {yy <9 Sa eoe 
Chapter Review, page 28 (ye. } 0 5 9 10 
if a el Be Bly ith le 17. {2 2 < 5} a SS 
kh (© 15. a 17. b a) 5 
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19. {t: 1 > 2} al SE SE SS a eee Re a 
“0 2 5 
\ 105 
21. [x: x> 104 Se aan Aan 
2 5 10 15 
23. {x1 x < —4} tes tt 
—10 —§ —4 (0) 
25. {t: 1 < 4} a 
<5) 0 5 
27. 1.a>0,aER Hypothesis 


2.a+(—a) > 0+ (-—a) Add. prop. of order 

a 0S © 4b (a) Ax. of add. inv. 

40 > (a) Ax. of 0 

5. -a<0 Rewriting ineq. 
2oylenal > Dic >) Ona moe =s0K Hypothesis 

2. There is a number d, Df. of > 


d > 0, such thatb+d=a 


3. (b + d)c = ac Mult. prop. of = 
4. be + de = ac Dist. ax. 
5. dc is a pos. real no. Closure ax. for 
R, 
6. ac > be Df. of > 
31..l.a+cec>b+4+c Hyp. 


2. [a +c] + (—c) > [6 +c] + (—c) Ax. of 
add. inv. 

3.a+[e+(-—c)] > b + [c + (—c)] Assoc. ax. 
for add. 

Gh @ Jb i) S> ip se Ax. of 
add. inv. 

Sa a4) Ax. of 0 

33. 1.a>b Hypothesis 
Cad 


2a+e>bt+e 
b+e>bid 
3.a+c¢>b+d Trans. prop. of order. 


Add. prop. of order. 


Written Exercises, page 52 


ei et) sean 
aS) 0 45 
2 pe Sa Ih SN ee Se ae 
' —7 -5 0 
5. { is -35| me ttt 
2 5H i) 5 
7. fa: -2<a <3} a+ ——— + + 
—2 0 @ 
9. fo: —1 <0 <4 me et 
-1 0 4 5 
VN. {52 4 <5 <8 ep ——— 
=— —4 “0 4) Wea 
13. {ni n > —2} a 
=e (0) 
Ve EE 2 a 
—4 —2 0 
17. (x: —3 <x <3) 4 tea tt 
=15) 0 5 
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19. {fy y < —6} U (Nines 
~~ eee; 
= 2 Oe 4) 0 4 8 
qe 6L 
2, {«: IF <1< 65] 1 ee tos es 
0 2 4 6 8 


23. fa: -4<x< -1)U{e lex <4} 


2), {p: 5 apes 15} 


1 1 
ai irs 
me ia ea ee el 
=f) 0 3 
Problems, pages 52-53 
1. 70m 3. 25cm 5. 3 min 7. 320m 
9. 60 min 11. 20 sides 


Written Exercises, pages 56-57 

1. Case 1: 1. Mult. prop. of = 2. Mult. prop. of 0 
3, Ax. of mult. inv. 4.1>0 3. Case 1: 1. Mult. 
prop. of eq. 2. Ax. of 1 3. Rel. bet. mult. and 

div. 4. Assoc. ax. for mult. 5. Ax. of mult. inv. 

6. Ax. of 1 7. By hypothesis 


5. Assume a ca le 
a 


Case 1: af ss jl 
a 
iL, al = Hypothesis 
a 
2; ES ap— lea Mult. prop. of = 
a 
4, l=e@ Ax. of mult. inv. 
4. Contradiction Hyp: l<a 
Gaser2: Zn sl 
a 
ees Sha = Hypothesis 
a 
2. a es >a-l Mult. prop. of order 
a 
a Sa Ax. of mult. inv. 
4. Contradiction Hyp: |<a 
Therefore, a <i 
a 
7. 1. ac >be; ec > 0 Hyp. 


a,b,c ER 


2. ee pos 
c c 


Mult. prop. of order 


3. a(c +) > b(c +) Assoc. ax. for mult. 
iG G 

4.a-1>b6:-1 Ax. of mult. inv. 

Bp @ Ss ip Ax. of 1 


LILO ae Hypothesis 
tbe >0 Theorem, page 54 
a 
1 
—>0 
5 > 
lil 
3. --—>0 Closure ax. for ® 
a b ss 
1 1 eet : 
4. a(4-2) Kz b(+-2) Mult. prop. of order 
a@ b a 
1 1 il 
5. a[—:—)< b ;-4) Comm. ax. for mult. 
a b ba 
i 
b 


a 
— 
g 
S [= 
— 


<b t)\t Assoc. ax. for mult. 
bla 


1 ie <1 a Ax. of mull. inv. 
b a 
8. i < L Ax. of 1 
In Gi 
1 1 eas 
9.-—->— Rewriting ineq. 
a b 


11. Assume a >} b. Then we must show two cases: 
l.a=band2.a< b. 
Case 1: Assume a = b. 


IL, @=a Hypothesis 
2. a*= ab, ab = b? Mult. prop. of = 
3. a2 = b? Trans. prop. of = 
Case 2: Assume a < b. 
1.a<b;a>0; Hypothesis 
b>0 
2, OE (alo Mult. prop. of order 
ab < b? 
3. a*#< b? Trans. prop. of order 


Both assumptions lead to contradictions of 
hyp: b? > a*. Therefore, a > b is false, and 
aS (, 

t3. Assume that a { b. Then we must consider 
two cases: (1) a = b and (2) a> b. 
Case 1: Assume that a = b. 


1, @ SD Hypothesis 
2. a2 = ab,ab = b? Mult. prop. of = 
3 a? = ibe Trans. prop. of = 


Case 2: Assume that a > b. 


l.a>b;a,b<0 Hypothesis 
2. a2 < ba, ba < b* Mult. prop. of order with a, 
b< 0 


3 Ge < lo Trans. prop. of order 
Both assumptions lead to contradictions of 
hyp: a? > b?. Therefore, the assumption that 
a <{ bis false, and a < b. 


IS, ve, leh, ©, al SS Hypothesis 
ab <cd,b>d 
7s, le) 3 Ge! Mult. prop. of order 
3. cd > ab Rewriting inequality 
4. cd > ad Trans. prop. of order 
op a Exercise 7 
O Gee Rewriting inequality 


—~ 


—_ 


Written Exercises, page 60 


t.—-2 3.33 5.0 
7. {—3)5) nee 
= ee 
9. {b: b < 1} U {b: b > 3} 
a ee 
0 5 
th (yi 3<y< 7} «+++ OO +> 
0 4 8 
13. {a2 n < —2} U {ni n> 5} 
—— 1 
=o) = 2.10 Z 4 6 
US, (ee se << I} WW) eee se > Sy 
tt th 
0 5 
t7. {xr x < -1} U {x eS -3} 
——_—— OO 
=o, sil 0 
19. {a: a < —6} U {a: a > 4} 


=0) 30) —45— 2) 10 92d ae 


2 {y Sse we 195} 
2 2 ( ; 
= Big ile 
Ree =I 
= 60) 30 
23. {p: p< 2} U {p: p> 5} 
——————) + <_ 
0 5 
25. False. Let a = —1, b= —1 27. True 
29. False. Leta = 1,b = —-1 3t. False. Let 
a=-l,b=c=1 
33. True. 
S55 ( 4 Sy) ee 4} 
a 


-4 -2 0 2 4 
1b (Ga ll Sse WU) ee eee 


==) 0 3 6 9 
39. {yi 1 Sy $2} U {7 6S y¥ <9} 


3 0 3 6 9 
Chapter Review, page 64 
(i, by ghee So lp % lo it. b t3. d 


Chapter 3. Linear Fure .ons and Relations 


Written Exercises, pace 6° 


{7 3.3 5-273 7-3? —447 
oy = 3 iiny = 13. ¥ = 51 <1 
peas ta +4 19. 2t 8 
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Written Exercises, pages 72-73 Ze 
1. {(1, 1), C1, 2), (2, 2), (3, 1)} Not a function 

3. {(—5, 4), (0, 6), (5, 2), (10, 6)} A function 

5. A function 7. A function 9. A function. 


Pa, 


Written Exercises, pages 76-77 


1. y a y 
x : 
x 
15. 17. A function 
y 


5: Me 7. 


9. ¥ 11. Vi 
x x 
19. Not a function 21. A function 2 
y 
: 15. y 
x 


be 
i) 
nN 


19. 8 
2 
23. Not a function 25. 23. (2, 2) 
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Writt i 1 ; 
a eubenerclgogpage 7? 5.m= — a 7. Line has no slope. 
y V4 
x 
x 
Se 
Oe = il Nb ie = = 
Y. y 
x 
x 
9. 
1 
13772 135.m = —— 
y 6 
vi 
x 
13. is 
hee 2 
2 
Mh, = a 
3 
DS 
Re 25. b = 
Written Exercises, pages 87-88 
es Ae oa aed 
1) =X — 7 a te SS laa 
The = Ske 45 5) Oya. el Gn eee ae 
i . Z Z 
Written Exercises, pages 83-84 inp oto (iy = eee 7 ee 2, 
i, ae = 2 a, i eS @ ‘ 5 
u y =) a oe Se 23.yv=4x—1 
4 4 
25. y = —7x¥ + 9 27 et eto 
iE VS es 31. ya ty 
5 : 2 2 : 5 
Zz eae 3 
0 = ae 5, 
as 37 vedx-3 Bee = 41.k = -2 
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Written Exercises, pages 91-92 


9. Slopes: L —2; 11. Slopes: el. 
LRem seo i & fe sea ae ck 7 3 3 


3 2 . {(4, —1)} y-int: —3; infinite 
Se —-— JE = 9. In direct : 
5. fix = 7. fix- ae te jl n direc gol sea 
variation; —2 11. In direct variation; 0 13. In x+ 3y = —9} 
direct variation; 3 15. Not in direct variation 
72> 19.42 21> 2362 28, 124 
2 3 6 3 2 


27. $225 29. 45 


Problems, page 93 


1. 200hits 3. 18g of H, 288g of O 5. 13 times 
7.450 9. 1428m 


Chapter Review, page 95 


ib @ 3a 5. a 7. 9.¢ 11. b 13. b 
15. c 


17. No common solution 19. No common 


solution 
Chapter 4 Systems of Linear Equations or 


Inequalities 


Written Exercises, pages 110-111 
iT 2 1 
1. Slopes: —, =; 3. Slopes: —2, —; 
ae 39 5 2 


((6, 2)} “Near 


21. No common 
solution 


y-int: 1; infinite 
sol. set: {(x, y): 
3y = 4x + 3} 


Written Exercises, pages 114-115 


l 1 


ds {(5- -+)} 5. {(2, 0)} 
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ee eee ce 


13. {((-1,-1)} 15. (7, 1)} 17. {, —2)} 


19. {(29, 36)} 21. {(é. -+)} 23. {(8, 6)} 


25. {(0,3)} 27. ((5,6)} 2%. x=1,y == 


es seh lS 4, 2 = Il 
9 


Written Exercises, pages 118-119 

isi 0) Gb tei 7. {6, —6} 

9. {(—2, —5)} 11. {(37, —97)} 

13. {(1, —2)} 15. {(—4, 3)} 17. inconsistent 
19. infinite sol. set: {(x, y): 8x + 10y = 4} 

21. {(2, —3)} 


Problems, pages 122-124 

1. 13 dimes, 18 quarters 3. rate of boat in still 
water: 7 km/h; rate of current: 2.5 km/h 

5. 5, —1 7. 40°, 50° 9. 54° 11. 560 km/h 
13. 160 15. 81 WaA-= 3, B= —5 
199A=—-1,B=4 21. ¥) = 25 m/s; 

Do = 1S io 23. 2 km/h (east); 10 km/h 

25. 14 quarters, 5 dimes, 8 nickels 


Written Exercises, pages 127-128 
1. 
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Written Exercises, pages 130-131 Chapter 5 Graphs in Space; Determinants 

b. (0, 0), (3, 0), 
yD WS) 

503, 7% UW 

d. max: 10; min: 0 


Written Exercises, page 142 


1. e 


Q 


ba aCoaal)s 
(2, is (hy 2) 
a 18, 27, 28 BS 
. Max: 29; min: 12 


a 


=a 


b. (0, 0), (0, 8), 
(3, 8), (6, 2), 
(6, 0) 

c. 0, —16, —7, 
14, 18 

d, max: 18; 
min: —16 


70<x< 20,0<y < 30,3x+2y<96 9. (0,0), 
(20, 0), (20, 18), (12, 30), (0, 30) 
11. Vii 13. 5g of A; 0g of B 

oe 15. a + bc (7, 0, 4) (7,5, —4) 


13. 


15. 
Chapter Review, pages 134-135 
LA &l) && lp o€ 11. d. 


Cumulative Review, pages 136-137 
i 3a Ss © 7a 9. b lik, € ie, e 


(=4, =, ) —3, 0, 0) 
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_- lee 


baa 10. 
(ee 
10) 
a 


The graph of z = 0 is 
the xy-plane, so there 
is no trace in this 
plane. 


b. (z = 0 
ee 
x10) 
G26 


The graph contains the 
z-axis. 


13. a. See figure. 


12 b. {) =0 
4y — 32 
= 12 iF = 0 
4x — 32 
12 {5 =0 
4x + 4y 
= ie b. There is no trace in 
= the yz-plane. 
2 = js! L= 
2% = -—14 
: 3y + 2z = 18 f 
- 2x = —I14 
b. eB =-0 
Ay = hs ie = 
E Sw -6v — 102 = 30 
z=0 ¥=0 
The graph contains the Ee ees io 
X-axis 5 
—hr. — & = 30 
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19. é 7c 


B(0, —4, 0) 


C(O, 0, 2) 


A(5, 0, 0) 


27. X + 2v =e 


B(0, —4, 0) 


Written Exercises, pages 153-154 
1. {(2, —3, 1)} 3. {(—2, 2, 5)} 


5. (3 Md 2)} z. (3,1, —1)) 


18° 18' 9 
9. {(—8, —25,14)} a. {(2, —2, —2)} 
42 5 47 
13. {(—1,0,3)} 15. (-4.=.2)} 
17. {(8, 9, —1)) 


19. {(0, —3, 9)} 
21. @ (no solution) 23.z=c 


Written Exercises, page 158 

1. —27 Bas BY, ay 

7{, —1,—3)} 9. {(—2, 6, 5)} 1. D=0; 
infinite solution set 13. D = 0; inconsistent 


Problems, pages 159-161 

1. 10 nickels, 15 dimes, 80 quarters 3. 11, 3, 28 

5. 80 ones, 25 fives, 15 tens 7. Bob took 10 min, 
Jim 3 min, and Hal 16 min. 9. AB: 15; BC: 18: 

BE: 12 11. 47 pullovers, 46 hooded, and 44 
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zipper-fronted 13. a = 20 m/s, vy = 5 m/s, 


C =5m 


Written Exercises, page 166 
1640 3.0 5. —110 
eee ao), i ee 8 


le — oye —1, 


Chapter Review, pages 168-169 
lic foley Sli Re | LG ili, @ 


Chapter 6 Polynomials and Rational Expressions 


Written Exercises, pages 174-175 


; Dee . 4 —32u3 

ils = 15e 3. ay 3 = ae 

3 2 a 

Sf yy 3.1 | see 

; 125b° qs 
xy c@d?2 

17. 8a*b? 19. 2 ae 

x+y ctd 


Written Exercises, pages 177-178 

I, Se = 1 3. 4c? + 28cd 4+ 49d? 

5, Oke? = Sil 7. n'9 4 8n5 4 16 

9. 9° — 12n23p? + 4p4* 11. <2" — Zyx" 4 y? 
RS, W2ke? TR ee Be 

15. k3? — 27 

17. 27b3 — 27b*c + 9bc? — c3 

19. 1x4 — &x?y? + y4 

21. ct — 8c7d + 24c%d? — 32cd3 + 16d? 

25. 9b-'19 — 49 27, 0m — 16r-6n 

29. c3n ate qin 31. yon ae 3y" a oye a Vet 


Written Exercises, page 184 

1. (2x — 3)? ay (le oe syle st 3) 

5. (3y — 109y? + 3y +1) 7. (3x — 2y)(x 4 4y) 
9. (3a + 4b)(2a — 5b) 11. (5¢ — 2)(2t — 3) 

13. irreducible 15. (3x — 4y)(2x 4 3y) 

17n3e- ec 5) NG, (Gye = See 

21. (6 + 3)(b— 3)(b + 2)(b — 2) 

23. 3x(2xv 4+ 1)(2xy 4+ 1) 

25. (x + y)(x — y — 2) 27. (a + 2)(a — 3) 

29. (x" a Bad) Cee = myn Jt yy") 

al, (GHZ? SG Je Sy) 33. (3%2% — 1)(x2¥ — 3) 
35. (3x? — xy — y4)(3x? + xy — y*) 


Written Exercises, page 188 


f (5,3) 3 (13, 13) esate aca) 
35 
a fo) Oy tae (2, 6) amie {-2,3| 
15, (78) te {1, 24 19. (-7, 4) . 
21. {—4, 0, 4} 23. {—3,3} 25. {-—5, —2, 2,5} 


295 42220 
s&h, 22 ao we = IP SD 


27, x2 aloe — 0 
31. x? 4+ 4% 4+4=0 


Problems, pages 188-189 
19 3. —I50r24 5.8m by 15m i 
9. Either 5m or 54m — 11. 10cm 


5m 


Written Exercises, page 191 
[2s 2S 8} Ui (ee se > 2) 


aan aaa Ia see 


=) =) 

3. (a: —4 <a < —1} pepe tpt tt 

=A | 
3. {x1 -4< x < 7} 
7. {c: -4<c < 4} 

4 -2 
9. {x: -3 <x <5} 
(il, Hike fe = 2h 

= 0 
Heh, (a8 jy ee hh 

a 0 


15; {x 2< and x ¢ 0} 


=I 
ile, ee BS 
0 
We), Hare xe ee (0) 
(x x <0) - 
Die (ie =D KS ay << | 
=e 


Written Exercises, pages 193-194 


1. 2 3. 3+ 5b 3. ae 
eo 5 2b 2 
1 3 a 
9. ii; = ee a eaes 
Ao 3cd 2(p + 1) 
1 a—3 Oy? + 3y + 1 
ve a(a + 3) y+2 


il, (ee = Se 23. 1 
27. b? 4+ 2b +4 


Written Exercises, pages 196-197 


1.3y?-S5y4+2 3.d—cd—-1 

5.x 4+ 10 — ie 7, —4x +3 — 
x—5 

9. 377—-z4+4 lth Fe eb BPs Bab 


ee = dle Jb ig 15. 3x2 —5 + 


4x — 1 
19. 2v? + 3y — 1 


17. 4d? — 10d + 25 


21. 5¢2 — 3t + 2 — 


6t + 3 
?e—2 


25. The quotient will be a"! 4+ a" 2b + 


an 3p2 ah soe at abn-2 + br-l, 
Writien Exercises, pages 198-199 


se i 
il, : ———— 
2 ao Dalene 
9. atl 11. ! 13. x 
a c-2 


28. (r + 3)(r + 1) 


232ce yx Bye 


7, =r ab S) 19. 72 +4 1 
- (Gee? — VRE ak feet te jh) 
. ——— i 


Written Exercises, pages 200-201 
Rae aes ——— 5. 1 
62 ds we = 27 
cz? —9 
- 3x +4 
fp? th pe? a ae al 
4a 
a-—b 
x24 xy + y? 
- (x + yx — y)(x = 2v) 


7. 
k-—5 


11. 


15.c+d 17. 


19. 21. 


Problems, pages 203-204 
1. 2h 24 min 3. 30 min 
9. 21 min 11. 32.5 km 


Written Exercises, page 206 


te} fa) (ba | 


2 
Pas + 5k — 15 


5. 12km 


23. 


7. 160 g 


9. {-2 1} iN [-+-4] 13. (2, —6} 


4 
15. {—4,0} 17. {=1, 5} 


23. {(2, —7)} 25. {-25} 


Problems, pages 206-207 


1.60 3.202 5. 360 m/min 

9 5km/h 11.10 km/h 13. 18h 
Chapter Review, page 210 

IbG sl) 1) wale ohie 
Chapter 7 Sequences and Series 
Wrilten Exercises, pages 215-216 

1. —1,9,19 3. —12, —16, —20 


7. 3, 9, 27, 81: a, = 3” 


19. {2 


11. 


ze i Ini 


—1 


| 21. 9 


D2 al Oe 250 Cee 
11. 4, 4+ 2k, 4 + 4k, 4 + 6k; a, = 4 4+ An — Dk: 


13, — ——_______—_. 
(ae ae ByieGe = 4) 


arith. seq. with d = 2k ilk. Gy == 1S, 
de = tes alt he seq: lesa, = Sp 
1 
ana) = —24, ee GS = aay 
seq. 19. a, =a, a,,, a,b 23. Not in arith. 
prog. 25. Not in arith. prog. 


Ghia = Gh, Set a ORE St) 

Wrillen Exercises, pages 218-219 
z 

213,938) 07 Tle 


11. —4 


13. —5 5. —25 17. 


9. 703 


16 


19. 29 


A, dy == hy SM 


Z ith 
> + a,, antn. 
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21. 21, 34, 47 23. ic 16, ot 25% ae Bee 
2 2 5 5 
at! gS Feet ee 
Ewe 5 : 57 7 Sar 5 
Masia = ol Oa Nhe = aie 
31.d= a. ae 33. 2 35. 7 
6 2 


Problems, pages 219-220 


97353. 445 bricks 5 rows: SMR 276-80 


7. l4yr 9. 81m; 147m 11. 7 units 


Written Exercises, pages 223-224 


1. 165 3. 408 os 152 7. 336 9. —474 


iNfle BIS) Me BY 15. —4860 17, 1377 


4 § 
19. —544 921. a= 45) 23. SSS ae Ss 


(r=) k=1 
25 =e ih, 225) 29. —37 ) Ak) 
15 
Problems, pages 224-225 
1. $1000 3. $19,700 5. $696 yam UO | 
Sh, SHS Te 
Written Exercises, pages 229-230 
LOMO IESE Naweese ys = Sic 2 =e 
24 3 
ee ee ee ee 
9 , 27 4 , D , , 5 2 Gj" 2B , 
4212 = 160 ie: 24ers == 
1250 
17. 0.000002 19. arithmetic; —44 
21. geometric; = 23. arithmetic; 1.36 27. 10 
300 
Problems, pages 230-231 
1. 256 3. 14.641 5. 80 7. 0.125 mg 
9. Common ratio: (1 =) 11. $1221.02 
‘i 100d 
Written Exercises, pages 234-235 
1 4 4 3 
fle & 3. - = 5. — or —— 2 @ 9 —-, 
a 3 3 4 
3 5 OS 
- = 11. —, — 1g We, 7S 15. —36, 12 
2 64" 32 — 
Saou 
17. 88, 44, 22 or —88, 44, —22 19 973° 5 or 
5 5 e 5. n2q3 
=252,68 26 2 —8 
9° 3 Pq 
27. 2 29. 2s or 4 
2 2 
Written Exercises, pages 237-238 
1, 25% 3.1705 5, 1984.375) | mses 
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: 5 43 
9. 39,062 11. 93 13. 23— 15. — 
8 © 40 
i =29 is zee ie 27 
32 
2 5 1 
25. 0.0625 27. = or —= 29. — 
. 3 3 2 
Problems, pages 238-239 
1. 81.9m 3. 12,354 5. 480g 7. 1.24cm 
Written Exercises, pages 243-244 
1. ae oe a Oe eee 
23 4 100 25 100 25 
‘ i“ 1 4 9 16 
convergent 5. —=,—, ——, —} not 
BS 10 17 
i oat i a Wen alee i 
q t bb S Oh 5 Sy Ss 
a 23) 47 2 4 6 8 2n 
eA) 2. ir, 4 
20 12 52 68 4\4n+1 11 
15. 6, L Ws Zp ae 
12 12 
Written Exercises, page 248 
1. 81 3. ie 5. _ 7. not convergent 
4 10 
9. 68> 11. 4 13. not convergent 15. 6 
5 
17. —20 19. a2 21. ol 7, ae 25 ane 
3 ) Oc 11 
27. <5 29. Z 31. 3 33 ae a 
333 3 4 sf 
Problems, page 249 
2vV3 
1. 100 cm 3. 4m 5. 1000 7. 12cm 9. ve 


Chapter Review, pages 252-253 
he 20) BA Bal o 6 11. b fle, te 


Chapter 8 Radicals and Irrational Numbers 


Written Exercises, page 257 


oe 
9 4 
1 

WwW. —— = 13. 12 
3 

15. — 


17. Value of y is quadrupled. 
multiplied by 32. 21. even 


19. Value of y is 


Problems, page 258 
1.675kW-h 3. 0.3125cm 
7. 5 (J/s)/m?2 9. 64h 


5. 0.057 g 


Written Exercises, pages 260-261 

il, Bios BY eS els 

9. not defined 11. (3, —3} 13. {2, —2) 
15.8 17. {2| 1 {7 wi GB, 


25ao) 27. {—3} 


Written Exercises, pages 263-264 
13.{-1} 15. {1,-—2} 17. (3, —3} 


1 1 1 
19. (1, -—1, -— 21. j—, -1l, -3| 23; {-4.3 
| 5 (3 zB 


Written Exercises, page 268 


1. 0.3125 3.0.83 5.0653 7. 0.243 


15, — ls Il 


Written Exercises, page 270 
Hh, 45s Se WOR TMS ose Toh? 
Th dds? Se To! 9. 43,000 
13. 0.808 15. 4,625,000 
4 -2 
; (6 x 10*)(4 x 10 a 108 
fi Se SNe? 
(4.5 x 105)(2.8 x 103) 
a0 (2.1) 10-4) 

(3.3 x 1071)(2.8 x 10°5)(2 x 103) 
a 8.8 x 10° 
Be B Se NO 25 ele elOe He, ©, O, &, le wilZP, 
0.7080, 9.244, 1.262; subtraction 


5. 7.258 x 103 
11. 0.0569 


3.0 x 1014 


= 21 32 Or" 


Written Exercises, pages 274-275 


1.V3 3.1.225 5.1291 (In Exs. 7, 8, 9, 
and 15 other ans. are possible.) 7. a. 1.45 
b. 1414114111... 9. a. 0.67. +b. 0.676776777... 
be +1 
lieeetaia ob. V4140Isitl... 13. ot 
Cy a 
15. a | oe 
Vv 48 4V 3 


Written Exercises, pages 278-279 


v | | 
1.63 3. —V2 5. -9 —— 9. — V6 
v3 3 v2 32 3 v6 
| 
11. ae 13. 52.92 15. 9.45 17, 27.95 
2 - 
19. svi = 1.32 21. a Vb 23. 2c V/c? 


vv = 9b? — a? Vxv 
2) SS 27. ——————_ Path 
v= si 3ab x—y 
a 
31, 
a+b 


Problems, pages 279-280 
1. 2/30 = 10.95A 


4 


10 
egy eye 
59 : 


5. V63 = 3.98cem 7. Vy eLeies 
Vv 21 


6 
yee ai 
36 
Written Exercises, pages 281-282 
Tey 3.775 5.2y2 7. Bava 
9. Vx(9x2V/24+ 11) 11. —60V2 13. evi 
8 215 ie 3) 4/2 19. 2— 4x2 
23 — 10V2 
2..3V54+6 23. ese 25. 1 
° 3Vx-—1-6 
Ph, a1 28 [e} 290d ab 31. eas 
Bo 
33. (xV2 —yMxV2+y) 35. (x + V3)? 


37. (b— V7(b? + bW7 + WP) 
a1 eye a — 52 al) 


Written Exercises, page 284 


1. {79} 3. {3| 5. (33) 7. {7} 9. (3) 
3 2 
| 3h 
11. {48 13. {5, —5 15. j—, — 17. {9 
(48) 13. (5, -5) eS (9) 
19.0 21. {3} 23. {3, —1} 25. {2} a7, {4} 
1 
me hal = 31. {8 
(sq)! &) 
Written Exercises, pages 287-288 
Teo 29/2, 32379} 
fed 22t 2 5. 0 
2 Zz 2 2 
iE r Vil 3.) vil 
Jee 2 
, ip vid 5) 4/13 
lw sgeg yaa 
a IE V15 3 = 
2 ee 2 
ie 5) V2 5 WZ? 
SS 5. a: 
3 /10 3 10 
15. (5 + Bea 2 17. 
4 4/4 4 
15 is 
19. {-1 SS) “| 
3 3 
3 w13 3 \ 13 5 
a. {- a La ee 
| 10 * 10 10 10 (5 
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25. {Z. -1| TiS ans — 5) 


29. (Ms We, 0 ve 
BV, (Ge cb Be ob DG = py sb B) 


Problems, page 288 
3/26 3 
= Sa 2.46 cm 
2 2 
5. 84 4 48\/3 = 167.14cm?, 
112 + 64\/3 = 222.85 cm? 
60 + 10\/66 = 141 m; length: 


1. 10cm 


7. width: 


6 
140 + 10\/66 = 221m 9.34 Me 4.22 m and 


V6 
3 -—— = 178m 
2 


Chapter Review, page 291 
ls Ze 1B) 


3a 5. ¢ 9. d ii, © 


Cumulative Review, pages 292-293 
he shi oly Gol She 1b 86:13. ¢ 


Chapter 9 Complex Numbers and Polynomial 
Functions 


Written Exercises, pages 298-299 


/2 
7 Sf 5. 61\/2 7. 20/3 ———, 
~ V6 4/5 
11. - 1a 4Nis es) 2 ize ue 
1% =f 2. —5 ame 2s. 95/2 ezine 
2V6 — 30 6V3 — 26 
2.0 31, = es Via 
6 9 
Written Exercises, page 301 
1 =2-5 3.3 eeeeeo — olds 15 + 2i 
9. lo ———F i, 2 as A 13. 10 15.7 
9 4 
1 Bio 1 1 
a ihe ay = ge 
ee ou 2 
Written Exercises, page 304 
p ; ie v3 
il, J) ah 3. —7 — 2h Ei -—-—-—I 
2 2 
12 4. 24 27 41 EY 
= 22) peta Se i, 22 4 22 
5G 29 * 29° on 
15. —1 17. (3y + 51)(3y — 5:) 
19. 44a + biv/3)(4e — biv3) 
21. (cV3 + 21V2Kz V3 — 21-72) 
25 (« eo. v2 + v2 2) 
5 — — + —!] {x + —— - — 
2 2 2 2 
(-E- Fee Z+¥y 
—_—_——— ——} —— ——— 
2 z 2 Z 
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Written Exercises, page 307 

1. —4, two imaginary roots 

3. 9, two real rational roots 

5. 76, two real irrational roots 

7. —144, two imaginary roots 

9. 0, one real rational double root 


i 2 
Te 
| 5 | S eiceeeoe 


ey 3 V21 3 ual (Re ava 
/ (5+ 6 a te a 2 

2 
17 (I 19. — Pals 8, —4 


Written Exercises, page 310 


25 


teense 2x — 1510 gee a 


5. x27 — 48 = 0 7. x7 — & + 14=0 
9.x? —4x+40=0 Mls cer Se (G7 = abe Se AY = (0) 
is? 15. 17 lL ts, Sieeeoess 


17. — 
) 


Written Exercises, pages 314-315 
i, 


1 
11a — ao) eel 
5} = 


9. y = A(x — 2)? 41 


Zz 
13. y =(x + 3)? +7 3 


17. y =(x — 1)? + Sory =(e — 5)? 45 
haste Saar Ah VS Be a7 


Written Exercises, pages 317-318 
il, Gass Ze = 3h 
vertex: (3, —9) 


3. axis: x = 2, 
vertex: (2, —8) 


y 


Ty BAe Se = a 
vertex: (4, —1) 


S, ese sc = W) 
vertex: (0, —4) 


GO, g09i58 SS il, 
vertex: (i, —3) 


iil, AwISe ae = 2, 
vertex: (2, 3) 


13. y = —x? + 1 15. y= x?42x% —5 

17. y = r(x — 0)? — rs, axis: x = 0, 

vertex: (0, —rs) 19. y = r(x — s)? — s%(r + 2), 
axis: x = s, vertex: (s, —s*(r + 2)) 

Problems, pages 318-319 


1,.8and8 3. 12cm 5. 39.6m 
7. 22 stories 9. at the 20cm point 


3 
ll. a. y = ——x+6 
a. y 5 ap 
b. A =x(—2x + 6) = 6x — 2? Cmte 55 
5 5 
Written Exercises, page 321 : 
iL ob a = OS 0) b. (3, —3} 
| Ge # & SB UW) ee se > Si 
a th Se = ae b. (0, 3} 
> (es a8 KU) UW) Gets 3) 
5.a.x? -x—-6>0 b. (3, —2} 


d 
a 
d 
a 
dh (Ge Spy WW) (Ge ae ee 
Th 2 = Se DEO [hye Vs 
dio V2 <2 <2 4 V2) 

eee 2 0 be tery a, ll 1/3) 

re = 1 = 470 (x xe > 8 — 1) 

x? — 4x < Oand x* —- 4x +320 
(eeu ciiU Cedar cay 


11. 


Written Exercises, page 324 


1. 0, a zero 3. 0, a zero 5. —30 7. —3 
9. 53 11. 30 13. 0, a zero 15. 12 + 661 
17. —16 19. 32 21. —3 23. —4 


25.a=2,b=1 
27. P(x) = [(ax + b)x + c)x +d, 
P(0) = [(a:0 + 504+ cJO0+d=d 


Written Exercises, pages 329-330 

iL a JG) S(@ = QA SS SF) = is 

b. P(x) = (« — 3)(2x? + x) + 2 

3. a. P(x) = (x + 2)(4x? — 12x + 29) — 66 


Ib, 2G) = (x = s)ae = oy 4) 6 


P(x) 9 
5. a. =a oe = ae 4 © = ——— 
x+2 x+2 
ik 
b. @) = 3x? + 5x + 
x— x—4 
P(x 104 
a. ee sop 40.4 
ge ae gh gg os 
P(x) : ; : 
: = a db (il 4. 2 (a) = Be = 
x — 2i 


9. x + 3 is a factor of P(x) 
13. No; R = —2 
es i. fa = | 


iL Wes Jk = =6 
15. n= oe r,=4 
(7, = lh iy SS 


Dh 0 = 8h fy = Hit] Sr EE Sh J 
252+ VG2 V6) 27. (-3. =a 
29. 7 31. —5 


Written Exercises, page 333 

iL, 3 = Oe = ae a I Ry Be — See St aye — Dt) 

5. x3 — 4x? 2x + 20 7. {1 + 2%}; 

(x + 3)\(x — (1 — 21))(x — (1 + 21) 9. {—31, —2}; 
(x — 38)(x + 31)(x + 2) 1. {2 —1, —3}; 

(x — (2 + d))(@ — (2 — 1))x + 3) 

13. (= tis, 45): 


(Cae Cee x 1 Sia V5) 


Written Exercises, page 336 


1. —2, 0, 2 3. 0 5. 2 7. —3, -—1.1,3 
9. —2, a 2 Wl, Wee 13. 2.65 15. For 
BRB 2 


example, P(x) = 40x? — 74x? + 45x — 9 


Chapter Review, pages 338-339 
biy te Se wma Oe 
(1g) 18) 15. b 


llLa 


Chapter 10 Quadratic Relations and Systems 
Written Exercises, page 344 
1.5 


325 Se W/3} a 2 


= 9.\a —hi\2 
ji 1\ 


b. isoseeles: n1( AB) = m(BC) = 5 
c. not right 
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en! 


b. not isosceles 

c. right: m(BC) = V/10, 
m(AB) = 2/10, 
m(AC) = 5/2, 


x2 
13,.y=—4l 
; 8 


1 
15. x = —y? — —y 
a re 


ny sot ke +3 


19. y =x? —x 


Written Exercises, page 356 


B(4, ~1) m(BC)? + m(AB)* 
= m(AC)? 
eles) 196 (= 32) 2/5 


il She De = 


Written Exercises, pages 346-347 
ls Ses Pane 7 3. 2x + 5y = 35 
5. 4x + y = -—6 7, Bee fe hy ae 28 
9x —-8y = -6 11. Sx + 3y = 18 


Written Exercises, pages 349-350 
1. x? 4 y? — 49=0 
2, os te pe tt he — lithe 6 1) = 


5a? + y? xt 3y-S=0 


B, lerexele (0) 
7. x? + v? — dax — 2by + b? =0 
GL (Es = (PF ae Ge — (Ye 11. (x — 0)? 
=}? : + (2) ee Y 
va 
(Pr. 


13.(¢ — (—1))? + (y — 2)? = 3? 


(2) 40-3) =2 be) 


im, EC doe = ake By — 2) = 


IG), Se? tee? ee ~ 
ats 3)? Gy = 3) 9. Foci: (— 10/2, 0), (10 V2, 0) 
23. (x — 2)? + (y — 4)? = 25 ” 3 3 
25. (x — 3)2 de (y ak 2)2 = 9 29, C(0, 0), r—4 11. Foci: ( , -3), (0 7) 
58 wel 5 
— | =e 
100 a 36 16 i 
xy? se 
Written Exercises, pages 352-353 1% ae + ae 1 ae a 
1 a 
1 y =—(x -—0 = 1 
ay 
3.x =(y — 3)? —9 Written Exercises, pages 361-362 
1 a 
SHG a= Be aS 
J a ) 5 
7. y = Ax — 3)? -—4 
se dl 5 1. Foci: (—10, 0), 
BS ee) —1 (10, 0) 
lik # Se = Dee 3 
i 2 x 


Exe 
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1, Foci: (4, 0), (—4, 0) 


— 12), (0, 12) 


y 


3. Foci: (0, — V3), (0, V3) 


16 3 


7. Foci: (0, — \V/21), (0, 21) 


x 


x 


3. Foci: (0, —21/5), 
(0, 2/5) 


Vy 


7. Foci: (4/2, 0), 
(-4V2, 0) 


9. Foci: (2. 0), (-2. 0) 
4 4 


11. Foci: (5, 0), (—5, 0) 


2 x? A 
eee | ae 

16 9 64 

2 2 2 
te = a 

32 32 64 

y? x2 

Ss 2 


18 9 
Se ——— 
x By 
3 1 
xk — oy = = 
2 2 Wa 
1 eee z= 
5) 
19. y 


Problems, pages 366-367 
1. 15,500 V 3. 0.01 em 
7. 5.292 x 10% kg 


5. Foci: (0, 5/2), 
(0, —5/2) 


¥ 
5 
a= 
Ie. 
36 
— —_Js 
4x 
I. yys=— 13.2 
215 xy 2 
y 
Sale 


Written Exercises, pages 369-370 
1. {(—1, —3), (4, 12)} 3. {(4, 3), (9, —2)} 


S. {(2, 2), (2, —2), (—2, —2), (—2, 2)} 
. {(4, 0), (—4, 0)) 


S5((0, —iajaqo12), (5, 12)) 
11. ((4, 0), (—4, 0), (5, 3), (—5, 3)} 


TSC salto) e(lesae= (5), (— 1.5, 1.5), (=—1.5, —115)} 
15. {(—2, 0), (3, 4.5), (3, —4.5)} 


wd 


Written Exercises, page 372 
HCl). (4) 20) ames, {(— 3, — /3)} 
8. {(V2i, — 3.21), (— Vi, 3V21)} 


7 (00,2. (-1.0) 9. {a 9, (-2, -12)} 
= 15-3) G-9)} 


1. 16cm x 3cm 3. (8, 0) and (0, 15) or (0, 8) and 
(15, 0) 5. Outside: 6m x 6m; inside: 

4m x 4m 7. 9 and 6 9. y = 2 — 2)745 
On 3) = abe oe IF = I 


I. {(—2, 1), (1, 7)} 


Problems, page 373 


Written Exercises, page 375 

1. ((3, 1), (—3, 1), 3, —1, (—3, -—1)} 
3. {(0, 4), (0, —4)} 

8. {(/17, iV'15), (— V/17, iV15), 
(V17, -i V5), (— V7, 7 V15)} 
(—3, 0)} 


Sse —oleriah|-o aay) 

Me ((=1, =2), (1, =2), (2, D, (=2. D) _ 
w [ane.—n (298) (2) 
15, (2) 5), (= 2, 9), (=5, =2), (5.2) 


7. {(3, 0), 


Problems, page 376 ay 
Wega <4 runs (202 3) 3) 
(= 22/9) (22 y3)} “ses x i2cm 


Chapter Review, pages 378-379 
ke 6 tb é oa 11. d 
Neh Ce 15:7e 


Chapter 11 Exponents aud Logarithms 


Written Exercises, pages 383-384 
ee 5 ee 

5 16 

2 


13. xVx 15. \/2n 17. X 19. 2,2 


‘ 1 
29. 31. — 
\2 = 


33. \/5 
41. {16} 


2. V5 23. 2 mB, fh bay, 2 
q 
\ 


35. ¥H9 9-37. V5) 39. [—8. 8} 
43. (124. = 126} 45. {1.4} 
— ny | 


M=bip=2727) we —. 
Pica eho oa 
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Written Exercises, pages 386-387 ie) = Kee eR PS ae st I, ee SOP, a limmewion 
5 2 


. Né f B 
ls oes a2 5.22 ease 13) Res) ye — see oe al mote 
9.2773 1a iaeee 15. (2) function 
\ 
21. 
Ex. 11 Ex. 13 
15. f- (1) = 0; 
iA) = ik 
PG) — 2; 
7G) = 3 
23. {(2, 5)} fi r() a, 


Written Exercises, pages 392-393 


1.4 3. —3 5. a 7. 3 9. 6 11. Z 
» 3 
Written E ises, 390 3 
a ad 13, (4) 18. {49} 17. {81} 19. ee 

A MGS) = ae a5 ie iGo) = ae = 2) + jl ae 3 

1 22>) 2321 |25)} ee? Sl Oe ce {=| 
f{U-@) = 3(4x F 1) —3=x : 4 
ee ae 31. (3) 33 {2} 35. (36) 37. {0} 

1 

f'\f@)) = -2(-4. ar 5) + 10 =x; Written Exercises, pages 396-397 

i 1. 1.079181 3. 2.602060 _—. 0.669007 
ey) = Ro a +10)+5=x 7. 4.176091 9. 1.58496 =. 2.58496 13. 3 
5 fy) = Ve fF) = V2 <2: 15, {3} 17. {200} 19. {6} 21. {5) 


= ee NS. 
a OO) =o = 23. {9} 25. {10} 


a {tx yi y= as s\ a function 
8 2 2 Written Exercises, page 399 
9. R= f(x,y) y = ee, > 2 ate 1. 1.4314 3. 9.8028 — 10 5. 7.5798 — 10 


7.5.6911—10 9 1.9154 11. 7.8451 — 10 

13. 2.2788 15.143 17. 1.26 19. 115,000 

y Me OY 23. 0.000637 25. 53,500 

27. 4.1931 29. 3.1139 31. {18} 

33. {0.06, —0.06} 35. {x: x > 2} U {x1 0 x < 1} 


function 


Written Exercises, page 402 

1. 0.1623 3. 2.7296 5. 8.7730 — 10 

7. 4.8147 9. 3.7783 11. 5.0817 13, 14.52 
15. 0.09228 ls Sails 19. 0.007668 

21. 0.5634 = 23. 0.01572 25. 0.0588; 0.0586; 
interpolating between log 1.14 and log 1.15 
produces the greater answer. 
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Written Exercises, page 405 


iele00) 3. 228 «5. 18 7; —0.0270 
9. 0.0291 11.494 13. —5.73 15. 146 
17. 112.1 19. a. log 4 = 2 log 2 = 0.6020 


b. log 8 = 3 log 2 = 0.9030 
c. log 12 = 2log 2 + log 3 = 1.0791 


a log > = —log 2 ~ —0.3010 

e. log 5 = log 10 — log 2 = 0.6990 

f. log 15 = log 10 — log 2 + log 3 = 1.1761 
21. log 7 = si log 2 + log 3) = 0.8406; 


log 11 = illog3 + 2log 2 + log 10) = 1.0396 


Written Exercises, pages 408-409 
1. 200 3. 3.65 522507 7. 40.2 
Wi, W353 13. 3540 15. 0.00400 
19. 1.08 21. 423 23. 0.870 


27. {10,000} 29. {=} 31. {75} 33. 


9. 0.676 
17. 0.746 
25. {100} 
2V3 
=| 


Problems, pages 409-410 


1. $35,240 3. 517,000 bacteria 5. 12,490 
Written Exercises, pages 413-414 

1. {5.76} 3. {0.367} 5. {8.71} 7. {5.00} 
9. {1.05} 11. {1.17} 13. {4.88} 15. {0.314} 
We WAS) TE si Pi, HENS!) ae {OLY 

25. { —0.735} 

Problems, page 414 

1. 14vr 3. 9min 5. 4% 


Chapter Review, pages 418-419 
Ll se scl Gal) ©. a 11. b 13. ¢ 
15. a 


Chapter 12 Permutations, Combinations, and 
Probability 


Written Exercises, page 423-424 
is 25 3. 360 5.18 7. 56 
11. 107 13. 45 


9. 649,350 


Written Exercises, pages 427-428 
1. 40,320 3. 362,880 5. 3024 
9. 362,880 11. 360 13. 240 


7. 11,880 
15. 720 


Written Exercises, page 429 

1. 180 3. 1260 5. 2,494,800 
9. 360 11. 302,400 9:13. 12 

c. 360 


7. 39,916,800 
15. a. 120 ob. 240 


Written Exercises, pages 432-433 
fh S30 885 Se Ai ee ila oh Zr 
11. 140 13. 31 


Written Exercises, pages 434-435 


1. 17,640 3. 11,760 3. 10 7. 150 9. 24 
11. 1320 13. 1024 15. 1584 17. 123,552 
19. 3720 21. 1320; 60 
Written Exercises, page 438 
1. a* 4+ 12a3 + 54a? + 1082 4+ 81 
3. 243 — 405r + 270r2 — 90r3 + 15r4 — £3 
E 2 5 1 
5. 32c3 + 40ct + 20c3 + 5c? + 2c + 
; a 32 
a24 6 
7. 64 — 96b + 60b2 — 20b3 + pies 25: + ae 
‘ 8 64 


GO, PS — EY se ee — SelM Se TOR es Sfo ok. Bi 
= Bye cb | 11. a’? + 12a'°b + 60u*b? + 160a%b} 
+ 240atb* + 192a2b* + 64h° 13. 120a*b 

15. 324p7q? 17. 924c°d® 


1 


1 1 
1G), 6 Se Ne = Spry 
De 8” 


9 
Pl, (Ah = Se ds eae 
2 8 


Written Exercises, page 440 

1. c + 5c4 + 10c3 + 10c? + 5c + 1 

3. 12&x7 + H&x®y + 672x950? + 560x4¥3 + 280x'04 

+ Bbx2v5 4 L4ry? + 7 

5. 1 — 6v? + 15v4 — 20v° + 158 — 6y!® + y!2 

7. r'© — Brl47? 4. 28r!774 — 56r!ro + 70rkr3 

— Sy oe WANS Ry! me ae ae 

11. 7p3q> 13. —8064x> 17, f(n) = 2” '. The sum 
of the entries in the eighth row is 27 = 128. 


Written Exercises, page 443 


la. {1,2.3,4,5,6,7,89,10,11}) b {36,9} 
3. a. {HH.HT,TH, TT) _ b. (HH, HT, TH} 

5. a. {(1, 2), CL 3), (2, 1, (2, 3), 3. D, (3, 29) 

bf, 343.1) 7 a {{A. Bi, fA CAPE}, 
{B,C}, [B,E}, {(C,E}} ». (fA, B}, {A.C}, 
{A,E), {B,E}, {C,E}) 9. 52; 13 

11. 1326; 325 13. 1326; 78 ‘15. 2,598,960; 22,308 


Written Exercises, pages 445-7 


5) 7 
ee fee c. = d. = ten | be 
10 10 5 5 6 6 
5 Z 1 5 1 6 
ee eee Sah ae od SS 
ag Cr oe Tr 
e. ae a 7h a b, o ¢c. S d y 
22 33 16 4 i 4 
5 5) 
e, 1 9 ae bp. t c= d i tila a 
16 7 7k 7 21 
b. oe c. el d. _ 13. a. = b L 
15) 15 15 Is 6 
15 a 
35 
Written Exercises, pages 448-9 
1l. a. Ale b. UI c. 21 d. ce. | 
of oe 32 64 
5 
Q = GE, Fi: : b. zs 7h = 9. -: 
128 5 5 50 35 
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Written Exercises, pages 452-453 


1. 0.045 3. a. a5 b. ZL c. 3 d. a 
24 6 8 2 
cue fe ae 7 
3757 48,841 289 10,404 
5 11 z 
7. P(A) = —; P(B) = —; P(A/B) = —; 
(A) 36 (B) 36 ( ) Ti 
yD. 14 35) 1 
PBA) == See be Jae 
ars er) 99 55 
d. 168 11. a. P(A)- P(B/A) = PAN B) =0 
5 


b. They are not independent since 


P(A  B) # P(A): P(B) 13. No. 15. No. 


Chapter Review, pages 456-457 
me &8 8&8 me Ol ll. a 13. b 


15. c 


Cumulative Review, pages 458-459 


il, © 3. a 5. b Joa Oo. 1l.b 13. ¢ 
15. b 17. d 19. b 21. b 23. c 25. a 
Chapter 13 Matrices 

Written Exercises, pages 464—465 

el cte | 

: 1 “14 6 

& |b 2 3] 

TW =) — 3 = — 3 yee — ee 9.x = —5, 
i We WS 2 eS a SP ea 

1336 = 3 ye ve 15. |A] = —13, 
B} = 18, |A + B| = -19 


Written Exercises, pages 467-468 


“lis 25l) > (lew 
{ls oll ™ileme sll 


9X =f[a—c b—d] 
Written Exercises, pages 470-471 


, ie 4 : [P 239 
“63. 0 “(al vot 


ie 7 212 ea 
i ie ia 9. | 66 al i li 4 


E = + 
“L-50 16 


Written Exercises, pages 475-476 


; [ea ; -11 A —9 | 
Aleit ai =9 "ssa 22 
= 10 
ac 0 15 —13 1) 16 
| a va = [ty 4 E 4 


ith 5s =) Ved 
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ad — be 0 
21. AB =| ; Pe, 
i Fe 965 res 
“1120 125 130 


The entries in the top row represent the number of 
jewels used in producing both models on Monday, 
Tuesday and Wednesday, respectively. The entries 
in the second row represent the number of straps 
used in producing both models. 


Written Exercises, page 479 
1,.AB4BA 3.AD4¢DA 
7. A(B + C) =AB+AC 

11. C(A +B) A(A 4+ B)C 
13. (A + B)? = A? + AB + BA + B? 

15. (A + BY(C + D) =AC + BC +AD+ BD 


5. CD = DC 
9. A(BC) # (BC)A 


Written Exercises, pages 485-486 


a ee 
ik [ - 3. Ais singular. 5. 
-—3 5) 1 
® + 
2 a 3 _2 
5 2 5 2 il liz “al 
> 3 2 3 5 12 
2 2 
iM, = 2 = 
13. | : 4 18 ae. | 
1 1 
19, (G,=1)} 21. (22) 1) es { (> 0)} 
Written Exercises, pages 490-491 
1. (—1, 3) 3. (—6, 3) 5. (0, 2b) 
7. (2, —2) 9. (—6, —1) 11. (—a, —b) 
“EEL = El-GeE 
* {kJ Ibs oe , le = E “aa 
je x c-—a 
17. a z | i E 7 >| 19. (13, 1) 
21. (6, 16) 23. (6, 1) 25. (2, —7) 


27. (a +h, +h, b+k,+k,) 29. Yes 


Written Exercises, pages 495-496 


1. (3, 6) 3. (6, —3) G (Gl, A 7. (—1, —4) 
9. (—19, 12) 11. (—3, 4) eh, a? = ek By, 
BY se ie ok ON, FE = 15. x’ = —6x — 105, 


yi Sey re — -+ 17. Square with vertices 


(0, 0), (2, 0), (2, 2), (0, 2) 19. Square with vertices 
(0, 0), (0, —1), (—1, —1), (—1, 0) 

21. (x’, y’) = (2x, 2y), an expansion by a factor of 2 
23. (x’, y’) = (—y, —x) a reflection in the line y = —x 
25. (x’, y’) = (x, 0), a projection onto the x-axis 

27. (x’, y’) = (0, 2x), a projection onto the y-axis 
such that the ordinate of each image point is twice 
that of the abscissa of the preimage. 


Chapter Review, pages 498-499 
PO meeS eos 2a 7. Oo eb eelina 


Chapter 14 Trigonometric and Circular Functions 


Written Exercises, page 504 
1. 94.2 cm 3. 193.424 m 5. 20cm 
9. y 11. y 


7. 1.88m 


13. 15. - revolution 
clockwise 
17. 3 revolution 
clockwise 
19. 2 revolution 
counterclockwise 
21. 10.99 cm 23. 7326.67 km/h 25. 3 
Written Exercises, page 508 
R R R AR R 
me 3, 2 5, 22 7, 22 9. — 
3 6 3 6 5 
11. 270° 13. —45° 15. 330° ie, SHS 
19. 75° 21. 132 cm 23. 27.5cm 
5 
25. 38.5 wy, 2) 29. 3 31, — 
oe 2 
Written Exercises, pages 513-514 
hb Ghia =e A 
5 5) 13 


Vv 


(8, 6) 


5. sina = 1, cosa = 0 


: 2 I 
7. Sina = —, cosa = ——= 


V5 V5 


, 4 
9. Sina = = cosa = —— 


ilcosiae— 12 
13 


Se -l 
17. cosa = — 
3 2 


13. sina = ds 
7 


15. sina = 


2. 


19. sine = ———, cosa = — 
V5 Ve 
: 1 3 

21. sina = ,GEe = =— 
Vv 10 V10 
1 

23. sina = —, cosa Ev 
2 x 


Written Exercises, pages 517-518 
1 1 


1 
ws 3. aon: Bea 


11. —1 13. a. 30° + k- 360° 


1 — 


15. a. 240° + k - 360° ye SS De 


1G 


17. a. 210° +. k- 360° b. a + 2ka 


Sa 
be ka 
at 


19, 225° + k+360° 
Written Exercises, page 520 

1. 0.8809 3. 0.4914 5. 0.6435 
9. 0.8709 11. 0.1413 13. 30°16’ 
17. 61°38’ 19. 0.622 21. 0.308 
re, SIM PL, (Se 29. 70°30’ 
33. 71°34’ 


Te OSU55 
15. 14°46’ 

23. 0.167 

31. 16°40’ 


Written Exercises, page 523 


1. sin 110° = 0.9397 3. cos 345° = 0.9659 


7. sin 291°10’ 
= —0.9325 


11. cos 1.93 = —0.3530 
— 0.7431 


5. cos 207° = — 0.8910 


9. cos 4.26% = —0.4357 


13. 0.6604 15. —0.7173 17. 
19. 0.9336 21. —0.1045 23. —0.8192 
25. —0.9359 27. 0.7956 29. 197° 
33. 160°30° 35. 121°20' 37. 233° 10" 
41. 131°50’ = 43. 327° 40’ 45. 5.64" 


31. 251°20’ 
39. 118° 
7.4.51" 


Written Exercises, page 527 
1. y 


3 
2 
: 2x 


an us u 
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11. maximum: 1, minimum: —5, |A| = 3 


13. maximum: 5, minimum: —3, |A| = 4 

il. 
Written Exercises, page 529 
1. 

13. 
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Written Exercises, pages 533-534 
1. tan 127° = —1.3270 


5. cot 256°48’ = 0.2345 7. sec 2.528 = —1.229 


9. —0.4831 11. 0.8609 
13. 18°40’ 15. 50°50’ — «17. 84°17’ ~—19. 0.707 
21. 0.573" 23. 0.516% 25. sina = 2, cosa == 


3 5 5 4 
tana = —, csca = —, seCa =—, Cota = — 
4 4 3 


27. sna = —1, cosa = 0, tana undefined, 
csc a = —1, seca undefined, cota = 0 
29. sina = 0, cosa = —1, tana = 0, csca 
undefined, seca = —1, cot a undefined 
31. sina = 2V6 cosa = al tania 26, 
5) 5 
esciae— 2 sec a = 5, cota pel 
2/6 2V6 
V3 ] 
33. cosa = ——, tana = ——=, CsCa = —2, 
2 V3 
2. 5 
seca = —=, cota = — V3 i one 
V3 3 


3. csc 209°10’ = —2.052 


47. 


Written Exercises, page 539 

1. m(A) = 65°10’, a = 36.3, b = 16.8 

3. m(B) = 59°10’, a = 35.8, ¢ = 69.9 

5. n(B) = 31°20’, b = 39.0, c = 74.9 

Tat) —sl9220 "br —ailesac = 75ah 

9. m(B) = 26°, a = 67.4, b = 32.9 

iL, CSS, Sh, GUS) Se SIN Teese 
13. 771(A) = 46°20, o77(B) = 33 40", a 2] 
15. 11(A) = 30°30’, 92(B) = 09 30’, 0 = 65 
17. mi(A) = 12°40’, 91(B) = 77 20 


19. (A) = 45°10’, 9B) = WSO a = 197 


il 
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Problems, pages 539-540 


1. a = 55°30 — 62m 3) x = 205m 


3. 3°40’ 7. 62.1m 9. 4.2km 11. 10.2 m 
Chapter Review, pages 542-543 
ile ei 3. b 5. b be 9. d ll. a 13. b 


Chapter 15 Trigonometric Identities and 
Formulas 


Written Exercises, pages 547-548 


1,1 —sin?a, sina 40 3. sinx 4 0, 


sin? x’ 
cosx 7 0) 5) = 2/10 sink) sin x 7 0 


iz 
sin? x — 1 
cosx # —] 11. V1 — cos? a if a lies in Quad. I 
or II; — V1 — cos*a if a lies in Quad. III or IV, 
1 


| = ops 


7. sin? a, 


cosa £0 pcos ~ 0 cos x 4 1; 


cosa £0, sina 40 13. ,sinx 40 


1 3 sae 
15. —_———---—— if x lies in Quad. I or II; 
Wil = age & 


=. Via if x lies in Quad. III or IV, sinx 4 0 


Wil = Gos? se 


1 


17. —————,, cosa £0, sina #0 19. tan?a, 
1 — cos?a 
cosa # 0 21. cot x, sinx 4 0, cosx 4 0 
23. tan?x,cosx #0 25. tanx, cosx 4 0 
1 : 
27. ————__, sinx # 0, cos x 40 
sin x cos x 
1 F 
29) 0, cosx 4 0 
sin? x cos? x 
31. _ sine ~l0mcos-m 0 


sin? x cos? x 
1 


33. a ee ee 
V1 4+ tanta 


Written Exercises, pages 556-558 


1 = 
1 (VE - VB. ~i(v6 a2) 


a <( VEEEAD) aw. (v6 + 7) 8, —cos 
Bie 35 


11. —cos — 18, ees = 15. sin 0.17 or 
V 8 
cos 0.47 17. 4 19. eo 21. 0 23. —— 
39, a ag, 5 ee) 
65 125 
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Written Exercises, pages 562-564 


1 
1. <( Vo +V% 3 —(Ve+VI 5. <( v2 — V8) 


a —+( V2 + \/6) 9. sin 11. —sin 15° 
13. ane 15. —sin 50° Wh Sen 
9 20 
19. tan 65° 21. —tan = 23. tan 50° 
25.2 4/3 27, =2 20/5 ro eee 
3 1 1 
He ewes WS oe N3 35, 2 a 
2 2 2 


= 1 
o ay ai BSD 
3 wi 8h 1 is SS 2 V6 


Vv 
57.2 1/3) So 20 \/ SG INN) Gl) 
56 84 3 jl 25 shi 
63. — 65. — 67. 9. ——-_—__— 
65 85 5 20 


Ce 2) 5 WD a wR 


1 — 5. 1 - 2 
2 2 
2 =e (P= 4/3 
i bs 2-48 eee 
2 2, 
13. = 15 _ 120 17. _ 12 pul 
5 169 13 169 
n=) 23, 2) a ee 
8 2 5 2 5 
2G 1 a 2 : 4 
27. sin — = ——, cos — = ——= 29. sin — = ——, 
5 2 ys V17 
cos = eet 
z V17 
Written Exercises, page 573 
i. 14 B07) BS TiS) Zh, ZY 9. 17°40’ 1 
11. ¢ = 9, m(A) = 28°, m(B) = 93° 13.a= 9, 


m(B) = 56°, m2(C) = 64° 15. (A) = 30°, 


nu(B) = 61°, m(C) = 89° 


Problems, pages 573-574 
1.14.0em 3. 50°30’ 
9. 8.2 km/h, 14°0’ 


5. 52.0 cm 7h GS) 


Written Exercises, pages 577-578 

le HACE) SUE, pe OR, © S&S BoD 

3. m(B) = 33°40’, 12(C) = 26°20’, c = 25.6 
5. m(C) = 37°, b = 306.4, c = 240.7 

Th Fea) —— PP PLY, (0) Be 7S), © SS NIGEL 

9. m(A) = 24°20’, m(C) = 124°40’, c = 79.9 
1 15. 570 or 123 17. bsinA 


ile Jul 13. 6 


Problems, pages 578-579 
1.170.5cem? 3. 54.5km 
Ty Ay 9. 218.1 m 


“8, 4.3m 


Chapter Review, pages 580-581 


hw 4) ol Ey el Thy fl 9. b 11. b 13. ¢ 


Chapter 16 Inverses; Polar Coordinates ee Pe ene 


ot = 
ea: if 
Written Exercises, pages 588-589 ee! eee 


1. {a: a = 180K} 3. {a: a = 90 + 360k} 23x? + y? =9 25. y =x 


5. {a: a = 45 + 360k} U {a: a = 135 + 360k} y Y 

1. (x: x= 5 + 2k) U (ar x = + 2kn} 

(xs 4 dk) U (xx = 2 + 2x) Fi . 
, 30 Ths 

Hlth, a ae oko) {xi x = - + 2ka} 


13. 3 15. —90°, =5 17, 60% == 


wo 


jemi a, 70? = os, 12%, 
60 18 iS 
e700" 9° ay, = gg, SE 
6 4 3 3) 
2 ee 2v6 
13 v WWIES 5 
1 63 4V2 
Ae Berd 3 4s Bg, 
Th is v3) 65 9 
49. a. Yes 


Written Exercises, page 591 
1. a. {a: a = 210 + 360k} U {a: aw = 330 + 360k} SI. (x? y7)) = léxty? 33. (2 2)? =a — x7)? 
b. {210°, 330°} 
a. {a: a = 225 + 360k} U {a: a = 315 + 360k} 
th (225), SUB} 
5. a. fa: a = 210 + 360k} U {a: a = 330 + 360k} 
i, (AMO, Sei} 

a 

b 


7. a. {at a = 60 + 180k} U {a: a = 120 + 180k} 
. (60°, 120°, 240°, 300°} 
3a [= 72 
9% a. 1x= k b. {—, — 
a (x x 4 + Kr 4 4 


5 nm & Om 37 
u {x x= + 2ko| b (2, 2,%2, =| Bee ies eel x = 
6G te. 2 35. Vx? + y4 = cos ae 
13. a. [x ea ik Jk ka b. (z. =| 
2 Bo @ 
15. {90°, 210°, 330°} 17. {90°, 120°, 240°, 270°} 
19. (0, i iy =| 21. (5, 3.48, 5.94| 
2 4 2 4 2 
7 op Sar Sur a 
23. 10.85, =, 2.29 25. |—, —, —, — 
sfussan) x (55.5 
27. {2.2 29. {0°, 60°, 120°, 180°, 240°, 300°} 
ail. {=.=} 
4 4 


Som0e4S 145° ,01 50", 2107, 225°, 315°, 330°} 
35. 90°} 37. {30°,. 120°, 210°, 300°} 
Written Exercises, pages 596-597 
Tee 4S) | 2 (6, 45°) 5, (3, 135°) 
7. (—5, 53°) 9.(—3,3) 0. (—1, — V3) 
3 3 V3 
es eo) 1s (eee ee 


D> ® D 


Syn (hee Jo We = Zeae 


cos @ 
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Written Exercises, pages 603-604 
1. 2\/2(cos 45° +4 isin 45°) 


3. 5(cos 180° + isin 180°) 
5. 2(cos 315° + isin 315°) 
7. 4\/2(cos 135° + isin 135°) 
3 3 Ax 
Oy jl ob pg 11. Bes 13 — 4/30 
2, 2 
rela owe as 3, 3V3, 
a5 SS SS Sa! 4 ore SS 5 ]S = See! 
mae Be: 2 Oe 
Z 
19. 2,2, = —16 — 163i, += V3 +i 21. —8 
tire 
‘ 1 [3 1 
23. —16 — 163i 25 5-7 2 = 
2 2D 
29 a2 = = 
2 2 


31. cos 60° + isin 60°, 
cos 180° + isin 180°, 
cos 300° + isin 300° 


33. 2(cos 45° + isin 45°), 
2(cos 135° + isin 135°), 
2(cos 225° + isin 225°), 
2(cos 315° + isin 315°) 


35. 2(cos 75° + isin 75°), y 


75° 
2(cos 195° + isin 195°), 
2(cos 315° 4+ isin 315°) 
195° 
315° 

Written Exercises, page 608 
17 39 5. 5V2 2475 9. llu,ll = 16, 
uy ll = 27.7, liv, = 10, lv, ll =o, Iu + v), ll = 26, 
la + v),ll ih ee ll = 14.1, ” ll = 14.1, 


lv, (s. IIv, ll = 8&7, Iu + v), t= 91, 

la + v),l ~28 13 Hu, ll = 10.4, llu,ll = 6, 
v, | = 57, liv, = 57, Iu + v),ll = 16.1, 

Nea vy), l= =03 18 lull = 3.4, lull = 94, 
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IIv,ll = 18.4, lly, = 15.4, Iu + v), Il = 21.8, 
la +, I = 248 17. 47°, 38.19. 112°, 25 
21. 16 23. 49°, 33 


Chapter Review, pages 610-611 
1d sh ley Glo 7, © 


Cumulative Review, pages 612-613 
1. b 3. a 5. a 7. b 9. d llLa 
13. b 15. c 17. d 1%.a al, (© 


Extra Practice 


Chapter 1, page 618 
ee sh She eS Gy 


=3a2 lO 2 3.4 


ar40) 110) (0) (i) 210) 


11, —9.6 13. —11 15. 5 17. 24 19. 49 


21. —21 23. 21 ZS 


Chapter 2, pages 618-619 


1. —3x3 —x? —3x +7 3. —4y?4+2 5. {=} 


7{-2) @ (2| 11. 78°, 78°, 24° 


13. (er x D> 4} 
= 
15. {2:2 > 12} ~++o———1+> 17. 6 
6 ae) 


Chapter 3, page 619 


15 063.0 —2a? + 3a45 
7. Not a function 
21. 4 23. —1 243) 2 Pike =e 29. 7 
2 2 
3lyo4r 45 33. 2y + x = —16 
35. 3y — 2x = —27 37.v 4+ 3x = -1 
ao y — 2% = 5 41. 2y + Sx = 56 
1 2 1 ei 
93.y +x = —2— 45. 15 47. 10— 49. 5— 
al 2 2 3 


51. $10.28 


Chapter 4, page 620 
1. {(1, 4)} 3. Inconsistent 


Sano): x — Se 2) 7. {(3, —7)} 9. {(3, 1)} 


11. {(3. 2\} 13. {(2, —3)} 15. 6 


17. 14 of the $5 shovels and 10 of the $8 shovels 


Chapter 5, pages 620-621 

1. 2x 4+ 3y = 12; z =0 3. 20-4 sy — 12 — 0 
ate ca—2 0 3x — 22 = —18; y=0 
3y + 42 = 12; x =0 Sy — dz = —36; x = 0 


ry 


5. Inconsistent 7. {(—1, 2, —2)} 


9. {(3, —4, 2)} le 13. —24 15. —75 
17. {(-1. +2] 
19. 60 $1-bills, 12 $20-bills, 18 $50-bills 21. 26 
Chapter 6, pages 621-623 
— 2745 
1 ue 3. 2rs* 5. 2 7. am : a 
pes ia ne 4a 
Hil, 8 = fae Jb G) 13. n° — 2n3m? + m+ 
15.1 —6'° 17. t®— 61449 19, (6n — 5)? 
21. (3a + 7)(a — 5) 23. (4x — 9y)(x 4 2y) 
25. (4r — s?)(16r? + 4rs? + 54) 
27. (4 — 7bc?)(4 + 7bc?) 
29. (2ab + c)(4a*b? — 2abe +c?) 31. (3, 13} 
33, {-3, 2 35. {12} 37. {-2.3] 
Z 3 3 
39. {-3.2} 41. 9cm, 12cm 
43. {x1 x < —3} U {x: x > 6} 
45. fy: y< —5} U (y: y > 5} 
aT Wie se S On eyarel se == 7/}t 
pee 5, =) ae +5 
, : x? — x 
x+y 2a +1 5 2x —3 
1 
55 — 6x —2 
a 3x —1 
2 2 
Gl Re cee ee 3) ee 
de — 3 2>_ ab + b? 
z(z — 16) de = 5 
61. 63, ———____ --___ 
2 — Ibe - 4) (x — 2)(x — 1)? 
12 
65. ————___ 67. {3 69. {0,4 71. 4km/h 
ar 3) 6. (0.4) m 
Chapter 7, pages 623-624 
1, —34 3. —4.1 Sh, ait 7, -—3,1,5 
9. —38.8, —9.6, 19.6, 48.8 ll. d= —3, 
Qs, = lS d=, a =O 1 SO in, Gl 
19. —57 21. 7350 23. 80 25. 2 
7] IC san 33) 63> 
3 oe 4 
31 1 3 
35. —19,531.5 37. 42 39. 127— 41. 1—, 1-, 
; 32 2 
eagle ee act 
6 8 qo OF 
convergent 45. 4162 47. = 49. = 


Chapter 8, pages 624-625 


8 8 i Z| 
. 24 a 5. —— a 9. 0 
1. 2 9 9 


iM (5 13. {—3} 15. {—2} 


19. 2 21.16 23. ve 25. x 3x 
Pts Ue) ees = 31. {5} 33. (=) 
35.0 37. {4,12} 39. (3+ V5,3— V5} 
ae ae v7 
al. [= a) 
ey oe -5=298 asi 
(em hE 
ee Es eae 


51. ote —1+ V26cm, length: 1 + V26cm 


Chapter 9, pages 626-627 
Leow? 2 Sy Ry aE -si 


9. —4—31 1. 5 — <i 13. —34 — 131 
12 3 i 16 15 ; 

15. 34 7.— + — 19. —— + — 
17 ai Ge 13 : ig 


m.{2+i2-i) 23 (-3 -iV3, -3 + iV3) 


eae gets peek) 
3 

Vi5 = 9 V15 + 9 
7, [Y— 2 


| 29. x7 + 5x — 14=0 


31. x eee 33. x7+9=0 


35. x = 4; (4, 2) 37. x = 3; (3,9) 
39. x = 0; (0, —8) 4M. (ar x < -—4) U (x: x > 4} 


43. (x: -3<x< 0} 


45. (x: Bo K - 4} We 2) tee 


49. 32 51. 0 53. —i, 3, —2 


Chapter 10, pages 627-628 
1. 10; (1, 1) 3: 13; (- 


GV35,=—0 Fy =2eS= 
9. 3y+ 4x = -39 I. Sy 4+ 3x = -2 


23. Foci: (0, 51), (0, —\ 51) 


25. Foci: (0 2v3), (0 -+v3) 


] i. 
ie -3) 5. 2.1/6; 
2 Vv 


1 
21. y =—x?42 
i 4 


eae 
. 16 7 — 
a 3 
29, Foci: (3 V2, 0). (-2 V5, 0) 
-2 2 
ees, 2 ee a7. (0. 
7° 9 = 9 
(9, —8), (—9, 8), (- 9, —8)} 39. ((5, 3), (—5, 3), 
(5) =3), (=5, —3)} 4. (3,5), (= 3. 5). (0, =D} 
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- 412 0.8504 43. 0.00259 45. 19,600 47. 0.00451 


Chapter 11, pages 628-629 V3 V3 


_ 8 ae Zs (0) 19. —— 21. —-—— 23. _:0.5802 
We He ees 2s, {3} 2 2 
Pay} 25. 0.6433 = 27. max: 3, min: —1, amp: 2 
1 . 
11 } 13. {3 {-2} i} 
(5) 3) 3 : laa 29. 
s| ea) Is 
1 21 Ds tS 2 
kee a Sie as ale 
1 
ah (S 29. { -30, 30 31. (3 33. =I 
7 {5} 28. { } 31. (3) = 


35. 0.3458 37. 8.6957 — 10 39. 1.474 


49. $11,000,, 51. {516} 53. {5.00} 


Chapter 12, pages 629-630 

e216) ees: 1125 see 6751260) 9, 151/200 
if.66 1310 15.40 17.159 19. 2800 

21. b> + 10b* + 40b? + 80b? + 806 + 32 

23. x12 — 3y!0 4 1S ae $4, Sage 3 u 
2 16 16 64 
25. 1, 8, 28, 56, 70, 56, 28, 8, 1 27. Sample space: 
{HHHH, THHH, HTHH, HHTH, HHHT, TTHH, a= 63.2 690) 
THIH, THAT, Hilti, MATT, TlH, 


TTHT, THTT, HTIT, TYIT} 29. ee sy, Chapter 15, page 633 
ge 2 11. V2 - v6 13. Vo + V2 15. v24+ V6 
a3 as, L 4 4 4 
6 2 Zz 
7 et ee a 
Chapter 13, page 631 “ieaues FR iy 25 
Lu =2,.x.=3,y = —1 sac — 0 
: isi / i 
PS 242 Ss Sites, t= — 1 29 22S 31, V2 t\2 ch, DL WS 
aa cee il <i) am [ a eal a ; 
4-7 , -—10 32 35. Vl 
—18 - fas 18 12-7 
of! i : [ss _ i 4 [5 Hl 
w [2 =] , , 20 9} Chapter 16, page 634 
—— a 10? 345° 9 ey somal 
| i 25. A(BE) = (AB)C 9. 14°: 0.24 11. (2, fs. | 
aida # (BANC ¢ = 
5 15 {x xaSekelu fx = 3+ 2ke| u 
; > =e 2 
an Pare Da 
2 Se 17. (x: x = kez 
a = = {x x 3 + i {x x 3 +2 U 
[vx = 4 ae] U {x: x = a7 4 2ko} 
3 
oP) 37 2a 37 
ps = “ a 19, (2, —135°) 21. (25, 73°40’) 
33 35 
16 27 > | se 23. (5. Be) 25. 0 — 80i 
Chapter 14, page 632 27. 200 + 200/\/3 ~—-.29. {cos 120° + isin 120°), 
eet gos 7e* aa 2A(cos 240° + isin 240°), 2(cos 360° + i sin 360°)} 
6 3 9 31. {2(cos 22°30’ 4+ isin 22°30’), 2(cos 112°30’ + 
9. 315° 11. —405° 13. at 15. eal isin 112°30’), 2(cos 202°30’ + sin 202°30'), 
2 V2 2(cos 292°30° + i sin 292°30')} 
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